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IIpegucioBue

MOCKOBCKUI 1IEHTP HENMPEPHIBHOTO MAaTEMAaTUYECKOTO 06pa3oBaHUs
uzgan nocobue [2]. B HEM cozep)XUTCSA HAIOMUHAHKME HEKOTOPHIX TEO-
petudeckux GakToB W OONBIION HAOOp 33ad, K KOTOPHIM IIPUBEJEHEI
oTBeThl. OKa3anoch, YTO 3TOI'O HEZIOCTATOYHO /JIA yCIEeIHON TOATOTOBKYU
K 5K3aMeHY: Hy)KHBI elllé U pelleHUs MOJTOTOBUTENbHbBIX U TPEHUPOBOY-
HBIX 33/la4, IOCKOJIbKY 3aZja4a 16 — 3To 3a/ja4a MOBBIIIEHHON CJI0KHOCTU
TI0 IUTAaHUMETPUM.

Kuura, KoTopylo BHI Iep>KUTe B PyKax, KaK pas U COAep:KUT 3TU pellle-
HuA (14 3aza4 Ha JIoKa3aTeJbCTBO U BBIYMC/IEHNE [IPUBOAATCA PellleHNUa
TOJIBKO TEePBbIX BapuaHTOB). K Hell Helb3s OTHOCUTHCS JIMIIb KaK K ode-
peAHoOMy «peliebHUKy». [eoMeTprudyeckre 3alaqi Ha dK3aMeHe peIlaroT
IUIOXO HE TOJIBKO IIOTOMY, YTO BBIIYCKHHUKHU He 3HAIOT KaKUX-TO (HAKTOB,
HO eIllé ¥ IIOTOMY, YTO OHM He MOI'YT HaIlMCaTh TEKCT pellleHUs 3a/adu.
[ToaHATE MaTeMaTUYeCcKylo KyJAbTYpY y4allliXcsA U IpU3BaHa 3Ta KHUTA.

Y reoMeTpUYeCcKON 33/1a4l MOXKET OBITh HECKOIBKO PA3IMYHBIX CIIOCO-
60B peleHus. B mocobuu A1 KaXkol 3aZiauy IPUBEAEHO OFHO U3 pellie-
Huti. [Ipu paboTe ¢ KHUTOM COBETYeM IIOMPO6OBaTh PEIIUTh 3aZady ca-
MOCTOATEJNbHO; eC/IU He TIoIy4YaeTcs, TO IOCMOTPEeTh aBTOPCKOe pellieHNe;
IIOCJIe TOTO KaK pellleHre IIOHATO, Hy>KHO 3aIlKcaTth pelleHre Ha Gymare,
a OTOM elIll€ ¥ IOIPO60OBaTh PEIINUTD 33/1a4y APYTHUM CIIOCOO0OM.

Ha sx3aMeHe 110 MaTeMaTHKe HET XECTKUX TpebGoBaHUM K odopMite-
HUIO pellleHNs TeoMeTpUiecKkou 3a/jauu, HO IIpY 3TOM IIpaBWIbHas 3allUCh
pellleHusI MO3BOJIUT U36eKaTh MHOTUX JIOTUYECKUX U TaXKe BBIUUCTUTENh-
HBIX ONITHNOOK.

Knaura OyzeT mosne3Ha yJau[uMCs CTapLINX KJIACCOB MPU IIOATOTOBKE
k EqvHOMY rocyziapcTBeHHOMY 5K3aMeHy, yJalluMCs cpeiHe ITKOIbI TPU
M3y4eHUU Kypca TeOMeTPUH, a TaKXKe BCeM JIIOOUTEISIM TeOMETPUH.

H. B. Awenko
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§1. Meauana NpsAMOYTrOJbHOTO TPeyroJbHUKA

IToaroroBUTE/ABHBIE 3aZla4U

1.1. TunoTeHy3a IPAMOYTOJIBLHOTO TPEYTOJIbHUKA
paBHa 4. HaiiuTe paguyc onrvcaHHON OKPYKHOCTH.
Omeem: 2.
v Peutenue. LleHTp OKPY:KHOCTH, OIIMCAHHON OKOJIO

MIPSIMOYTOJIBHOTO TPEYTOMbHUKA, COBIIAZIAET C Cepe-
[VHOU TUMoTeHy3bl. ClleIoBaTeNbHO, PAZUYC OKPYX-
HOCTU paBeH ITOJIOBUHE IUIIOTEHY3H, T. €. 2.

1.2. MesuaHa, npoBei€HHAA K T'UIIOTEHY3€ IIPAMOYI'0OJIBHOI'O TPEYTOlb-
HUKa, paBHA m U JIeJIUT psAMOM yroi B oTHolleHuu 1 : 2. Haligure cTopo-
HBI TPEYT'OJIbHUKA.

Omgem: 2m, m, m+/3.

Pewtenue. ITycts CM — MezaraHa IpAMOYTOIBHOI'O TpeyroabHuka ABC,
B KoTopoM ZC =90°. Torna CM =AM =BM =m, AB=2m.

[lycts Z/BCM > ZACM, ToTAA

B
2 /BCM = ééACB =60°, ZACM = 30°,
M
n 2 nostomy /B =60° u Tpeyronbauk BCM paBHOCTO-
| poHHuii. CiiejoBaTeNbHO,
A m3 A

BC=CM =m, AC=BCtg60°=m+3.

1.3. MeguaHa IpsAMOYTOJIBHOTO TPeyTrONbHUKA, IPOBeJEHHAA K TUIIO-
TeHy3e, pa30MBaeT ero Ha /|Ba TPEyroJbHUKA C HepuMeTpamu 8 u 9. Haii-
JATe CTOPOHBI TPEYT'OJIbHUKA.

Omsem: 3; 4; 5.

Pewernue. Obo3naunm vepe3 a 1 b (a <b) kareTsl TpeyronbHUKa. I1o-
CKOJIbKY MeJiaHa MPsIMOYTOIbHOI'O TPEYTONbHUKA, IPOBEAEHHAA U3 Bep-

IIMHBl NIPAMOrO yIJIa, paBHA IIOJIOBHMHE T'MIIOTe-

Hy3bl, a /IBe CTOPOHBI TPEYrojbHUKA C IepumeT-
5 poM 8 COOTBETCTBEHHO PaBHBI [IByM CTOPOHaM
3 TpeyTOoJbHUKA C NMEPUMETPOM 9, pasHOCTb IEepU-
MeTPOB paBHa PasHOCTU TPETbUX CTOPOH. 3HAUNT,
b—a=9 - 8=1. TunoTreHy3a JaHHOTO MPIMO-
4

YTOJMIBHOT'O TPEYTOJIbHUKA PaBHA yZIBOEHHON MeZH-
aHe, T.e. CyMMe /IByX CTOPOH TPEeyTrolbHUKA C IIe-
puMeTpoM 8, IIO3TOMY T'MIIOTeHy3a paBHa 8 — a.
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ITo Teopeme ITudparopa
a’+b% = (8—-a).

W3 cucteMbl

b—a=1,
a?+b%=(8-a)?
HaxXoJyM, 4To a =23, b=4.

1.4. B tpeyronpauke ABC k ctopoHe AC mpoBezeHbl BbicoTa BK 1 Me-
nvaHa MB, npuuém AM = BM. Haiigute kocunyc yrima KBM, ecin AB=1,
BC=2.

Omeem: 5

Pewenue. Tlockonbky BM = AM = MC, To TpeyroabHuk ABC IpsAMO-
yronbHbI. [TosToMy

AC = VAB2+BC2=+/5, AC-BK = AB-BC,

__AB-BC _ 2 1, 45
BK = iC __ﬁ’ BM_ZAC__Z’
_BK _ 4
cos ZKBM = BV~ 5

1.5. OKpYy>XHOCTb, IIOCTPOEHHASA Ha KaTeTe IPAMOYTOJILHOT'O TPEYTOMlb-
HUKa KakK Ha JuameTpe, JeJUuT TUIoTeHy3y B oTHomleHuu 1: 3. Haiizute
OCTpBI€ YIVIBI TPEYTOJIbHUKA.

Omsem: 30°, 60°.

Pewenue. ITycTb OKPY?>KHOCTB, TIOCTPOEH-
Had Kak Ha AuameTrpe Ha kKateTe BC npaMo- /A
YroJbHOIO TpeyroiabHuka ABC, mepecekaeT D
rurnoTteny3y AB B Touke D, OTIUYHOM OT B, 7 i
npudéM AD =a, BD = 3a. [TpoBeaém meau- ”
any CM. Torja AM = CM = 2a, a TaK Kak A
Touka D JIEXXUT Ha OKPY)KHOCTH C amametr- -
poMm BC, To ZCDB=90°.

B mpamoyronbHOM TpeyronbHuke CDM
runoteHy3a CM, paBHas 2d, BABOe OOJbIIe
kareta DM:

[24

\Y,

DM =AM — AD = 2a—a = a.

[Tostomy ZDCM = 30°, a ZAMC = 60°. Yron npu BepuinHe M paBHO-
6enpennoro tpeyroabHuka AMC paBen 60°. CiezoBaTenbHO, TPEYTOIb-
HuK AMC paBHOCTOpOHHUMU. [ToaToMy

ZBAC =60°, ZABC =90°—-/ZBAC = 30°.
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1.6. Touka D — cepesiiHa rUnoTeHy3bl AB IPAMOYTOJIBHOTO TPEYTO/b-
Huka ABC. OKpPY>XHOCTb, BIIMCaHHAaA B TpeyroabHUK ACD, Kacaercs OT-
peska CD B ero cepesute. Haiizute ocTprle yIybl TpeyroibHuka ABC.

Omseem: 30°, 60°.

Peutenue. IlycTp ykazaHHasA OKPY:KHOCTb KacaeTca orpeska CD B ero
cepeaune M, a orpeskoB AD u AC — B Toukax N u K cooTBeTCTBEHHO. [10-
CKOJIbKY MeZIiaHa IIPAMOYTOJIbHOT'O TPEYTONbHUKA, IIPOBEJEHHAA U3 BEP-
HIMHEI IPAMOTO yIVIa, PaBHA I0JI0BUHE IMNoTeHy3bl, To AD = CD. ITo cBoH-

CTBY KacaTeJbHBIX, IPOBEAEHHBIX K OKPYKHO-
c CTH U3 OZHOM TOYKH,

AK = AN, CK=CM,

DN =DM = %CD = %AD,

AN D 8 mostomy AN :%AD. 3HA4WT,

AC = AK +CK = AN +CM = 2AD+2CD = CD = AD.
[Toatomy TpeyrombHUK ACD paBHOCTOpOHHMH. Clle[0BaTENBHO,
/BAC = /DAC = 60°, ZABC =90°—ZBAC = 30°.

1.7. B npaMmoyroiabHoM TpeyronbHuke ABC U3 BEPIIVHEBI NIPAMOTO Y-
na C mpoBeZieHsl 6uccekTpuca CL u Mmeauana CM. HaliauTe 1omaab Tpe-
yronbauka ABC, ecti LM =a, CM =b.

b%(b% —a?)
a?+b?

Pewenue. 3ametum, uTo AM = MB =b. O6o3nauum BC =x, AC =Y.
[Tycth x < y. Torga 1o CBOMCTBY OUCCEKTPUCH TPEYTONbHUKA

x _BL_b-a
y AL~ b+a’
C apyro# cTopoHHI, 110 TeopeMe [Tndaropa
BC?+AC?=AB%, wm x?+y?=4b2

PemuB cucteMy ypaBHeHHUH

x _b—a
{ y  b+a’
Bb-alaM b A x*+y*=4b?,
b(b—a) ,y=\/§ b(b+a) '
v/ a?+ b2 v/ a%+ b2

1 b2(b? —a?)
Sansc = XY = T &2+b%

Omsem:

c

TIOTTYYHM, 9TO X = v/2 CJie[oBaTeNbHO,
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1.8. BHe npaMoyronbHOro TpeyroibHuka ABC Ha ero katetax AC u BC
noctpoeHsl kBagpatsl ACDE u BCFG. Ilpopomxenue Meauansl CM Tpe-
yronpHUKa ABC mnepecekaeT mpsamyto DF B Touke N. Halizure oTpe-
30K CN, eciu KaTeTsl paBHHL 1 u 4.

Omeem: i.

V17
Pewenue. ITycte AC =4, BC =1. O603Haunm ZBAC = a. [IpAMOyTOIIb-

Hble TpeyronbHUKU ABC 1 DFC paBHBI 110 IByM KaTeTaM, 103TOMY
DF = AB = vAC?+BC? = V17.

Meguana CM mpAMOYTOJIBHOTO TpeyrolbHUKa ABC, IPOBeAEHHAA K TUIIO-
TeHy3e AB, paBHa IIOJIOBUHE TMIIOTEHY3bI, [IO3TOMY

ZNCF = ZACM = /BAC = q,
ZCNF = 180° — ZNCF — ZCFN =180°—a— (90° —a) = 90°,
T.e. CN — BBICOTa IPAMOYTOIBHOTrO TpeyroabHuka CDF, mpoBe€HHAA U3

BepmuHbI ipssmoro yria C. [Tockonbky CD - CF = DF - CN (yaBOeHHas ILIo-
mazab TpeyroabHuka CDF),
__ CD-CF _

4
CN =—.
DF V17

n

4 C

]

1

NF G

1.9. BricoTa IIpsAAMOYTONBHOT'O TPEYI'ONbHUKA, IPOBeEHHAA U3 BepIIu-
HBI IIPSIMOTO yIVIa, paBHA a U 06pasyeT yroyl o ¢ MeAUaHOH, IPOBEAEHHOM
13 TOU Ke BepIIMHBL. HaliiuTe KaTeTsl TpeyrolbHUKA.

a ay/2(1tsina)

sin (45" + %) B cosa

Omeem:
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Pewenue. Ilyctb CH = a — BBICOTa NPAMOYI'OJBHOI'O TPEYrOJIbHUKA
ABC, npoBeZiéHHasA 13 BeplInHb C npamMoro yria, CM — MeAnaHa 3TOro
TpeyrojabHUKa, npudéM ZMCH =a.

[Ipepnonoxum, uro BC > AC. Torza Touka M yexuT mexzy B u H.
Mezauasa NOpAMOYIOJBHOTO TPEYTrOJbHUKA, NPOBEAEHHAA U3 BEPIIMHEBI
IIPAMOrO yIvia, paBHA IIOJIOBUHE T'UIIOTEHY3bI, 103TOMy BM = AM = CM.
Yron CMH — BHENIHWM YTol paBHOGeIpeHHOTO TpeyroibHuka CMB,
3HAYUT,

/MBC = 3 /CMH = 2(90° —a) = 45° — &,

CiiegjoBaTebHO,
CH a
BC = = = .
sin/HBC  gip (450 — %)

AHAJIOTUYHO HAXOAUM, YTO
CH a

AC = sin/HAC ~ in (450_'_%)'

TpeHUpPOBOYHBIE 3a/]a4H

1.10. MeanaHa mpsAMOYTOJIBHOTO TPEYTONbHUKA, TPOBeEHHASA K T'UIIO-
TeHy3e, pa3buBaeT ero Ha /iBa TPEYToJbHUKA C TeEpUMeTpaMu m u n. Haii-
JIUTe CTOPOHBI TPEYTOIbHUKA.

Omeem: v2mn—m, v2mn—n, n+m— v 2mn.

Pewenue. TTycTb a ¥ b — KaTeThl TPEYTOIbHUKA, X — MeAUaHa, IIPOoBe-
JIéHHasA K runoreHyse. Torjga rurnoreHysa paBHa 2X.

[TpeanonoxuMm, uro a < b. Torga mo ycioBuro 3agayd 2x +b =m
u 2x + a =n. OTcioga ciexnyer, YTo b =a +
+m —n. TlockonbKy 2x =+ a?+b?, To

b=a+m-n,

{2\/612—4-1)2+a+b:m+n.
V3 3TOM crCTEMbI HAXOAUM, 4TO
a=+v2mn—-m, b=+2mn-n, 2x=n+m-+/2mn.
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1.11. B mpamoyronbHOM TpeyronbHuke ABC (£C =90°) npoBesieHbI BbI-
cota CD u mezuaHa CE. Ilnowazau tpeyronbHUKOB ABC n CDE paBHBI
cootBeTcTBeHHO 10 1 3. Haiigure AB.

Omseem: 5v2.

Pewerue. 3ameTHM, 9TO

c

DE _ Sacpe _ 3
AB ~ Sppc _ 10°

[Tonoxxum DE =3x, AB=10x. Torma
CE = AE = BE = 5x,
CD = VCE2 —DE? = v/25x2 — 9x2 = 4x,

B bx E 3x D2xA

Sacpe = 3DE-DC = 5 -3x-4x = 6x> = 3.

[TosTomy

1

x=—= = AB=10x =5V2.
V2
1.12. B nnpamoyronsHOM TpeyronbHuke ABC kaTeTbl AB 1 AC paBHBI

4 u 3 cootBeTcTBeHHO. Touka D fenuT runoteHy3y BC nononam. Haiizute
paccTosHue MeX/y LleHTpaMH OKPY)KHOCTeH, BIMCAHHBIX B TPEYTONbHUKHI
ADC u ABD.

5v13
Omeem: Iz
Pewenue. Tlycts O; 1 O, — IIEHTPHI OKPY>KHOCTEH, BIMCAHHBIX B Tpe-

yronbHUKU ADC u ABD coOTBeTCTBEHHO, P 1 Q — UX TOYKM KacaHUsd CO
cropoHoii BC. O6o3Hauum ZADB=a.

c P D 4 B
V3 paBHOGeipeHHOTO TpeyronbHuKa ADB Hax0oQuM, 4TO
3 1

a4 a_3 _1 _ag=1
sing =z, cosg =g, DQ—2(DB+AD+AB) AB—2
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AnanorudyHo Haxogum, uto DP =1. Toraga

D
cos 2 cos (90 - E) sin §
512, (5)% _ 25-13
0,03 =p02+003 = (3) +(3) = 332>
CneposarenbHo, 010, = %21_3

1.13. KareT npAMOyrosbHOrO TPEYTroJbHUKA PaBeH 2, a IPOTUBOJIEXKa-
mui emy yros paseH 30°. Haiizure paccTosiHUe MeXy LIeHTpaMU OKPYX-
HOCTeH, BIIMCaHHBIX B TPEYrOJIbHUKY, HA KOTOPbIE JAHHBIM TPEYTOIbHUK
JeNMUTCA MeIuaHoM, MPOBeJEHHON U3 BEPIIWHBI IIPAMOrO yIja.

Omeem: 2\/ %
Peuwtenue. Ilycts M — cepeauiHa T'UIIOTEHY-

A 36l AB NpAMOYTroJIbHOIro TpeyronbHuka ABC,

/A=30°, BC=2, O; u O, — IIEHTPHI OKPY>KHO-

\ CTell, BIMCaHHBIX B TpeyronbHuku AMC u BMC

N 70 COOTBETCTBEHHO, Iy U Iy — PafUyChl 3TUX OK-
pyxHocteli. Torna

0, y AB=2BC=4, CM =AM =BM =2,
a o
" AC = BCV3 =2V3.
TpeyronbHuk BCM paBHOCTOPOHHUM, IIO-
V3 9TOMY TOYKa P KacaHU:A ero BIMCAaHHOUN OKpPY-
v, HOCTHU cO cTopoHOoM BC — cepeauHa BC, MP —

cpezHAa MuHUA TpeyrosbHuka ABC,

2 60°

1 2 2
MP = 5AC = V3, MO, = IMP = 5«/5.

Tpeyronbuuk ACM paBHOOe[peHHBIH, TO3TOMY TOYKa Q KacaHUs ero
BIIMCAHHOU OKPYKHOCTU cO cTopoHON AC — cepeauna AC, MQ — cpea-
HAA JIUHUA TpeyronbHuka ABC,

_1lp-_ _ _ Sammc _ AQ-MQ _ V3.1 _
MQ=3BC=1 n=0,Q= 21 a0 = AM+4Q ~ 21 v3 =2v3-3,

MO, =MQ-0,Q=1-2vV/3+3=4-2/3.
LIeHTp OKPY)XHOCTH, BIIMCAHHOM B YTOJI, JIEYKUT Ha GUCCEKTPHCE STOTO

yria, mosromy MO; u MO, — GUCCEKTPHUCH CMEXHBIX yriioB AMC u BMC,
cnezfoBaTenbHO, Z01MO,=90°, 3Hauut, O; 0, — rUNoTeHy3a IPAMOYTOlb-
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Horo TpeyronbHuka O;MO,. ITo TeopeMe [Tudaropa HaxoAMM, YTO

2 —_—
oloZZW:\/(%ﬁ) (4 2VE)? = 24) 22 ;z\/ﬁ‘

1.14. B geTrpipéxyronpHuke ABCD auaroHamu AC u BD nepneHAUKY-
JIAPHBI U IlepecekaoTcd B Touke P. OTpe3ok, coeJUHAONNN BepliuHy C

¢ cepeauHOM M oTpe3ka AD, paBeH é, AP =1. PaccroaHue oT TO4KU P 110

1 " ..
orpeska BC paBHO 5. Hanigure AD, eciiv U3BE€CTHO, YTO BOKPYT YETBIPEX-
yronbHUKa ABCD MOHO ONMCaTbh OKPYKHOCTb.

3v6—2
Omsem: —

Pewenue. Ilyctb npsimass MP miepecekaeT oTpe3ok BC B Touke K. O60-
3HauuM ZADB = ZACB = a. TlockonbKy PM — MezniaHa IPAMOYTOJIBHOTO
TpeyronbHUKa APD, ipoBeZi€éHHasA U3 Bep-
IIMHBI IPSAMOrO yIJIa, TO

PM = MA =MD,
/BPK = /DPM = /ADB = a,

a Tak Kak ZCBP =90° — a, TO
/BKP =180°—a—(90° —a) = 90°,

T.e. PK 1 BC. 3uauur, PK = %
V3 TpsAMOYTONBHBIX TPEYroJbHUKOB
APD u CKP HaxoauM, 4TO

1 1 AP 1 1
MP_EAD_E'sina = Ssna’ CK—KPctga—Ectga,
IO3TOMY
MK = MP+KP = ——— 4 =,
2sina 2

[IpumeHss TeopeMy [Tudaropa K mpsIMoyroibHOMY TpeyroabHUKy MKC,
IIOJIyYMM YpaBHEHUE

1 1\2 1 2 25
(Zsina+§) +(§ctga) ~ 16’

1 3v/6—2
13 KOTOPOTI'O HAXOAUM, UYTO —— = . CJ‘IeLLOBaTeJIbHO,
sina 4
AP 1 3v/6-2

AD =

sina = sina 4
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1.15. CpegHaAa nUHUA Tpalleliiyd paBHA 5, a OTPE30K, COeANHSAIONINN
cepeAViHBI OCHOBaHUH, paBeH 3. YIIbl IpU OOJIbIIEM OCHOBAaHUU Tpare-
1 paBubl 30° 1 60°. HatizinuTe OCHOBaHUA U MEHBINYIO OOKOBYIO CTOPOHY
Tpanenuu.

Omeem: 8; 2; 3.

Peuwenue. Yepes cepesuHy M MeHbluero ocHoBaHua BC Tpamenuu
ABCD mpoBezéM MNpsMylo, IapajuleJbHyI0 OOKOBOH CTOpoHe AB, 70
repeceyeHus ¢ OCHoBaHWeM AD B Touke P U IpAMYy0, IapasieabHyro
60oKOBOM cTopoHe CD, [0 TlepeceveHus ¢ IpsamMoit AD B Touke Q.

B M C

Ecniu K — cepenuna AD, To
PK = AK—AP = AK—-BM = DK —-MC = DK —QD = KQ,
noaroMmy MK — MezauaHa TpeyrosibHuKa PMQ, a Tak Kak
/ZPMQ = 180° - 60° —30° = 90°,
To PK =KQ = MK = 3. 3HauuT,
AD—-BC=PQ=6, AD+BC=10,

OTKyZ,a HaxoauM, 94To AD =8 u BC =2.

[Tycte PM — KaTeT IPsIMOYTOJMBHOTO TpPeyTroibHUKAa PMQ, nexammuii

mpotuB ymia B 30°. Torma AB — MmeHbIass 60KOBas CTOPOHA Tparmelun
ABCD u

AB=PM = 1PQ=3.

1.16. CpezHsAa JIWHUA TpalelUH paBHA 4, yIJIbl IIPU OAHOM M3 OCHO-
BaHUM paBHB! 40° u 50°. HaiiziuTe ocHOBaHUA Tpameluu, ecjiyu OTPe30K,
COeVHAIOINY cepeZInHbl OCHOBAHUMU, paBeH 1.

Omeem: 5 u 3.

Pewenue. Ilycts yrel A u D nipu ocHoBaHuu Tpaneuun ABCD paBHBI
50° u 40° coorBeTcTBeHHO, M 1 K — cepeaunbl ocHoBaHui BC u AD.

C

40°




TpeHHpPOBOYHBIE 3a/a4U 13

Yepes Touky M IpoBeAEM IIpAMYIO, TapajulebHy0 AB, 10 IlepeceyeHus
¢ AD B Touke P u mpamylo, napauienbHyo CD, no nepeceyeHusa ¢ AD
B Touke Q. Torza

PK = AK—-AP =AK—-BM =KD -CM =KD -QD =KQ.

[TockonbKy
ZPMQ = 180° —40° —50° = 90°,
T0 MK — MezanaHa IpAMOYTOJbHOTO TpeyroabHUKa PMQ, mpoBeAéHHAA
13 BEPIUUHEI IpsAMoro ymia PMQ. CrnegosaTtenbHo, PQ =2MK = 2.
[Tockonbky
PQ =AD—-AP—-QD =AD—-BM —-MC = AD —BC,

TO0 AD — BC = 2. KpoMme Toro, 1o yciaoBuio 3agauu AD + BC = 8. 13 nony-
YeHHOU CHCTeMbl ypaBHEHUN HaxoAuM, 4To AD =5 u BC =3.

1.17. /luaroHany Tpanenyuu nepneHgukyasapHbl. OZiHa U3 HUX paBHa 6.
OTpe30oK, coeJMHAONUINN cepe/IMHbI OCHOBaHUM, paBeH 4,5. HaiizuTe mio-
jazb Tpamneum.

Omeem: 9/5.

Pewenue. Ilycte M u K — cepesUHEB B I ¢

3
ocHoBaHui BC u AD Tpaneuuu ABCD. “at

UYepes BepmnHy C MeHBIIErO OCHOBa- 6

HUA BC mpoBeféM IpAMYIO, Iapasjeib- 45

Hyto guaroHanu BD (BD = 6), go mepe-

cevyeHUs c psAMou AD B Touke P u mips- >
A K @ D P

Mylo, napajienbHyro MK, fo nepeceye-
HuA ¢ npsaMmoii AD B Touke Q. Torzma

AQ = AK +KQ = AK +MC = 3AD + 3BC = 5 (AD + DP) = 3 AP,

[Toatomy CQ — mezanaHa Tpeyronbuuka ACP, a tak kak ZACP =90°, To
AQ=QP=CQ=MK =4,5. [Tostomy AP =9. Torzna

AC = VAP2 —CP2?2 = /81 —36 = 3./5.

CiegoBaTebHO,
Sasco = Sance = 3AC-CP =3 -3V5-6 = 9V5.

1.18. IIpamas, mapajulenbHasd IUIIOTeHy3e AB IPAMOYTOJBHOIO Tpe-
yronpHUKa ABC, nnepecekaeT kateT AC B Touke D, a kateT BC — B TOuke E,
npudyéM DE =2, a BE = 1. Ha runoTeHy3e B34Ta Takad To4uka F, uTo BF =1.
M3BecTHO Takxke, yTo /FCB = a. HatizuTe miomazap Tpeyroabauka ABC.

Omeem: %(1 +2cos2a)?tg2a.
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A Peutenue. Ilycte H —cepepguHa DE.
Torga HFBE — napasuienorpaMM (zaxke
pom6), Tak kak HE = BF u HE || BF.
D [Tostomy HF =BE =1.

ITockoneky CH = %DE =1, Tpeyromub-

@ HUK CHF paBHOGeApeHHbIH. [loaTOMYy
L2 20(7 /HCF =/HFC=/FCB=a, /HCB=2a.
c E 1 B Torga
/B = /DEC = ZHCB = 2q.
CiiegoBaTebHO,

CE = DE cos ZDEC = 2cos2a, BC =CE+EB=2cos2a+1,
AC = BCtg ZABC = BCtg2a = (2cos2a+1) tg2a.

Takum o6pazom,
SaaBc = %BC'AC = %(2C052a+1)2tg2a.

1.19. TunoteHysa AB NpAMOYTOJIbHOTO TpeyroibHuka ABC ABideTca
XOpZo OKpyKHOCTHU pazuyca 10. BepmuHa C eXXUT HA IMaMeTpe OKPYX-
HOCTU, KOTOPBIUM MapasiiesieH runoTeny3e. Yron CAB paBeH 75°. Haviaute
Iowmazas TpeyroabHuka ABC.

Omeem: 40.

Peutenue. V13 neHtpa O AaHHOM OKPYXXHOCTH OILyCTUM IepIIeHJUKY-
aap OM na runorenysy AB. Torma M — cepeauna AB, MC = MA = MB.

[TosTomy

/MCB = ZABC =15°,
/BCO = LABC = 15°.

CnegoBarenbHo, ZMCO =30°.

[Iyctb OM = x. V3 nOpAMOYrojabHO-
ro TpeyroibHuka MCO HaxoAuM, 4YTO
MC = 2x. Ilo Teopeme [Tudaropa B npsmo-
yrosibHOM TpeyroabHuke MOB uMmeeM

OB?> =OM?+MB?, wim 100 = x%+4x2.

Orcroia HaxoauM, 9To x> = 20. CeZj0BaTeNbHO,

SaaBc = %AB-OM = %'4X-x:2x2 — 40.
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1.20. Tunorenysa KM npAMOyroabHOro TpeyroibHuka KMP aBnaeTca
XOP/IOW OKPY>KHOCTH paauyca /7. BepmvHa P HaxXoAWTCS Ha AUaMeTpe,
KOTOPBIH NTapasljiesieH TUIoTeHy3e. PacCcTosgHMe OT LieHTPpa OKPYKHOCTHU 10
TUIOTEHy3Hl paBHO +/3. HaiiiuTe ocTpele yriibl TpeyroabHuka KMP.

Omsem: 30°, 60°.

Pewenue. Tlyctb O — 1IeHTP JaHHOUM OKpPYy>KHOCTH, OA — TIepIIeHINKY-
JAp K runioteHyse. Torga A — cepeiiHa rUIOTEHY3bL. 113 IPAMOYTOJIbHOT'O
TpeyrompHrka OMA 1o TeopeMe ITudaropa HaxoauM, 4TO

AM? = OM?-0A*>=7-3 = 4.
M A B K

3Hauut, AP=AK =AM =2. —T s
IIyctb PB—BBICOTA TPEYTOJIbHUKA 60
KMP. Toraa PB=0A= +/3. TlosTomy
- _PB_ 3 P
sin ZKAP = 75 = ==, | V7 I
CnepoBatenbHo, ZKAP = 60°, T.e. TpeyronbHUK KAP paBHOCTODOHHMUH,
nostomy ZMKP =60°.

1.21. B TpeyronpHuKe ABC n3BecTHO, 4To AB=c, AC=Db (b>c), AD —
6uccexTpuca. Yepes Touky D mpoBefeHa psiMasi, epreHauKyIsaspaas AD
u nepecekatomas AC B Touke E. Hatigure AE.

h
o

2bc
Omsem: brc

Pewenue. Ilyctb M — cepeauHa otpeska AE.
Torma DM —wMefguaHa I[IpAMOYIOJbHOIO Tpe-
yronbHUKa ADE, mpoBeI€HHAA U3 BEPIINUHEI [1PA-
moro yrmia. Eciu DM =x, To AM =ME=DM =x,
/ADM = /DAM = /BAD. 3uauut, DM || AB
U TpeyronbHUK MDC Tmof00eH TpeyroNibHUKY

ABC, 1103TOM MD _ cM WIN x_b—x OTKyZla HaXOAUM, UTO X = _be_
’ Y AB T~ AC’ ¢~ p > OTKVA AHM, “htc
2bc
CnepgoBartenbHo, AE =2x = brc

1.22. Touka E siexxut Ha cTopoHe AC NpaBUIbHOrO TpeyroabHuka ABC;
Touka K — cepeguna orpeska AE. Ilpamas, npoxojdaiiasa dyepes TOuKy E
IIepIeHAUKYIAPHO IpAMON AB, u npsAMad, NpoxoAdias depe3 Touky C
TIepIIeHANKYAAPHO npsiMont BC, mepecekaroTcs B Touke D. Haiiaute yruibt
TpeyroabHuka BKD.

Omeem: 90°, 30°, 60°.

Pewenue. Ilycte F — ocHOBaHWE IIE€pPIEHJUKYJIAPA, OIYLIEHHOI'O M3
Touku E Ha AB. Torza FK —MezanaHa IIPAMOYT'OJBHOI'O TPEYT'OIbHU-
ka AFE. Tloatomy ZAKF =60° u FK || BC.
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OmnuiiieM OKPY)KHOCTb OKOJIO paBHOGeApeH-
Hot Tpanenuu BFKC. Touka D mpuHaZJIEXUT
3TON OKpPY:KHOCTH, Tak Kak /BFD + /BCD =
=180°; BD — guamMeTp 3TOH OKpPY>KHOCTH, TaK
Kak Z/BCD =90°. CiefoBaTeNbHO,

/BKD =90°, /BDK = /BCK = 60°,
/KBD = 30°.

1.23. B tpanenuu ABCD Touka K — cepeayHa ocHoBaHuda AB, M —
cepeanHa ocHoBaHuA CD. HaiiauTe miomazb Tpaneluy, ecii U3BeCTHO,
yT0 DK — 6uccekTtpuca yrina D, BM — 6uccekTpuca yria B, HanboabuIni
13 YIJIOB IPU OCHOBaHUM AB paBeH 60°, a mepumeTp Tpamnenuu paseH 30.

Omeem: 15+/3.

Pewenue. ITycts K — cepeaimHa 60ib-
mero ocHoBaHusa AB Ttpanenyuu ABCD.
[Tpeanonoxum, uro ZDAB = 60° (cM. pu-
CYHOK cJieBa). [TockonbKy

D . M . C

/ADK = /KDC = Z/AKD,

TO TpeyrombHUK ADK paBHOCTOPOHHWH,
DK =AK =KB. Ilosatomy ZADB=90°, a ZDBA=30°. Ho

/DBA < /MBA = %LABC,

nosatomy ZABC > 60°, uro HeBo3MOxkHO. CrnezmoBaTenbHo, LZABC = 60°
(cM. pUCYHOK HIXKeE).

O6o3nauum BC=MC =MD =x, AD=AK=KB=y. Torga x+y =10.
[IpoBezném yepes BepminHy C NpAMYIO, TapaieJbHyt0 AD, 10 nepeceye-
HUA ¢ ocHOBaHueM AB B Touke P. B TpeyronbHuke BCP U3BECTHO, YTO

BC=x, CP=AD=y, BP=AB—AP=AB—-DC=2(y—x), ZCBP=60".
[To Teopeme KOCUHYCOB

¥2 =x?+4(y —x)%—2x(y — x).
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V3 mmosiy4eHHOM CUCTEMBI
{x—l—y =10,
¥ =x*+4(y—x)?—2x(y —x)

343

HaxoZAuM, 4To x =3, y = 7. Torza BbIcoTa Tpaneuuu paBHa x sin 60° = 5

CiiegoBaTebHO, 33
SABCD =(x+y): ™ = 15+/3.

1.24. B TpeyronbHuke ABC u3BecTHBl yIbl: LA =45°, /B =15°.
Ha npogomxenun cropoHbl AC 3a Touky C B3daTa Touka M, IpUYEM
CM =2AC. Hatigure yron AMB.

Omeem: 75°.

Pewenue. ITycts P — cepennna otpeska CM. Torga AC =CP=PM. Ort-
MeTHUM Ha cropoHe CB Touky K Tak, uto6s1 CK = CA. [1o Teopeme 0 BHeII-
HEM yIJie TPeyroJbHUKa

/PCK = ZCAB+ ZABC = 45°+15° = 60°.

[Toatomy TpeyronbHuk CPK paBHOCTOpPOH- p
HuM. 3HauuT, PC = PK =PM. CiegoBaTelb-
HO, TpeyronbHUK CKM npsAMOYTOJbHBIN c
u ZAMK = 90° — 60° = 30°. TlockombKy
ZCAK = ZCKA = 30°, tpeyronsauk AKM K
paBHOOEZIpeHHBIN, a Tak Kak ZKAB = 4 B
=/KBA=15°, To TpeyronbHUK AKB Takxe
paBHOGeapeHnHbIit. CiegoBatenbio, MK = AK = KB u TpeyroibHuK MKB
paBHOOEIPEHHBII.

[Tockonbky ZMKB=/ZMKC =90°, To ZKMB =45°. CienoBaTelbHO,

ZAMB = ZAMK + ZKMB = 30°+45° = 75°.

M

1.25. B TpeyronpHuKe ABC usBecTHO, yTo AB = AC u yron BAC Tymoii.
[Tycts BD — 6uccekTpuca TpeyroibHuka ABC, M — ocHOBaHUe TepIieH-
JUKYJIApa, OIyLIEHHOI'0 U3 TOYKU A Ha cTopoHy BC, E — OCHOBaHuUe nep-
NIEHAUKYJIAPA, OIYLIEHHOI'o U3 Touku D Ha ctopoHy BC. HUepes Touky D
TIPOBE/IEH TAK)Ke MePIeHANKYIAP K BD 10 mepeceyeHust co CTOPoHOU BC
B Touke F. M3BecTHO, uTo ME = FC = a. HalifuTe miomazib TpeyrojabHU-

ka ABC. X
Omeem: 25611—2\/7.

Pewenue. O6o3nauum EF = x, ZACB = ZABC = 2a. Ilycts K — cepe-
AuHa orpeska BF. Torga DK — mefuaHa NpAMOYTOAbHOI'O TPEYr'OJIbHU-
Ka BDF. 3HauuT,

BK =KD =KF, /DKC =2/DBK =2a = £ACB.
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B KxM a ExF a C
[MosTomy Tpeyrombuuk CDK paBHOOezApeHHbI. Ero BricoTa DE ABIsETCA
Me/IaHOoM, 3HAYUT,

KM +ME =EF+FC, wm KM+a=x+a.
CnepoBatenbHo, KM = x. Torga
BK =KF =2x+4+a, BM =BK+KM = (2x+4+a)+x=3x+a,
MC = ME+EF+FC=a+x+a=2a+x,

a Tak Kak BM=MC, To 3x+a=2a+x. OTciofa HaxoAuM, YTO x:%. Torza

CD=DK =BK =2x+a=a+a = 2a.

13 npsaMoyronabHOro TpeyronbHuka CED HaXoAuM, 4TO

3a
CE x+a 2

cos2a = = = —z_3
A=CD T 2a " 2a4 %
Torza
_ _J16 _ £
tg2a = \/cosz 2a \/ -
AM = MCtg2a = (2a+x) tg2a = %% = Sagﬁ
CiiegoBaTebHO,

5a 5av7 _ 25a*V7
6 12 -

Saapc = MC-AM =

1.26. OcTpsiii yron npu BepuimHe A pomba ABCD paBen 40°. Yepes
BepluuHY A u cepesuHy M cTopoHbl CD npoBeJeHa IIpsaMas, Ha KOTOPYIO
OTyIIeH TeprieHANKYAAp BH n3 Bepunabl B. HatizuTte yron AHD.

Omegem: 110°.

Peutenue. IIpogomxum ctopoHy BC A0 mepecedyeHua ¢ IpAMON AM
B Touke K. Torma CK = AD = BC, T.e. HC — MeznaHa IpAMOYI'OJbHOI'O
TpeyrosbHUKa BHK, IpoBeZiéHHAaA U3 BepUINHBI IpAMOro yria. [loaTomy
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HC =BC=CD. Obo3HaynMm 4epe3 a U [3 yIibl Ipu ocHoBaHuAx BH u DH
paBHOGeApeHHbIX TpeyronbuukoB BCH u CDH cootBeTcTBeHHO. Torga

/BHD = a+f = 90°—  ZBCH+90° — 3 ZDCH =
— 180° — %(LBCH—I—LDCH) —180°— %ABCD — 180° — 20° = 160°.
CiegoBaTebHO,

/AHD = 360° — LZAHB — /BHD = 360° —90° — 160° = 110°.

3aZla4y Ha JOKa3aTeJbCTBO M BBIYHCICHHE

1.27.1. B tpaneuuu ABCD c ocHoBaHuaMu AD u BC U3BECTHO, YTO
AB=BC=CD= 5 AD.

a) Jokaxure, uto AC L CD.

6) HaiizinTe yI/ibl Tpameuy.

Omsem: 60°, 60°, 120°, 120°.

Pewenue. a) Ilycte M — cepeguna AD. B C
Torma AM = %AD =BC u AM || BC, moaTo-
My 4eTbIp€xyronbHUK ABCM — napajieso-
rpamM. 3HauutT, CM = AB = %AD. Meaua- ‘ ‘
Ha CM TtpeyronbHUKa ACD paBHa IIOJIOBUHE 4 ‘ M ‘ D
croponsl AD. CrnezpoBaTtenbHo, ZACD =90°.

6) Hockonbky CD=AB=CM =1 AD=DM,
TpeyroabHUK CMD paBHOCTOpOoHHUHU. Ciezo-
BaTeJbHO,

LADC=/MDC=60°, /BAD=/ADC=60°,
/BCD=/ABC=180°—-ZBAD=120°.
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1.28.1. Touka M — cepeayiHa TUIIOTeHY3bl AB IIPAMOYTOJIBHOI'O Tpe-
yronpHUKa ABC c yrnom 30° npu BepuiHe A. OKpy)XHOCTb, BIIMCaHHAsA
B TpeyronbHUK BMC, kacaeTcsa ero ctopoH BC u BM B Toukax P u Q.

a) Jokaxwure, uro PQ ||CM.

6) Haiizute PQ, eciu AB=38.

Omeem: 2.

Peuwernue. a) Meauana CM mpsIMOYTOJIBHO-
ro TpeyronbHuka ABC, mpoBei€éHHas U3 Bep-
muHB C MPAMOro yIvia, paBHA MIOJIOBUHE T'U-

NOTeHY3bl, 103TOMy CM = BM = %AB = BC.
3HauuT, TpeyroabHUkK BMC paBHOCTOPOH-
Huil. IloaTomy TOukM P u Q — cepefuHBI
BC u BM, a PQ — cpeZiHAA IUHUA TPEYrob-
Huka BMC. CiregoBaTenbHo, PQ ||CM.

6) Cpenusas JUHUSA TpeyroibHUKa BMC
0° paBHa MOJI0BUHE CTOPOHLEI CM, II03TOMY

A 4 M 2 a4 2 B

PQ=3CM =5 -3AB=3AB=2.

1.29.1. Ha kaTtetax AC u BC npaMoyronbHoro rpeyronbHuka ABC BHe
TpeyroJbHUKa mocTpoeHtsl KBagpaTsl ACDE u BFKC. Touka M — cepeau-
Ha runoteHyssl AB, H — Touka nepeceyeHusa npsameix CM u DK.

a) Jokaxure, uro CM L DK.

6) Hatizute MH, ecu KateThl TpeyronbHuka ABC paBubl 30 u 40.

Omeem: 49.

Pewenue. a) TlpsamoyronbHble TpeyronbHUku DCK m ACB paBHBI TIO
nByM kateram. O6o3nauuM ZCDK =
=/CAB=a. Otpe3ok CM — meaunaHa
IPAMOYTOJIBHOI'0O TpeyronbHuka ABC,
NIpOBEZIEHHAs U3 BEPIUWHBEI IIPAMOTO

ymia, nostomy AM = %AB =CM. 3Ha-
4uT,
LACM = LCAM = q,
Z/DCH = /BCM =90° — a.

CiegoBaTebHO,
/CHD = 180° — ZCDH — /DCH = 180° —a — (90° — a) = 90°.
6) Ilycts AC =30, BC =40. Ilo Teopeme [ludaropa HaxoguM, 4UTO
AB =50. Torga CM = %AB = 25. Orpesox CH — BbICOTa IIPSAMOYTOIBHO-
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ro tpeyronbHuka DKC, paBHOroO Tpe-

yronbHUKY ABC, npoBeZiéHHAA U3 Bep-

LIVHBI IPAMOIO yIVIa, [I03TOMY
CD-CK _ AC-BC _ 30-40 _

CH=="pr =74 = 50 —-2%

CiegoBaTebHO,

MH = CM + CH = 25424 = 49.

1.30.1. U3 BepuuHsl C TyIoro yria TpeyroibHuka ABC IIpoBeZieHa BbI-
cota CH. Touky H coegunawnu c cepeguaaMu M u N ctopoH AC u BC.

a) Jlokaxure, 9TO B 4eTBIPEXYTOMTbHUK CMHN MOXXHO BIIUCATh OKPYXK-
HOCTb.

6) Hatizure eé paguyc, eciu cymma ctopoH AC u BC pasha 20, a mwio-
mazb TpeyronbHuka ABC pasHa 24.

Omeem: 1,2.

Pewenue. a) Meguana HM TIpssMOYyTOb-
HOro TpeyronbHuka ACH paBHa IIOJIOBUHE

ero runorenyssl AC, T.e. HM = %AC . AnHa-

joruyHo HN = %BC. [ToaTomy

HM +HN = %AC+%BC — CM +CN.

CyMMBI NIPOTUBOIIONIOXKHBIX CTOPOH YeThl-
péxyrompuuka CMHN paBHEL, CleAoBa-
TEJIbHO, B 3TOT YETBIPEXYTOJIBHUK MOXKXHO
BIIMCaTh OKPYKHOCTb.

6) IlycTh S — mIomaAb YeTHIPEXYTOb-
Huka CMHN, p — ero NolylepuMeTp, r —
pazuyc BIMCAaHHON OKpy»kHocTU. Torza

C
/@N\
A H B

C

M< g E: ) N
A H B
1 1 1
S = Sacun+Sacnu = 5Saacut 535a8cH = 5Saa8c = 12,

p=HM+HN = 2AC+1BC = 2(AC+BC) = 10.

Cef0BaTeNbHO, = s_12_
ﬂ B - p - 10 -
1.31.1. Touka E pacrionoxeHa BHe kBazpatra ABCD c pentpom O,

npuuéMm TpeyronbHUK BEC mpsMoyronbHbiil (ZE =90°) u HepaBHOOE.-

peHHbIl. Touka M — cepeZuHa cTOpoHH! BC.

a) JTokaxxkute, 4TO TpeyroabHUK OME paBHOOEIPEHHBIMH.

1,2.
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6) [Ipsamas EO nepecekaeT cTopoHy AD kBazipaTta B Touke K. HaiiguTe
otHommeHnue AK : KD, eciu usBectHo, uro ZCBE =30°.
F Omeem: V3:3.
Peutenue. a) Orpesok EM — MmeznnaHa NpAMO-
YroJIbHOTO TpeyronbHuka BEC, HpOBeL[éHHaH U3

B : : C BepH.II/IHLI [pAMOro yrmia, mnosromy EM = —BC—
:—AB Otpe3ok OM — cpeaHHH JINHUA TPeyroib-

HuKa ABC, nmoatomy MO = EAB 3Hauut, EM =

=MO. CnepoBaTenbHO, TpeyroibHUK OME paBHO-
GelpEeHHBIH.

6) 13 Touek E u O oTpe3ok BC BUzEH Moj Ipsi-

A D MBIM YIJIOM, 3HAQ4YMUT, 3TA TOYKU JIeXKaT Ha OKPYXK-

E HOCTH ¢ avaMeTpoM BC. BriricaHHbIe B 3Ty OKPYX-

HocTh ymiel BEO n CEO onuparoTcsa Ha paBHbIE

457 5° xopzbl OB u OC, noatomy EO — 6ucceKTpuca yr-

gL . N na BEC.

X3 ) [lyctb L —TOYKAa IIEpECEYEHMA OTPE3KOB
0

Nla

EO u BC. Torga EL — 6ucceKTpuca TPEYTrOIbHHU-
Ka BEC. TIo CBOMCTBY GMCCEKTPHUCH TPEYTONTbHUKA
CL _ CE _ (g /CBE = 1g30° = —
5| LB~ BE '© 8V =3
A x K x3 D TpeyronmbHuk AOK paBeH TpeyroabHuky COL
110 CTOpOHE U MPWIeKalllUM K Hel yryiam, Io3TOMy
AK =CL. Ananoruudo KD = LB. CnenoBaTejbHO,
AK _CL_ 1 _ V3
KD~ LB~ /3 3°
1.32.1. /IBe CTOPOHBI TPEYTOJIBHUKA PABHBL 1 U 5, IUIOWA/b TPEYTOJIb-
HUKa paBHa 2. MeauaHa, IpoBeéHHAA K ero TpeTbell CTOpoHe, MeHbIIle
€€ IOJIOBUHBI.
a) JlokaxxuTe, 4YTO TPEYTONbHUK TYTIOYT'OJIbHBIN.
6) HatiznTe pasnyc OKPYy>KHOCTH, OITMCAHHOW OKOJIO 3TOT'O TPEYTOJib-
HUKA.
Omeem: iz

Pewenue. a) Ilyctb AB=c¢, AC=b, BC=a, /B=f, LC=7v, ZA=aq,
AM — meauaHa TpeyroiabHuKka ABC. B TpeyronbHrke AMB TIpOTUB 60JTh-

B a/? M a/? C
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el cTopoHsl BM yieXXUT Gonmbiuii yros, moatomy £ZBAM > ZABM = 3.
Ananoruuyno ZCAM > y. IlosTomy

a = /BAM + /CAM > B +y = 180° —a.

CrnemoBarenbHO, o > 90°.
6) IlycTb S — 1wIOIaAh TPEYronbHUKa, ¢ =1, b=>5. Torga

1 . 1 .
S = Ebcsma— 5-5-1-sma,

. 2S 4
OTKyZia sina=— = ¢, a Tak Kak a > 90°, To

575
cosoc:—\/l—sinzotz—3

[To Teopeme KOCUHYCOB

Uil

a2=b2+c2—2bccosa=25+1+2-5.1%:32,

moaToMy a =4+v2. Ecnmu R — paziuyc ONMCaHHON OKPY)KHOCTH JaHHOTO
TpeyTroJIbHUKA, TO

a 42

N
S

~ 2sina ~ 8
5

1.33.1. BricoTsl AA; U BB; oCTpOyrosbHOro TpeyroiabHuka ABC 1ie-
pecekaroTca B Touke H. Touku M u N — cepeuHbl oTpe3koB AB u CH
COOTBETCTBEHHO.

a) JTokaxkuTe, 4YTO TPEYTOIbHUKU A;MB, 1 A;NB, paBHOGeJpeHHEIE.

6) HaiizuTte 1iomiazb 4yeThIpéxyrombHuka A{MBN, eciu A1B; =6 u
MN =4.

Omeem: 12.

Pewenue. a) Mezxuausl AjN 1 B;N NIpAMOYTOJIbHBIX TPEYrOIbHUKOB
A,CH u B,CH, nipoBeZiéHHbIe U3 BEpUINH NPAMBIX YIJIOB, PaBHHEI II0JIO-
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BUHe 0011eli runoreny3ssl CH. [ToaTomy AN = %CH =B;N. AHa/jorn4Ho
A{M=BM.

6) Kaxkgasa u3 Touek M u N paBHOyZajieHa OT KOHIIOB OTpe3ka A;B;.
3Hauut, MN — cepeiMHHBIN MEePIIEHANKYIAP K OTpe3Ky A;B;. /luarona-
au A1B; 1 MN deTbipéxyronbHuka A;MB{N nepneHJUKYJIAPHBI, [103TO-
My ero IUIOIIa/b paBHA IIOJIOBUHE IIPOU3BeJeHus AuaroHanei. Ciegosa-
TEJIbHO,

1
SAlMBlN = 564 = 12

1.34.1. lan Tpeyronbauk ABC. Touku M7, M,, M3 — cepeIuHbI CTOPOH
AB, BC v AC, a Touku H;, H,, H; — OCHOBaHUA BBICOT, JIeXKall[e Ha TeX
JKe CTOPOHAaX.

a) Jlokaxxure, 9TO U3 OTpe3KoB H, My, HyMs v H3M; MOXXHO TTOCTPO-
WUTb TPEYTOJbHUK.

6) Haiizure ero mepumeTp, eciu IepuMeTp TpeyroabHuka ABC pa-
BEH d.

Omeem: %.

Peutenue. a) Yka3aHHbIe OTPe3KH paBHBI IIOJIOBUHAM CTOPOH TPEYTOJIb-
uuka ABC (manpumep, meanana H,M, NpAMOYTOIBHOTO TPEYTOIbHUKA
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BH,C paBHa nosnoBuHe runoteHy3sl BC). [ToaToMy 13 HUX MOXHO ITOCTPO-
UTb TPEYr'OJbHUK, CTOPOHBI KOTOPOTO BABOE€ MEHbIIE COOTBETCTBYIOLINX
CTOpPOH TpeyronbHUKa ABC, T.e. TPeyroJbHUK, PaBHBIN TPEYTOJbHUKY
MM5Ms;.

6) CTopoHbI TpeyronbHuKa M;M,M; paBHBI TTOJIOBUHAM COOTBETCTBY-
IOIUX CTOPOH TpeyronbHuka ABC, clefoBaTeNlbHO, €ro IIEPUMETD PaBeH

[I0JIOBMHE [IepUuMeTpa TpeyroiabHuka ABC, T. e. %.

1.35.1. Beicota AH u meguana AM tpeyronbHuKa ABC penar yron BAC
TpeyrosbHUKa ABC Ha TpU paBHBIE YaCTH, IPUUEM TOUKa H JIEKUT MEXIy
B u M. V3 Touku M onyieH neprneHaukyiaap MK Ha ctopoHy AC.

a) Jokaxure, yto MK =BH.

6) Hatigute yrisl Tpeyroabauka ABC.

Omesem: 30°, 60°, 90°.

Peutenue. a) IlpAmMoyrosbpHblE TPEYroyib-
HUKU AKM u AHM paBHBH II0 THUIIOTEHY3€
U octpomy yriy, nosromy MK = MH. Beico-
Ta AH TpeyronbHuka BAM sBnsercd ero 6uc- [ M h B
CEKTPHUCOMH, MIO3TOMY TpeyroibHUK BAM pas-
HOOenpeHHbIM. 3HaYuT, AH — ero MeauaHa,
T.e. MH = BH. CnenoBaTtenbHO, MK =BH.

6) Mockomsky MK = BH = £BM = 3 MC,
B IIpAMOYTOJIbHOM TpeyroabHuke MKC Ka-

TeT MK paBeH MONOBUHE TruoTeHyssl MC. [ 7a B
3Hauut, ZMCK =30°. Torna

/CAH = 90° — /MCK = 60°, /KAM = %ACAH — 30°,
/BAC = 3/KAM = 90°, /ABC = 90° —30° = 60°.

1.36.1. Meguansl AM u BN TtpeyronbHuka ABC nepleHAUKY/IAPHEI
Y [IepeCeKaroTCA B TOUKe P.

a) Jlokaxxute, uto CP = AB.

6) Haiigute miomazpr TpeyronbHuka ABC, ecnu

c
AC=3u BC=4.
Omeem: v11.
Pewenue. a) Meguana CK Tpeyronbauka ABC mpo-
XOJIUT 4Yepe3 TOYKy P u fgenutcs e B oTHomeHun N U
CP :PK =2:1, nostomy CP =2PK. B TO e BpeMA “

oTpe3oK PK — MesaHa IpAMOYI'OJIbHOI'O TPEYTOIbHU-
ka APB, npoBeZiéHHadA U3 BEPLIUHBI IPAMOIO yIJIa, 3Ha-
uut, AB=2PK. CnepoBatenbHo, CP = AB. A a Kk a B
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6) Obosnauum PM = x, PN =y. Torna AP =2x, BP =2y. Ilo Teopeme
[Tudaropa 13 NpAMOYTOIBHBIX TPEYToNbHUKOB ANP 1 BMP nonydaeMm

2 2_9
4Tty =73
x*+4y? =4,
M3 monyyeHHON CUCTeMBl HAaXOAUM, UTO X = i,
— V3
_ vl [ToaToM
W Y

V11

6 b
a Tak KaK MeJWaHbl pa3bUBalOT TPEYTOJbHUK Ha IMECTh PABHOBETHUKUX
TpeyrombHUKOB (cM. [2], c. 65), To

1 1

VII =
Sansc = 0Sxapy = 6 6 11.



§ 2. YaBoeHue MegHaHBI

ITogroroBUuTebHBIE 3a4a4YU

2.1. Meauana AM TpeyronbHuKa ABC paBHa m 1 06pasyeT CO CTOPO-
HaMmu AB u AC yriibl o U 3 COOTBETCTBeHHO. HaliiuTe 3T CTOPOHBL.
2msin 8 2msina
sin(a+ )’ sin(a+p)°

Peuwernue. Ha npopomxeHun MezuaHel AM 3a TOUuKy M OTIOXKUM
orpe3ok MK, pasHbii AM. Torga udeTbipéxyronbHuk ABKC — napaiiie-
sgorpamm, nosromy ZAKC = ZBAM = a. PaccmoTpuM TpeyronbHUK ACK.
I[To Teopeme crHYyCOB

CK AK

sinf ~ sin(180°—a—f3)’

Omeem:

OTKyZa
AKsinf8 2msin f§
AB =CK sin(a+f3) sin(a+f)"
AHaJIOTUYHO
AK sina 2msina

AC = sin(a+f3) - sin(a+ )"

V3
4 3

2.2. B rpeyronbHuke ABC n3BecTHO, yTo BD — meguana, BD=AB-

a Z/DBC =90°. Haiigure yron ABD.

Omseem: 30°.

Peuterue. Ilycte M — TOYKa Ha NPOAO/DKEHUM MeauaHbl BD 3a Tod-
ky D, npuuém BD =DM. Torna ABCM — napajienorpaMm,

MC = AB, BM:23D=AB-§. B

W3 npAMoyrosbHOro TpeyronbHuka MBC Ha- /W\D\
cos ZBMC = BM _ V3 AB_ V3

MC ™~ 2 "AB~ 2 M

CliejoBaTebHO,
/BMC =30°, /ABD = /BMC = 30°.
2.3. Hatizure 1iomazp TPEYroabHUKA, €CJIU IBE €T0 CTOPOHBI PAaBHBI

27 u 29, a MefvaHa, IpoBeJ€HHAA K TpeThell, paBHa 26.
Omeem: 270.
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A D Pewenue. Tlycts cropoHsl AB u BC
TpeyronbHUKa ABC paBHBl COOTBET-

27 " % CTBEHHO 27 u 29, a ero meauana BM pas-

Ha 26. Ha mpozpomkeHnu Mmezawansl BM

16 3a Touky M omioxum otpes3ok MD,

B 29 C paBHbI BM. VI3 paBeHCTBA TpPEYTOJb-

HUKOB ABM u CDM crnenyeT paBeHCTBO
mouiazeil TpeyronbHUKoB ABC u BCD. B TpeyronbHuke BCD U3BeCTHO,
4TO

BC =29, BD=2BM =52, DC=AB=27.
[To popmyne T'epona
S apep = V/ 54(54—52) (54 —29) (54— 27) = V/54-2-25-27 = 27-2-5 = 270.
CiiegoBaTeIbHO,

Saasc = Sapep = 270.

2.4. CTOopoHHI TpeyroabHUKa paBHbI 11, 13 u 12. Halizute Meznuany,

IIPOBEZEHHYIO K OOJIBIIEN CTOPOHE.
19

Omeem: 5 -

Pewenue. ITycte AM — MezanaHa TpeyronbHuka ABC, B KOTOpoM AB =
=12, AC =11, BC =13. Ha npopomxeHUu"u Meau-
anbl AM 3a Touky M oTnoxum orpe3ok MK, pas-
veli AM. Torna ABKC — napasnnenorpamm. I1o Teo-

C K

11 peMe o0 cyMMe KBa/JipaTOB JMiaroHajiell mapajuiesio-
rpaMMa
T AK?+BC? = 2AB* +2AC?,
OTKyZia
AK? = 2AB* +2AC? — BC* = 288 +242—169 = 361 = 19%.

CnepgoBartenbHo, AM = %AK = 1—29
2.5. B TpeyrosnbHUKe /iBe CTOPOHEI paBHHL 11 u 23, a MeauaHa, Ipose-
JIéHHasA K TpeThel, paBHa 10. HaiiiuTe TpeThio CTOPOHY.
Omeem: 30.
Pewenue. Tlepebtil cnocob. ITyctb CM — MeauaHa TpeyronbHuka ABC,
B Kotopom AC =11, BC =23, CM = 10.
Torza

V‘ CM? = %(2AC2+23C2 —AB?), wm
« 100 = (2121 +2-529 - AB?).
\"

C 23 B Ortcroza HaxoguM, uTo AB2 =900, AB = 30.
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Bmopoti cnoco6. ITycts CM — MeauaHa TpeyroabHuka ABC, B KOTOpOM
AC =11, BC=23, CM =10. Ha npozgomxennu meguansl CM 3a Touky M
OTIOKUM OTpe3ok MD, pasHbid CM. Torza ACBD — mapasjenorpamm,
CD =20, DB=11. ITo TeopeMe KOCUHYCOB Ha1éM cos ZCDB u3 Tpeyrob-
HuKa CDB, a 3atreM — oTpe30K BM u3 TpeyronbHuka BDM.

2.6. B paBHOGEZPEHHOM TPEYrOMbHHUKEe ¢ GOKOBOI CTOPOHOI, paB-
HOil 4, TIpOBeZileHa MeZMaHa K GOKOBOM cTopoHe. HaiifuTe ocHOBaHHe
TPeyroNbHUKA, eCTd MeJMaHa PaBHa 3.

Omeem: v/10.

Pewenue. O603HaYMM Yepe3 X ocHoBaHHe BC paBHOGEAPEHHOTO Tpe-

yronpHUKa ABC. Ha npogomkenun meauansl BM 3a y D

TOuKy M omioxuMm oTpe3ok DM, paBHbii BM. Toraa
BADC — napayuiesnorpamum. [Toatomy V
4

AC?+BD? = 2(AB*>+BC?), wm
16+36 = 2-16+2x>. A

OTcrofa HaxoAuM, 9To x2=10. B X a

2.7. OcHOBaHUe PaBHOGEZPEHHOTO TPEYTOIbHUKA PaBHO 4+/2, a Me/u-
aHa, IpoBeZIéHHAasA K OOKOBOM CTOpOHe, paBHA 5. HaiiguTe G0OKOBBIE CTO-
POHBL.

Omseem: 6.

Pewerue. O603HaUNM Yepe3 X GOKOBYIO CTOPOHY AB paBHOOeZpEHHO-
ro tTpeyronbuuka ABC (BC =4+/2). Ha npozon-
)KeHuu MeavaHbel BM 3a Touky M OTIOXUM OT- A g D
pe3ok DM, paBHbi BM. Torna BADC — mapai-
senorpamm. IToaromy

AC?+BD? = 2(AB*>+BC?), wm

x*+10% = 2(4v2)% +2x2.
B L2 C
OTCIOZIa HaXOUM, 4TO X2 =36.

2.8. B TpeyronbHuKe ABC u3BeCTHBI CTOPOHBI AB=2 1 AC =4 u Me-
muaHa AM = /7. Haiigute yrois BAC.

Omeem: 60°.

Pewerue. Ha npopomkennu Mmeauansl AM gasHoro rpeyroibHuka ABC
co cropoHamu AB =2 u AC =4 omioxkuM oTpe3ok MD, paBHBIN OTpes-
Ky AM. Torma 4eThIpéxyroabHUK ABDC — napasenorpaMmM, II03TOMY
CD = AB = 2. TlpuMeHAA TeopeMy KOCHHYCOB, U3 TpeyrojbHuka ACD
HaXOJWM, 4TO

AC>+CD*—AD* _ 16+4-4-7 1
cos ZACD = 2J-FAC-CD - J2r-4-2 -T2
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nostomy ZACD =120°. CiezoBaTeabHO,
Z/BAC = 180° — ZACD = 180° —120° = 60°.

2.9. B tpeyronsHuke ABC oTpe3ok AD — meguaHa, AD =m, AB=a,
AC =b. Haiigure yron BAC.
4m? —a®—b?
2ab
Peuwenue. Ha nipogomxkeHuu Meauansl AD 3a TOYKy D OTIOKUM OT-

pesok DK, paBHbili AD. luaronanu BC u AK deTwipéxyronpHuka ACKB
JlesIITc TOYKOM mepeceyeHUsa D Tomosam, 3Ha-
Iy a Kk u4uT, ACKB — napamuienorpamm. [loatromy CK =

=AB=a.
u [IpyMeHUB TeOpeMy KOCUHYCOB K TPEYTOJIbHU-

Ky ACK, HaxoauM, 4TO
_ AC’+CK?—-AK?> _ b*>+a®—4m?
4 P B cos ZACK = 5 AC CK = %ba
Tak kak ZBAC =180° — ZACK, TO

4m? —a® - b?

2ab ’
4m? —a® - b?

2ab ’

Omesem: arccos

cos Z/BAC = —cos ZACK =

CrnepoBarenbHO, /BAC = arccos

TpeHUpPOBOYHBIE 3a/]a4YU

2.10. /IBe cTOpOHBI TpeyrosbHUKa paBHbl 10 1 12, a MeagnaHa, Ipose-
JE€HHaa K TpeTbeli, paBHa 5. HaiifuTe iomazib TpeyroabHUKa.

Omeem: 48.

Pewenue. [Tycte AM — Mezunana Tpeyroiabauka ABC, mpuuém AM =5,
AB=10, AC =12. Ha nipopo/mxeHu Mmeguanbl AM 3a TouKy M OTIOXUM
orpe3ok MD, pasubiii AM. Torna ABDC — napasenorpaMM C AraroHa-
gamu BC u AD, a momazap TpeyronbHuka ABC paBHa IUIOIIAaAN pPaBHO-
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6ez[peHHoro TpeyrosibHuKka ABD, B KOTOPOM B ¢ H 6 D

AB = AD =10, BD = 12. Bricotry AH Tpe-
yronbHUKa ABD HaxoguMm 1no TeopeMe I[Iu- g M
dbaropa U3 TPSIMOYTOJBHOTO TPEYTOIbHUKA 10
ABH:
A 12 C

AH = vAB?—BH?2 = ¥/100—36 = 8.

CiiegoBaTebHO,
1 1
SAABC = SAABD = EBDAH = 5 128 = 48

2.11. HatiguTe miomaZib TpeyrolabHUKA, MeJaHbl KOTOPOT'O PaBHBI 3,
4us.

Omeem: 8.

Peuwienue. Ilycte B; — cepenynHa cTopoHbl AC TpeyronbHuka ABC,
M — touka nepeceueHusa ero mezuaH. Ha npozomkeHuu MejuaHsl BB,
3a TOYKy B; omioxum orpe3ok B;K, pas-
HbI1 MB,. Torna AMCK — napaiienorpamMm,
CK=AM.

Croponsl TpeyronbHuka KMC cocrasia-

B

10T % COOTBETCTBYIOIINX MeJUaH TPEYTOIbHU-

ka ABC. Iloatomy TtpeyronbHuk KMC nopo- W
1

6eH ¢ K0apPUITMEHTOM % TPEYTOJIBHUKY, CTO- 4

POHBI KOTOPOI'O paBHBI M€AHaHaM TPEYIroJib-

Huka ABC. Torza mnomazap TpeyroasHuka KMC cocTaBider g IIoIaAnu

TPEeyroJbHUKa CO CTOPOHaMU 3, 4, 5, T. €. g 6= % CiegoBaTebHO,

1
SaaBc = 6SAB1MC =6- §SAKMC =8.

2.12. HaiizuTe mionjab TpeyroabHUKA, MeJaHbl KOTOPOTO paBHHI 10,
10 u 16.

Omeem: 64.

Pewerue. Ilycts B; — cepesuHa ocHoBanusa AC TpeyronbHuka ABC,
M — Ttouka nepecedyeHus ero MmeauaH. Ha nipogomkeHuu Meavasel BB 3a
TOYKy B; oTnoxum orpesok B, K, paBubiii MB;. Torga AMCK — napae-
sgorpamm, CK =AM.

2
Croponsl TpeyronbHrka KMC cOCTaBIAIOT 3 COOTBETCTBYIOIIUX Me-

nvaH TpeyroinbHuka ABC. TloaToMmy TpeyroabHUK KMC mofobeH ¢ Koad-
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B ¢dunreHTOM % TPEYroJIbHUKY, CTOPOHBI KOTOPOI'O pas-
HBl MeAuaHaMm TpeyronbHuka ABC. Torga miomazp Tpe-

yronpHuKa KMC cocrasiseT g TUIOIIAZI paBHOOEAPEH-

HOT'0 TpeyroJbHUKa co ctopoHamu 10, 10, 16, T.e.

4
SakMc = 5‘48— 3 -
CiiegoBaTebHO,

1 64
Saasc = 0Sap,uc =6 5Sakuc =33 =064

2.13. Haligure mioiaib TpeyroJabHUKA, MeJHaHbl KOTOPOTO PaBHBI 12,
15 u 21.

Omsem: 48+/6.

Peuwtenue. Ilycts rromazas TpeyronbHuka ABC pasHa S. JlokaxxkeMm, 4To
IIJI01Ia/lb TPEYTOAbHUKA, CTOPOHBI KOTOPOT'O PaBHBI MeliaHaM TPEeYyTOoJb-

B HuKa ABC, paBHa %S.
IIyctb M — TOuKa IlepeceyeHus Me-
AuaH TpeyronbHuka ABC, B; — cepeavHa

cTopoHBl AC. OTNIOXUM Ha MPOJOIKEHUN
MmezuaHbl BB, 3a TOuKy B; oTpesok B K,

A WL’ paBHbIi B{M. IlockombKky AMCK — ma-
pamienorpammM, KC = AM. TloatoMmy cTo-

K

2
poHBI TpeyronbHUKa MCK paBHBI 3 CTo-

POH TPeyroJbHUKAa, COCTABIEHHOI'O U3 MeAuaH TpeyroibHuka ABC.
CrnezioBaTeIbHO, UCKOMBIHM TPEYTONbHUK MO00eH TpeyroabHuKy MCK

9
a €ro Imomajgb paBHa - IUiOmaAn TPEYrOJbHH-

¢ K03pPUITMEHTOM 3 2

22
kKa MCK, T.e.

s=3s.

9

Q=

[Lromas S, TpeyroibHUKA co cTopoHamu 12, 15 u 21 Haigém o Gpop-
myse ['epoHa:

S, =+/24-12-9-3 = 36V6.

CiiegoBaTebHO,

Sansc =S =25, = 3-36V6 = 48V6.
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2.14. Meznuana AD u BeicoTa CE paBHOGepeHHOTO TpeyronbHuka ABC
(AB = BC) mnepecekatorcd B Touke P. Halijure momagb TpeyroabHU-
ka ABC, eciu CP =5, PE =2.

Omeem: %

Pewerue. Ha nnpogomxkeHnu Mmeauansl AD 3a TOUKy D OTJIOKUM OTpe-
30k DK, paBHbIil AD. Torzma yeThipéxyronbHUK ABKC — mapasienorpamm,
Tak Kak ero guaroHanu AK u BC penarca Tou-

KOH IepecedyeHus D mornonam. K B

ITycte AB=BC =2x. Torga CK = AB = 2x.
TpeyronbHUK APE T0f06EH TPEyroJbHUKY
KPC (1o aByM yT71aM), TO3TOMY

E
ok .PE_2., _4 -
AE—CK-PC—SZx—Sx, »\

BE = AB—AE = 2x— #x = 2x. c A
Ilo Teopeme IMudaropa BC? = BE? + CE?, wmm 4x? = g—gxz + 49, oTkyza
35
HaXOZHMM, TO X = “g*. CJle/ioBaTeIbHO,
1 35 245
SAABC = EABCE =x-7= ?7: T

2.15. Meauana AM u 6uccektpuca CD TpAMOYTOIHHOTO TPEYTOJb-
unka ABC (4B = 90°) mepecekatorcsai B Touke O. Haligure muiomazb

TpeyronbHuKka ABC, ecnmu CO=9, OD=5.
1323

Omeem: 0 -

Pewenue. Ha mpogomxennu Meauansl AM 3a TouKy M OTIOKUM OTpe-
30k MK, paBubiii AM. Torga yeThlpéxyroibHUK ABKC napasenorpamm,
Tak Kak ero guaroHanu BC u AK penarca Tod-
Ko mepeceuenus M momnonam. [Tomoxum AB =
= 3a. TpeyronbHUK AOD mon06€eH TpeyroabHU-

Ky KOC (1o AByM yryiam), 3HAYUT,

OD OD 5 5 5
AD—KC'E _AB.E —AB'§—361§ —ga,
BD = AB—-AD =3a—%a= %a.

[To cBOMCTBY GUCCEKTPUCH TPEYTOIIbHUKA

BC _BD _ 3~ _
AC T AD ~ 5q

4
57

wln|w s
Q | Q
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a tak kaKk AB=23a, To AC=5a u BC =4a. 1o Teopeme [Tudaropa
2
BC?+BD?=CD?, 16>+ (3a) =14,

2 __

9
OTKYyZa Haxo4guM, 49TO a CJIeZ[OBaTeJIbHO

49-9
~ 410

SaaBc = 3 BC. AB_— 4a-3a = 6a% = 6. 329 _ 1323

4.10 — 20 °

2.16. BHyTpU IpAMOYTONBHOTO TpeyronbHIuKa ABC ¢ IPSAMBIM YIJIOM
mpu BepunHe C oTMedeHa Touka O, npuiéMm OA = OB =b. VI3BeCcTHO Tak-
e, uTo CD — BrIcOTa TpeyronbHuka ABC, Touka E — cepenyHa OTpes-
ka OC, DE =a. Hatigute CE.

Omeem: % v/ 2b2 — 4a?.

Pewenue. JlokaxxeM cHaudana ciefyiollee yrBepxkzeHre. Cymma KBaj-
paToB PacCTOSAHUM OT NTPOM3BONIBHOMN TOUKH IJIOCKOCTH /IO ABYX IIPOTHUBO-
TIOJIOKHBIX BEPIIUH IIPAMOYTOJbHMKA paBHA CyMMe KBa/J[paTOB pacCTos-

HUUN OT 3TOM TOYKU /IO /IByX JPYTHX Bep-
y Tt 4 IIMH NPAMOYTO/IbHUKA.

; BBenéM JexkapTOBYy IIPAMOYTOJBHYIO
cucTeMy KoopAuHAaT. [lomecTuM Havasio
KOOpZAUHAT B BEPIUIMHY P NpAMOYTroJIbHU-
ka PQRS, a ocu KOOpAVHAT HAIIpaBUM I10
aygyam PQ u PS. Ilyctb PQ =m, PS=n.
x Torza BepIIWHBI MPSIMOYTOJIbHUKA OYAyT
P(0;0) a(m; 0) UMeTh CJIe[lyIoliie KOOPAUHATHI:

P(0;0), Q(m;0), R(m;n), S(O;n).

[Tycts T(x; y) — IpOM3BOIbHAA TOYKA IUIOCKOCTH. Ilo dopmyre s
KBaJjpaTa pacCTOAHUA MeXAY JByMs TOYKaMU

TP?+TR* = (x*+y?) + ((x —m)*+ (y —n)?),
TQ?+TS* = ((x —m)?+yH) + (x*+ (y —n)?).
V3 11osly4eHHBIX PaBEHCTB CJIeLyeT, YTO
TP?+TR? = TQ?+ TS>.
YTBepxZeHue JoKa3aHo.

[Tycte M u N — IpoeKLIuU TOYeK COOTBETCTBEHHO O U E Ha TMIIOTEHY-
3y AB. 3ameTum, uyTo M — cepesuHa AB.

[Mockonbky EN || OM || CD u E — cepeauna OC, To EN — cpeiHss Ju-
HuA Tpaneuuu COMD, nostomy N — cepeguHa orpe3ka MD. Bricota EN
TpeyronbHUKa DEM fABisAeTcsA ero MeJuaHoM, T03ToOMy TpeyroabHuk DEM
paBHOOezpenHbIN. CrezoBaTenbHo, EM =ED =a.

S(0;n) R(m, n)
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C A

Ha npogomxenuu orpeska CM 3a TOuky M OTIOXUM OTpe3ok MF,
pasubili CM. Torna ACBF — npsAMOyronbHUK, EM — cpefHAA IMHUA Tpe-
yronbHuka COF, OF =2-EM =2a.

TakuM 06pa3oM, HaM M3BECTHBI PACCTOSAHUA OT TOYKU O Z0 TpéX
BepIIMH npsMoyronbHruka ACBF. ITo foka3aHHOMY yTBep:xAeHuto OC? +
+ OF?=0A? + OB2, nostomy

OC? = OA% + OB? — OF? = b% 4+ b% — 4a® = 2b> — 4d>.

2b2% —4q2.

N

CnepgoBartenbHo, CE = %OC =

3aayu Ha A0Ka3aTe/IbCTBO M BbIUHCIEHUE

2.17.1. Meguana AM TtpeyronbHuka ABC npogomkeHna 3a Touky M Ha
paccrosanue MD =AM.

a) Jokaxure, yto CD = AB.

6) Haiizute miomazp TpeyroabHuka ABC, ecmu AB =10, AC =12,
AM =5.

Omeem: 48.

Pewenue. a) Juaronanu AD u BC 4eThIpEX-
yronbHUKa ABDC TOuUKOU mepecedeHUs /JesAaT-
¢ 1onosnam, 3HaunuT, ABDC — napasuiesiorpaMm.
[TpoTUBOIONIOKXHBIE CTOPOHBI NTapasuiesorpaMma
pasHBbL, oaTomy CD = AB.

6) Ilockonbky AD = 10 = AB, TpeyroabHUK A
ABD paBHOGeapeHHbIH. Ero BeicoTa AH ABJAET-
¢ MeJVaHOM, TI03TOMY

6
AH = vAB2—BH2 = /100—36 = 8. q A
12
CiiegoBaTebHO, '

SaaBc = Saap = %BD -AH = %-12-8 = 48. A 10

~
]

[Sy]

C D

@
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2.18.1. B TpeyronbHuke ABC BpicoTa BD paBHa 6, MesuaHa CE pas-
Ha 5, pacCTOSAHUE OT TOYKM IepecedeHUss oTpe3koB BD u CE [0 CTOPO-
Hbl AC pasBHO 1.

a) Jokaxurte, yto CD : AD =1:4.

6) HatizuTe twiomas TpeyronbHuka AEC.

Omeem: 10.
B Peuwenue. a) Ha nmpogomxkenun meauansl CE
3a Touky E omnoxuM oTpe3ok EP = CE. Torza
ACBP — napainenorpamMm. [lostomy BP = AC
u BP || AC.
IIyctb K —TOuYKa IlepecedyeHus OTPE3KOB
K BD u CE. V3 mopobus TpeyrombHUkoB PKB
" &) u CKD cnepyert, 4TO
A 4x DXt

1 1
DC = EBP = EAC'

3Hauut, CD: AD =1:4.
6) V3 mopo6us TpeyroabHUKOB PKB u CKD Takke cielyeT, 4TO

20 CK = %PK , I0O3TOMY

—lep=Ll10=2
CK=zCP=2-10= 3.

W3 nnpamoyronpHOro Tpeyroiabuuka KDC Ha-
XOZIUIM, YTO

d pc=VKC kD7 =1/ (3) ~1=4.

A 20 D4C
3 3

=5

20
[Toatomy AC =5DC = 3 » @ TaK KakK BbIcOTa
TpeyronbHuka AEC, onyieHHas Ha ocHoBaHue AC, BABOe MEHbIIIEe BBICO-
ThI BD TpeyronpHuKa ABC, ONyIeHHON Ha TO jKe OCHOBaHUeE, TO

SAAEC: %'%BD'AC: %‘6‘23_0 =10.

2.19.1. Jlan TpeyronbHuK ABC co croponamu AB=3, AC =+/73 u Me-
auaHou AM =4.

a) Jlokaxkute, 4To MeAraHa AM TeprieHAUKYJIApHa CTOpoHe AB.

6) HaiiguTe BBICOTY TpeyroibHuKa ABC, TPOBEAEHHYIO M3 BEPIIH-
HBL A.

Omeem: 2,4.

Pewenue. a) Ha npopomxenun mMeauansl AM 3a Touky M OTIOXKHUM
orpe3ok MD = AM = 4. Torga ABDC — napasenorpaMmm. Ilosromy CD =
=AB=3u CD || AB. TpeyroinbHuk ACD TpSIMOYTOJbHBI C TPIMBIM YTIIOM
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npu BepumHe D, Tak Kak AC2 =73 =64+ 9= AD? + CD?. CiiefioBaresbHo,
/BAM =/ADC =90°.

A
3 V73
m[’ M A
3 ?4 M
D B H5 5 c

6) [Iyctb AH — BBIcOTa TpeyroabHuka ABC. V13 MpsMOYyTOIbHOTO Tpe-
yronbHUKa AMB HaxozuMm, yTo BM = 5. CienoBaTeslbHO,

AH — AB-AM _ 3.4 12

BM ~ 5 _ 5°

2.20.1. Ha cropoHax AC u BC tpeyronbHuKa ABC BHe TpeyrojbHUKa
noctpoensl kBazapaTsel ACDE u BFKC. Touka M — cepesnHa CTOPOHBI AB.

a) Jokaxute, uto CM = %DK .

6) Hatizure paccTossHUS OT TOYKA M [0 IIEHTPOB KBaJpaToB, €C/IU
AC=6,BC=10u LACB=30°.

Omeem: 7.

Pewenue. a) O6o3HauuM LACB = a. OTIOKUM Ha MPOJODKEHUH MeIU-
anbl CM 3a Touky M oTpe3ok ML =CM. Torga yeTelpéxyronbHuK ACBL —

K
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rapaJuiesorpamMmm, Io3ToMy
CD =AC=BL, CK=BC, ZCBL=180°-ZACB=180°-a,
/DCK = 360°—-90°—-90° —a = 180° —a = ZCBL,
3HA4UT, TpeyroabHUKU DCK u LBC paBHBEI II0 IByM CTOPOHAM U YIJIy MeX-

Ay Humu. ITostomy CL=DK. CrneznoBarenbHo, CM = %CL = %DK .

6) ITyctb P u Q — 11eHTpHI kBaZipaToB ACDE u BFKC COOTBETCTBEHHO,
N — cepeauHa cropoHbl BC. B TpeyronpsHuke MNQ MU3BECTHO, YTO

NM=1AC=3, NQ=3CK=5 /MNQ=90°+30°=120°.

Ilo T€oOpEME KOCHYCOB

MQ = /NM?+NQ?—2NM -NQ cos 120° = \/9+25+2-3-5-% =7.

AHajIoTUYHO HaxoAuM, uTo MP =7.

2.21.1. B tpaneuuu ABCD ocHoBaHusa BC u AD oTHocATcA Kak 1: 2.
[Tycts K — cepeauna auaronanu AC. Ilpamas DK niepecekaeT CTOpoHy AB
B TOYKe L.

a) Jlokaxkute, yTo AL =2BL.

6) HatizuTe miomazb dyeThIpéxyronbHuka BCKL, eciy U3BECTHO, UTO
wrowazas Tpanenuu ABCD pasna 9.

Omeem: 2.

a) OmiokuM Ha mpofomkeHuMHu orpeska DK 3a Touky K oOTpe3ok
KE = DK. Torga yetsipéxyronibHUK ADCE — mapasneaorpaMM, O3TOMY
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BE || AD. 3HauuT, TouKa B nexut Ha oTpeske CE.
ITockoneky CE = AD =2BC, Touka B — cepesuHa
cropoHsl CE TpeyronbHuka ACE, a L — Touka Iie-
pecedeHHA MeAWaH 3TOro TpeyroiabHUKa. Ciezo-
BaTenbHO, AL=2BL.

6) 3aMeTHuM, YTO IUIOIIaAb TpeyroibHuKa ACD

2
COoCTaBJIAET = IUIOIMIaAW Tpallelliyv, 3HaYUT,

3
Saacp =6. E x B x (L
[TOCKONBKY TpeThad MeAuaHa TpeyroabHUKa ' 1
ACE TpOXOAMT 4Yepes TOUKy L, a MeJMaHBI Tpe-
YTONbHUKA pa3bUBAIOT ero Ha 6 paBHOBETUKUX X

TPEYTr'OJIbHUKOB, TO

SBCKL=SABCL+SAKCL=%SAACE:%SAACD:%'6:2~ A 2 b
2.22.1. Mepuansel AA;, BB; u CC; TpeyroibHuka ABC mepeceKarTca
B Touke M. M3BecTHO, 4yTO AC =3MB.
a) Jlokaxxure, 4TO TpeyroabHUK ABC NpsAMOYTOIBHBIN.
6) Hatigute cymmy KBaZipaToB Meauan AA, u CC,, eciu AC =30.
Omeem: 1125.
Peuterue. a) MeauaHbl TpeyTroabHUKA JeNATCA B
TOYKOU UX IlepecedeHus B OTHOLIeHU!U 2: 1, cuu-
Tas OT BEPIIUHBI TPEYrOJbHUKA, II03TOMY

BB, = 2MB =3.24C = 14c.

Mezauana BB; tpeyronbHuka ABC paBHa IoJO-
BUHe CTOpOHBl AC, 3HAQUUT, TpeyrojibHUK ABC
IIPAMOYTONBHBIM € MpAMBIM YIVIOM IIpH Bep-
muHe B.

6) O6osuauuMm BC =a, AC =b, AB =c. Ilo
dopmyse Ana MeAWaHBI TpeyroiabHUKa (cMm. [2],
c. 16) HaxozuM, 4TO

AR = 22D +2¢* %), CC} = 3(2b*+2a% — %),
I03TOMY
A2 +CC3 = 3 (267 +20% — a® +2b% +2a% — %) =

_ 1.5 2y _ 1o 2y _ 532 _ 5 _
—4(a +cC +4b)—4(b +4b)—4b —4900—1125.
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2.23.1. Meauana AM u BeicoTa CH paBHOOEAPEHHOTO TPEYroJbHU-
ka ABC (AB = BC) mnepecekatorca B Touke K. M3BecTHO, uTo CK =5,
KH=1.

a) Jlokaxkute, yto AH :BH =1:4.

6) HatizuTe mwiomas TpeyroibHuka ABC.

Omeem: 30.

Pewerue. a) OTIOKMM Ha NPOAOKEHUU MeAuaHbl AM 3a Touky M
oTpe3ok MD = AM. Torga 4eTelp€xyroabHUK ABDC — mapasiesorpamm,
moatoMy CD || AD u CD = AB. Tpeyronbuuk AKH mogo6eH TpeyroabHU-

Ky DKC c¢ xoadduiireHTOM l, nostomy AH = %CD = %AB. Cneposaresb-
o  AH _ 1
% BH = %'

X
5
A

C

6) O6o3uauum AB =BC =x. Torna AH = %x, BH = gx. [To Teopeme

Mudaropa CH? + BH? = BC?, wiu 36 + ;—gxz = x2. OTciofia HaxoAMM, 9TO
x=10. CnexzoBaTeabHO,

Saasc = 3AB-CH = £-10-6 = 30,

2.24.1. B TpeyronbHuKe ABC 6uccektpuca BE u Meanana AD neprieH-
JAUKYIIAPHBL

a) Jokaxure, uto CE =2AE.

6) Haiigute CTOpPOHBI TpeyronbHuka ABC, eciu BE =
=AD=8.

Omeem: 213, 4413, 6/5.

Pewenue. a) Ilycte P — TOYKa TepecedeHUs OTPE3KOB
BE u AD. TpeyronmbHUK ABD paBHOGeApDEHHBIN, TaK Kak
ero 6uccektpuca BP fABiseTca BBICOTOHM. 3HauuT, BC =
= 2BD = 2AB. Tlo CBOMCTBY GUCCEKTPHUCH TPEYTOIbHUKA
CE BC

AE= AB = 2. CnepoBaTtenbHO, CE =2AE.




3a/1auM Ha [0Ka3aTeIbCTBO M BHIYMCIEHNE 41

6) OTIOXMM Ha TMPOAOKEHUH MeAuaHbl AD 3a
Touky D oTpe3ok DK = AD. Torza 4eThIPEXYTIOIBHUK
ABKC — nmapasnnenorpamm, moaromy BK || AC u BK =
=AC=3AE.

13 mopo6us TpeyronbHUKOB APE 1 KPB ciefiyeT, 94To

PE _AE _1
BP ~ BK =~ 3"
[Toatomy PE =2 u BP =6. CiiejoBaTeNbHO, A 213 B

AB = VAP2+BP2 = /16+36 = 2v/13, BC = 2AB = 4/13,
AE = VAP2+EP2 = y/16+4 =25, AC = 3AE = 6+/5.
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IloaroroBUTE/ABHBIE 3aZla4U

3.1. Paccroanue Mexzay cepeJVHaAMU B3aWMHO IEePIEHJUKY/IAPHBIX
xopz AC u BC HeKOTOpOU OKpy:KHOCTH paBHO 10.
Haiizute fruaMeTp OKpY:KHOCTH.

N ~B
N
. Omsem: 20.
Pewenue. Ilyctb M v N — cepeyiHbl JaHHBIX

xopz AC u BC. TlockonbKy MN — cpefHAsd JIUHUA
TpeyroabHuka ABC, To AB=2MN =20, a Tak KaK
0Tpe30K AB BuzieH 13 TouKU C 110/, IPAMBIM YIJIOM,
TO AB — iiaMeTp OKpPY>KHOCTH.

c

A

3.2. [luaroHasnp mapasienorpaMma JeJUT ero yroa Ha dactu B 30°
u 45°. HaiifguTe oTHOLIIEHKEe CTOPOH IapasuesorpaMma.

Omeem: /2.

Pewenue. Ilycte auaronans AC napamienorpamma ABCD fenuT yroin
IIpu BepunHe A Ha fBa yria: ZBAC =30° u ZDAC =45°. Torga

ZACB = ZDAC = 45°.

D C
</
[IpuMeHAa TeopeMy CUHYCOB K TpeyroabHUuky ABC,
M HaWzEM, 4TO
2
A B

AB _ sinZACB _ sin45°
BC ~ sin/BAC ~ sin30° V2

3.3. Bepmunsl M u N kBagpara KLMN nexaT Ha runoTeHyse AB 1ps-
MoyTosbHOro TpeyronbHuka ABC (N mexzay B u M), a BepmuHbl K u L —
Ha xaTtetax BC u AC cooTBeTCTBEHHO. M3BecTHO, yTo AM =a u BN =b.
HatizuTe miomazpb KkBajgpara.

Omeem: ab.

A Pewenue. ITepsslii cnocob. Yepes TOUKy L TpoBe-
A€M NpAMYyIo, napauienbHyto BC, [0 nepecedyeHUA
¢ TunoTeHy3oi AB B Touke P. 113 paBeHCTBa IIpAMO-
YrOJIbHBIX TPeyrojabHUKOB BNK u PML ciepyet, 4To

M PM =BN =b.
b Cropona LM ykasaHHOrO KBaJjpaTa €CTb BBICOTA
L P NIPAMOYTOJIBHOTO TpeyrosbHuka APL, mpoBeAEHHasA
N U3 BEPIIUHEI IIpAMOro ymia. I[TosTtomy

LM? = PM-AM = ab.

C K B  CremoBaTenbHO, TUTOIAAb kKBagpaTta KLMN paBHa ab.
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Bmopoti cnoco6. O6osHauum ZBAC = a. Torza
/BKN = a. V13 IpAMOYTOIbHBIX TPEYTONbHUKOB ALM
1 NKB HaxoauM, 4TO

g ML . _ BN
ga - AM’ ga - KN’
IIO3TOMY
ML _ BN _ BN
AM ~— KN =~ ML’
CiiegoBaTebHO,

ML? = AM -BN.

Skyn = ML? = AM -BN = ab.

3.4. CropoHa BC mapamrenorpamma ABCD BzaBoe 6oJbllle CTOPO-
Hbl AB. BuccekTpuchl ymioB A u B mnepecekaroT npaMmyro CD B TOYKax
M u N, npuuém MN =12. HatiziuTe CTOPOHBI ITapajieorpaMMa.

Omsem: 4, 8, 4, 8.

Pewenue. TlycTh OuccekTpuca yrma A mepecekaeT cTopoHy BC B Tou-
ke P, a mpsimyto CD — B Touke M. O60o3HauuM AB =CD =a. Torga BC =
= AD = 2a. Ilockonbky /BPA = /DAP = /BAP, TpeyronbHuK ABP pas-
HOOezpeHHbIH. [ToaTOMY

BP=AB=a, PC=BC—-BP=2a—-a=a.

TpeyronbHuku PMC u PAB paBHBHI IIO CTO-
pOHe U MpuieKallluM K Hell yIaM, I03TOMY
MC = AB = a. AHaAJIOTUYHO [AOKa)XeM, 4YTO
DN =a. CnenoBaTenbHO,

MN =MC+CD+DN =a+a+a=3a=12,

OTKyZla HaXOZNM, 4TO d =4.

3.5. Haliziure paccTosiHUE OT LIeHTpa poMba 10 ero CTOPOHBI, €C/IN OCT-
pHIi yron pom6a paBeH 30°, a cTOpoHa paBHa 4.

Omeem: 1.

Pewenue. Tlyctb O —11eHTp poMba ABCD, B KoTOopoMm /BAD = 30°.
Onyctum nepneHAuKyaap OM u3 Touku O Ha CTOPOHY AB M NPOZOIKAM
ero /1o nepeceyeHus1 co cropoHoit CD B Touke N. Torma MN L CD.
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[Tycts DK — neprieHAUKYJIAP, OMyIIeHHbIN U3 BepUIMHBI D Ha CTOpo-
Hy AB. B npaMmoyronbHOM TpeyronbHuke AKD cropoHa DK — karer, Jje-

sKamui mpoTtus yria B 30°. [TosTomy DK = %AD = 2. CiiegoBaTeNbHO,
1 1
OM = EMN_ EDK_ 1.

3.6. B ueTrpipéxyronparke ABCD u3BectHb! yriiel: ZDAB=90°, /DBC =
=90°. Kpome toro, DB=a, DC =b. HaliiuTe paccTosiHie MEX/Y LeHTpa-
MM /IByX OKPY>KHOCTeH, 0[Ha 13 KOTOPBIX IIPOXOAUT Uepe3 ToUKU D, A, B,

a Apyrasa —vepes Touku B, C, D.
/bz —a2

Omeem: 5
D Peuwserue. 1leHTp OKPY:KHOCTH, NPOXOAALIEN
yepe3 Touku D, A u B, ecTb cepeauHa M oT-
pe3ka DB; LeHTP OKpPY:KHOCTH, INPOXOAAIel
yepe3 Touku B, C u D,—cepeguHa N OT-
peska DC; MN — cpenHAA JIUHUA TPEyroJbHU-
ka DBC. CnenoBaTebHO,

VDC2-DB2 /b2 —a2
2 -T2

3.7. Ha ctoponax AB u CD mnpamoyronbHuka ABCD B3ATBl TOYKU
K u M Tak, uto AKCM — pom6. TuaroHanab AC ob6pasyeT co CTOpOHOU AB
yron 30°. HalizuTe cTOpoHy poMmba, ecau HaubosbIlas CTOPOHA IPSMO-
yronbHUKa ABCD pasHa 3.

Omeem: 2.

Peuienue. B npamoyronbHOM TpeyronbHuKe ABC kaTeT AB JIeKUT 11po-
TUB yIy1a B 60°, moatomy AB > BC, T.e. AB 1 DC — GObIITIE CTOPOHBI TIPsi-
MoyronbHuKa ABCD. B paBHOOeZpeHHOM TpeyrombHuKe AKC yIbI TIpU

ocHOBaHUU AC paBHBI, IO3TOMY

1
MN—EBC—

DJ M L /BCK = Z/ACB— ZACK = 60° —30° = 30°.
205 O6o3uauum BK = x. Torga
/7| AK=CK=2BK=2x, AB=AK+BK=3x=3,
30° 5 oTkyza x = 1. CiiefoBaTeNbHO,
A 2x K x B

AK =KC =MC =AM = 2.

TpeHUpPOBOYHbBIE 3a4a4U

3.8. B TpeyroibHUK, ABe U3 TPEX CTOPOH KOTOPOT'o paBHHL 9 U 15, BIU-
CaH NapaJieslorpaMM Tak, YTO OAHA U3 ero CTOPOH, paBHad 6, IEXKUT Ha
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TpeTbel CTOpOHe TpeyroJbHUKA, a JUaroHaau lapajulejorpaMma napa-
JIeJIbHBL IBYM JJaHHBIM CTOPOHaM TpeyrosibHukKa. Haiiaure apyryro cropo-
Hy IapajjieJiorpaMMa U TPETBIO CTOPOHY TPEYTOIbHUKA.

Omeem: 42, 18.

Pewenue. ITyctb BepminHel M u N nmapasienorpamma MNQP HaxozAT-
¢ Ha cropoHe AC TpeyronbHuKa ABC, a BepiminHel P 1 Q — Ha CTOpOHAaxX
AB u BC (AB=9, BC=15).

[Tockonbky APQM n NPQC — napasieorpaMMel,

AM =PQ=NC=6, AC=18. B

V3 iopobust TpeyrombHukoB CMQ u CAB cie-
ZIyeT, 9To

2
QM = 3AB =6, A6 M 6 N 6 C

a u3 oziobus TpeyroabHUKoB APN u ABC — 4To

PN = %BC = 10.

PaccmoTpum napaienorpamMm MNQP. Ilo TeopeMe 0 cyMMe KBaZApaTOB
JyaroHasel napajsuiesorpaMmma

PN2 +MQ? = 2PQ? + 2PM?.

CrnezmoBaTesbHO,
PM? = Z(PN® + MQ?—2PQ?) = 5 (100+36 — 72) = 32.

3.9. CropoHbI apajuieJiorpaMMa paBHbI a U b (a # b). Halizute aua-
TOHaJIN YETHIPEXYTOIbHUKA, 0OPa30BaHHOTO IIepeceYeHUsMU OUCCEKTPUC
YIJIOB IapaJlieJiorpaMMa.

Omeem: |a—b|.

Pewenue. TTycTh 6UCCEKTPHUCHI YIJIOB MPU BepiTuHax B v C mapasieno-
rpamma ABCD niepecekaroTcs B TOUKe M, GMCCEKTPHUCHI YIJIOB IPU BEPIIH-
Hax C u D —B Touke N, yIJIOB IIpu BeplinHax A U1 D — B Touke K, yIJI0B
Ipu BepmmHax A U B —B Touke L. B b

[TOCKONBKY OMCCEKTPUCH BHYTPEHHUX
OZHOCTOPOHHUX YIVIOB IIPU MapasielbHbIX
IpAMBIX M CeKyllell IepleHJUKY/IAPHBI,
MLKN — NnpsAMOYTOJIbHUK.

[Tpexmonoxum, yro BC =a, AB =D
ua>b. Aa-b'S b D

T a-b C
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Ecnn nyu AL niepecekaeT npsamMyto BC B Touke T, TO
/BTA = LTAD = /TAB,

3HAYUT, TpeyronbHUK ABT paBHOGeApeHHbIH. [ToaTomy BT = AB=D, cie-
JloBaTeJbHO, TouKa T JiexXUT Mexay Toukamu B u C u CT =BC — BT =
=a-—b.

[TockonbKy BL — BBICOTa paBHOOEAPEHHOTO TpeyroibHuKa ABT, omy-
LIeHHas Ha OCHOBaHue, To L — cepeayiHa AT. AHAJIOTMYHO JJOKAXXEM, 4TO
ecmu S — Touka mepeceveHus syda CN co cropoHoit AD, To N — cepe-
guHa CS. Touku L u N — cepeluHBl IPOTUBOIIOIOKHBIX CTOPOH Iapajlie-
smorpamma ATCS, cnegoBarenbHo, LN =CT =a — b, a Tak Kak AuaroHaiu
IIPAMOYTONBbHUKA PaBHEL, TO KM =LN =a —b.

Eciu e a < b, To aHAJIOTUYHO TOTYYHM, YTO UCKOMEBIE IUaroHaIu pas-
HBI b —a.

3.10. OTpe3ku, CoeAVHAIINE CEPeAVHBl IIPOTUBOIIOIIOXKHBIX CTOPOH
BBIMTYKJIOTO YETBIPEXYTOMbHUKA, B3aUMHO MEPIEeHANKYIAPHB U PaBHBI
2 u 7. HaliuTe 1I0mazb Y€ THIPEXYTOTbHIKA.

Omeem: 14.

Pewenue. ITycts K, L, M 1 N — cepeiiHBL CTOPOH COOTBETCTBEHHO AB,
BC, CD u AD BpInyKJIOTr0 4eThIpéxyroabHuka ABCD, LN =2, KM =7.

B

A ) N ) D

Otpesku KL u MN — cpepHue TMHAN TpeyronbHukoB ABC u ADC, no-

atomy KL || AC, KL = %AC, MN || AC, MN = %AC, 3HAYUT, YETHIPEXYTOIb-
HUK KLMN — napaJuienorpaMm, a Tak Kak ero guaroHaau KM v LN nep-
HMEHAUKYIAPHEL, 3T0 poM6. [romazs pomba paBHa MOJIOBUHE IIPOU3BEZe-

HUS ero fuaroHanew, T. . Sgpyn = % -2-7=7.

[Tockoneky KL — cpeaHAa IUHUA TpeyroibHuka ABC, iomazab Tpe-
yroinbHUKa KBL paBHa 4eTBepTH IUIOLALU TpeyrojabHuKa ABC. AHasorny-
HO IUIOIaAb TpeyronbHuka MDN paBHa 4eTBEPTU ILIOLIAAU TPEYTONbHU-
ka ADC, nostomy

1 1 1 1
Saksr+Savpn = ZSAABC + ZSAADC =2 (Saagct+Saanc) = ZSABCD'
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1
AHaJOTUYHO SAKAN + SAMCL = ZSABCD' CJIeAOBaTeJIbHO,
Skimn = Sascp — Saksr — Sampn — Sakan — Samcr =

1 1 1 1
= Sapcp — ZSABCD - ZSABCD = Sapcp — QSABCD = QSABCD,
SABCD == ZSKLMN =2-7=14.

3.11. OTpesky, coefVHAOLIME CEPEAUHBI IIPOTUBOIIOIOXKHBIX CTOPOH
BBIMTYKJIOTO YeTHIPEXYTONbHUKA, PaBHBI MeXAy coboii. HatizuTe miomaasb
4YeTBIPEXYTOJIbHUKA, €CJIU ero AUaroHaay paBHbL 8 U 12.

Omeem: 48.

Pewenue. Tlycts K, L, M 1 N — cepeiuHBl CTOPOH COOTBETCTBEHHO
AB, BC, CD u AD paHHOrO BBIIYKJIOTO 4eThlpéxyronbHuka ABCD. Ilo-
ckobKy KL u MN — cpefHue JuHUM TpeyronbHUkoB ABC u ADC, To
KL || MN u KL = MN, 3HauyuT, 4eThpéxyronbHUK KLMN — mapasieno-
rpaMM, a Tak kak ero guaroHanu KM wu LN
paBHbl, ToO KLMN — npAMOyroabHUK. CTOPOHBL
npamoyronbavka KLMN mnapajsienbHbl JUaro-
HanaM AC u BD detwlpéxyronbHuka ABCD,
II03TOMY JAWaroHany 4eTepéxyroabHuka ABCD
B3aMMHO IIePIeHAUKYIAPHLL. Cles0BaTeNbHO,

Sasco = 3AC-BD = 1812 = 48, AN D

3.12. /laH BBIIYKJIBIN YeTBIPEXYTOIBHUK, IMaroHaIU KOTOPOTo MepIieH-
JVIKYJIIPHBI U paBHBI a U b. HaliznTe miomazp 4eThIpEXYToIbHUKA C Bep-
IIMHaMU B cepeIiHaxX CTOPOH JJaHHOTO.

Omeem: £2.

Pewerue. Tlycts K, L, M 1 N — cepeiuHBl CTOPOH COOTBETCTBEHHO
AB, BC, CD u AD BBIIIYKJIOT'O YeTHIpEXyTrosbHUKa ABCD ¢ AuaroHaaaMu
AC=au BD=b, npnuém AC L BD.

Otpesku KL u MN — cpesHue nUHUU TpeyroabHukoB ABC u ADC,

noatomy KL || AC, KL = %AC, MN || AC, MN = %AC. JlBe IPOTUBOIIONOXK-
Hble CTOPOHBI YeThIpEXyrosbHUKa KLMN paBHBI
Y TapajuleJibHBI, 3HAQUUT, OTO IIapajjieJorpamM,
a Tak KaK €ro CTOPOHBI COOTBETCTBEHHO Iapaj-
JIeJIbHBl UaroHaIAM 4YeThIpéxyronbHuka ABCD,
10 KLMN — npamoyronbHuk. Ero miomazb paBHa
IIPOM3BEJEHUIO COCEJHUX CTOpPOH, IpuuéM KL =

1 1 1 1
= EAC =5au LM = EBD = Eb' CiegoBaTebHO,
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3.13. luaroHanu Tpamenuyu B3aUMHO IIePIIEHAUKYJIAPHBI, a CpefHAA
JUHUA paBHa 5. HaiiinuTe oTpe3ok, coeIMHAIONINN cepeJHBl OCHOBAHUH.

Omeem: 5.

Pewenue. Tlyctb L 1 M — cepeluHBIl OCHOBAHUU COOTBETCTBEHHO
BC u AD tpanenuu ABCD, a K u N — cepeZiuHbl 60KOBBIX CTOPOH AB 11 CD
coorBeTcTBeHHO. Torza KL u MN — cpejHue JIMHUU TPEYTrOJIbHUKOB
ABC u ADC c obueit cropoHoir AC, TO3TOMY
KL =MN wu KL || MN, 3HauuT, 4eTBIPEXYyTOJbHUK
KLNM — napannenorpaMmm. Ero croponsl KL u LN
COOTBETCTBEHHO Iapa/IeJIbHBl B3aWMHO IEepIIeH-
JUKYJIApHBIM AuaroHasiaM AC u BD Tpaneuuu
ABCD, 3nauut, KLNM — npAaMoyroabHuk. Jlua-
4 M ) ToHamM NpAMOYrOolbHUKA PaBHBI, Cl€/I0BATEIbHO,

LM =KN =5.

3.14. /luaroHasiy BBITyKJIOT'O YeTHIPEXYTONMbHUKA PAaBHBI d U b, a OTpes-
KU, COeJUHSA0IINe cepeJUHbl TPOTHUBOIIONOXKHBIX CTOPOH, PABHBI MEXAY
cobotii. HaiiguTe mwioiaib Y€ ThIPEXYTOIbHUKA.

B ab
M N Omsem: o5

Pewenue. CepesuHBI CTOPOH JIIOOOTO ye-
THIPEXYTONBbHUKA ABJAIOTCA BEPIIWMHAMU Ia-
pasnenorpamMMa. B faHHOM ciy4yae 3TOT ma-
paJliesorpaMM — IIPAMOYTOJIBHUK, TaK Kak

D €ro JMaroHaJu PaBHBI MeXAy coboil. [ua-

TOHAJIM JaHHOTO YeTHIPEXYTroJbHUKA Iapa-

JIeJIbHBI CTOPOHAM 3TOr'0 IPAMOYroJbHUKA. [l03TOMy OHM B3auUMHO Iiep-
ab
7.

3.15. /TuaroHaau BBIMYKJIOTO YETHIPEXYTOMBHUKA PAaBHBI ¢ U d U Tie-
pecekaroTca oz yiom 45°. Haliziute oTpesky, coeAUHAONINE CepeHb
IIPOTUBOIIOJIOKHBIX CTOPOH YEThIPEXYTOJIbHUKA.

Omeem: %\/ c2+d2+cdV2.

Pewenue. Ilycte anaroHanu AC U BD BBINYKJIOTO YETHIPEXYIOJb-
HUKa ABCD paBHB ¢ U d COOTBETCTBEHHO, TepeceKalTcsa B Touke O
u LAOB=45°. Eciu K, P, M 1 N — cepeJ'HbI CTOPOH COOTBETCTBEHHO
AB, CD, BC u AD, to KM u KN — cpefHue JUHUU TPEYIOJIbHUKOB
ABC u BAD, iosToMy

B L C

NIEeHAUKY/IAPHBI. CJIeZ[OBaTeJIbHO, HCKOMa#dA IuIouaJab paBHa

KM | AC, KM =3AC=zc, KN|BD, KN =31BD=3d,

/ZMKN = Z/AOB =45°, /KMP = 180° - £ZMKN = 135°.
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N3 tpeyronbHukoB KMN u KPM 110 TeOpeMe KOCMHYCOB HaXOJWM, 4TO
MN? = KM?+KN? — 2KM -KN cos45° = 3¢*+ 3d*— cdv2 =

= %(c2+d2—cd\/§),

1

KP? = MK?+ MP? —2MK - MP cos 135° = 2

2,102, 1 _
¢+ 2d +4cdx/§—

= %(c2+d2+cd\/§).
CiiegoBaTebHO,

MN = Lere -z kp=iVerdiadi

3.16. B ueTnipéxyronpuuke ABCD auaronanu AC 1 BD oTHOCATCSA Kak
1:4, a yron Mexzay HUMU paBeH 60°. UeMy paBeH OOJMBIIMI U3 OTpe3-
KOB, COeZIMHAOIINX CePEeANHEI [IPOTUBOIIOIIOXKHBIX CTOPOH YEThIPEXYTOMIb-
Hyka ABCD, ecii MeHbIIMi paBeH v26?

Omeem: V42.

Pewerue. Tlycts K, L, M 1 N — cepeAnHBl CTOPOH COOTBETCTBEHHO
AB, BC, CD u AD panHoro 4eTsipéxyroabHuka ABCD. Toraa KL u MN —
cpeAHMe JUHUU TpeyronbHUKoB ABC u ADC c obuieit cropoHoii AC,
noatoMmy KL =MN u KL || MN, 3HauuT, 4eThIpéxyronbHuK KLMN — ma-
pamtenorpamM. Ero cocesiHue CTOPOHBI COOTBETCTBEHHO IlapaslleIbHBI
JViaroHassAM JAaHHOI'O YeTHIPEXYroNbHUKA, 3HAUUT, OCTPHIN yros mapas-

nenorpamma paBeH 60°. Kpome Toro, Tak kak KL = %AC ulLM= %BD, TO
KL AC 1

LM~ BD 4
A
e
D B
605
M L
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TIpezanonosxum, uro KM < LN. Torza KM = v/26, a Tak Kak B Iapa-
JleJlorpaMMe MeHbIas JUaroHajab JIEKUAT IPOTUB MEHBIIErO YIJIa, TO
ZKLM =60°.

[onmoxum KL =x, LM =4x. [Io TeopeMe KOCUHYCOB

KM? = KL?+ LM? — 2KL - LM cos 60°,

umm 26 = x? + 16x2 — 4x2, oTKyza HaxoAuM, 4To X2 = 2. CllejoBaTeabHO,

LN = VKL2+KN2 —2KL-KN cos 120° = VKL2+LM?2+KL-LM =
= VXx2+16x2+4x2 = V21x2 = v21-2 = V42.

3.17. OKpy>XHOCTb, IOCTPOEHHAA Ha CTOpOHe AD mapasuiesorpaMma
ABCD kak Ha AuaMeTpe, IIPOXOAUT Yepe3 BePIINHY B U cepeIuHy CTOPO-
Hbl BC. Haligute yIiel napasuiesiorpaMma.

Omsem: 60°, 120°.
C Peuwenue. ITycts O — cepenyiaa CTOPOHBL AD,
M — cepeguna cTopoHBl BC. OKPY>KHOCTB C IIeH-
TpoM O IIPOXOAUT Yepes TOUKU A, B u M, a Tax-
ke BM = AO u BM || AO, noatomy AB =0OM =
= OB = OA. 3nauurt, TpeyroaibHUK ABO paBHO-
cTopoHHUU. CreZjoBaTeIbHO,

B M

/BAD = 60°, ZABC =120°.

3.18. V3 BepmnHbl A TpeyrosibHUKa ABC OIyIeHBl I1€PIIEHUKYIIAPEL
AM u AP Ha 6UCCEKTPUCHI BHEIIHUX yIIoB B u C. V3BeCTHO, YTO NEpHU-
MeTp TpeyronbHuka ABC paseH 10. Haiizure PM.

Omeem: 5.

Peuwtenue. Ilycts npamele AM n AP nepecekatoT npamyro BC B TOd-
kax K u L coorBeTcTBeHHO. [TockonbKy BEICOTHL BM 1 CP TpeyrojibHUKOB
ABK u ACL ABRAIOTCA UX GUCCEKTPUCAMMU, 3TH TPEYTOJbHUKU PaBHOOE/-
penHele, mosToMy BK = AB u CL = AC. 3HauuT, oTpe3ok KL paBeH Iepu-
MeTpy TpeyronbHuka ABC, T.e. KL =10.

Beicotsl BM u CP paBHOGe/peHHBIX TpeyronbHUKOB ABK u ACL
ABJIAIOTCA UX MeJUaHaMHy, II03TOMYy TOYKU M 1 P — cepeyHbI OTPE3KOB
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AK u AL. 3nauut, MP — cpegHada suHuA TpeyroiabHuka AKL. Ciezosa-
Tenbro, MP=2KL =3 -10=5.

3.19. IIpsimas uMeeT ¢ mapauieaorpaMmmoMm ABCD eIWHCTBEHHYIO 06-
yto Touky B. Bepurnasl A u C yzilajieHbl OT 3TOU IPSIMOM Ha PaCCTOSTHUS,
paBHBIe a U b. Ha kakoe paccTOsiHUeE yjajieHa OT 3TOU IPAMOU BepIlH-
Ha D?

Omeem: a+Db.

Pewerue. Tlycte P, M 1 Q — IIPOEKIIUU TOYEK COOTBETCTBEHHO A, D
u C Ha yKasaHHyI0 Ipamyro. Eciu npsamas, npoxozsaias dyepe3 ToUKy Q
napasnenbHo CD, nepecekaeT oTpe3ok DM

B Touke K, To CDKQ — napasuiesiorpaMm. P q
IToaToMy /?7%
B
KQ=CD=AB, KQ| CD]| AB, P P s
3HauuT, ABQK Takxe MapajiesorpaMM. M
A

[IpamoyrosnbHele TpeyroabHuku APB u
KMQ paBHBI 110 TUIIOTEHY3€ U OCTPOMY yT-
sy, noatoMmy MK =AP=a. CiefoBaTeJNbHO,

DM = MK+DK = AP+CQ =a+b.

3.20. TunoTeHy3a MPSAMOYTOJBHOTO TPEYTOJbHUKA CIYKUT CTOPOHOM
KBaJpaTa, paclooKeHHOTO BHe TpeyroibHuka. HaliauTe paccTroanue oT
BEepIIMHBI IPAMOTO yIVIa TPEeyroabHUKA /0 LIeHTpa KBaZpara, €CIy KaTeThl
TpeyroJbHUKA PaBHHI a U b.

Omeem: ﬂ.

V2

Pewenue. Ilyctb xBagpar AKMB paclonoXeH BHe NPAMOYT'OJIBHOIO
TpeyronbHuka ABC ¢ rumnoreHy3oi AB u karetramu BC = a, AC =b.
Jloctpoum kBazpat AKMB no kBazgpata CPQR co cTopoHoii a + b. B c6op-
HUKe [2] ZoKas3aHO, YTO eCIU BepUIMHBI OJHOTO

mapajuieslorpaMMa JieXKat 1o OfIHOM Ha cropoHax P, b K a a
ZIPyToro, TO IIEHTPHl IapasuleJlorpaMMOB COBIIA- b
JaroT (c. 26, mpumep 3), 3Ha4UT, meHTp O KBaj- . LM
para AKMB coBIIaZiaeT ¢ LEeHTPOM JAOCTPOEHHOI'0 g
kBazpara CPQR. Ilostomy CO — nosoBrHA Aua- a
roHanu kBazpara CPQR, ciesoBaTelbHO, é
C0=30Q=3CR-VZ=3a+bVai="22 g

3.21. B BrinlykJIOM 4YeThIpEXyronbHUKe ABCD OTpe30K, CoeuHAIIUN
CcepeZIMHbI IVaroHasel, paBeH OTPE3KY, COeANHAIONIEMY CEPEANHBI CTO-
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por AD u BC. HaiiguTe yros, o6pa3oBaHHBIN MPOAOIKEHUAMU CTOPOH
ABu CD.

Omeem: 90°.

Pewenue. Ilyctb M u N — cepeAnHBI AWaroHasel COOTBETCTBEHHO
AC u BD paHHOTO 4eThIpéxyronbHuka ABCD, P u Q — cepeIuHBI CTOPOH
AD u BC cooTtBeTcTBeHHO, MN = PQ.

Otpesku MQ u PN —cpesHue nMHUM TpeyroabHukos ABC u ABD,
noatomy MQ || AB, MQ = %AB, PN || AB, PN = %AB, 3HauuT, MQ || PN
u MQ = PN. CnefoBaTeslbHO, YeTBIPEX-
yroabHUK MPNQ — napajuiesorpamM, a
Tak Kak ero guaroHanu MN u PQ paBHBI,
TO 3TO IPAMOYTOJIbHUK.

Otpe3ok NQ —cpefHasa JUHUA Tpe-
yronbauKka CBD, moatomy NQ || CD. Ilps-
Mble MQ v NQ neplieHAUKYJIAPHBI, 3HAUUT,
NIepIeHAUKYIAPHBL U COOTBETCTBEHHO IIa-
pasutesibHble UM TpsiMble AB u CD, cieoBaTeNbHO, yTol, 06pa3oBaHHbII
pooKeHUsIMU cTOPOH AB u CD, paBeHn 90°.

3.22. Jlan mapasuresorpaMmM co CTOpoHaMu 1 1 2 ¥ ocTpbIM yriiom 60°.
Ha zByx ero npoTHBONOIOXKHBIX CTOPOHAX KaK Ha OCHOBAHUAX TIOCTPOEHBI
BHe TapaJuiejiorpaMma paBHOOeZpEHHbIE TPEYroIbHUKU ¢ yriamu 120°
IIpu BeplIMHax. HalijuTe paccTosgsHre MeX/y STUMU BepIINHAMMU.

Omeem: 4/ E; 4/ 13—9

Peuwtenue. Ilycts yron npu BepunHe A napayuienorpamma ABCD pa-
BeH 60°, AB=1, BC =2. B paBHOGepeHHbIX TpeyroibHukax ADE u BCF
HU3BECTHO, 4TO

LAED = /BFC =120°, AE =DE =BF =FC =
F

Bl
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3aMeTHM, YTO 4eThIpEXyroabHUK BEDF — mapasuiesiorpaMm, Tak Kak
€ro IIPOTUBOIIONIOXKHBIE CTOPOHBI BF 1 DE paBHBI U ITapalJIe/IbHBL. 3HAYUT,
ero auaroHaub EF Ipoxogut yepes cepeauny O guaroHanu BD, T. e. yepe3
LeHTp napasuienorpamma ABCD.

B tpeyronbHuke ABD ctopoHa AB BABOE€ MeEHbIIe CTOPOHBI AD, a
/BAD =60°, moatomy ZABD =90°. Torga

BD = AB-tg60° = 1-v3= V3, BO=3BD=
/CBD = /ABC — /ABD = 120° — 90° = 30",
/DBF = /CBD + /CBF = 30° +30° = 60°.

V3
2 B

U3 tpeyronbHuka OBF 110 TeopeMe KOCUHYCOB HaXOAUM, YTO

OF = VBO?+ BF2—2BO0 - BF cos 60° = \/%+§—z-ﬁ-i-1 SVE=S

2 /32 12
B . /13 [13
EF = 20F =24/15 =1/ %~

PaccMoTpuM Ternepb paBHOGeApeHHBIE TpeyroabHUKU ALB u CKD c yr-
samu 120° npu BepmnHax L u K. Paccyxgas aHalorudHo, JJoKakeM, 4To
O —cepeznunHa KL. 13 TpeyronbHuka OKD 1o Teopeme KOCUHYCOB Haui-
IEM, 4TO

CiiegoBaTebHO,

v3 1 19

3,1 1 1
— 2 2 . o . .
OK = VD02 +DK?2 —2DO - DK cos 120 —\/4+3+2 5 3 2= V12

— —o /B _ /10
KL=20K =24/ 15 =1/ 7

3.23. YetslpéxyronbHuk ABCD, auaroHaayd KOTOPOr'o B3aWMMHO Iiep-
IIeH/IMKYJIAPHBI, BIMCAH B OKPYKHOCTb ¢ eHTpoM O. Haiizute paccTos-
Hue oT Touku O 10 CTOPOHLL AB, eCIy U3BECT-

HO, yto CD =8.

Omeem: 4.

Pewenue. ITposeaém auametp DD;. IlycTb
K u K; —upoekuuu toukn O Ha xopzAel AB A
u CD; coorBeTcTBeHHO. [Tockonbky BD; u AC
neprneHauKkyiaapHel DB, To BD; mapaienb-

HO AC. ITostomy D;C=AB u OK, =0OK (pas-
HBbIE XOPZBl PaBHOYZAAJIEHBI OT LeHTPa OKPYX-
HOCTH).

CiiejoBaTebHO,
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[Tockoneky OK; —cpefHAA JUHUA NPAMOYTOJIBHOTO TPEYroJbHUKA
DD, C, To

OK = OK; = 3DC = 4.

3.24. Touku M, K, N u L — cepeiiHBI CTOPOH COOTBETCTBeHHO AB, BC,
CD u DE naruyronbHuka ABCDE, P u Q — cepeauHsl oTpe3koB MN u KL
cooTBeTCTBEHHO. M3BecTHO, uTo PQ = 1. HatizuTe cropony AE.

Omeem: 4.

Pewenue. Tlepswiii cnoco6. Ilycts F —
cepesuHa AD. Torza 4YeTBIPEXYTOJIbHUK
MKNF — napayuiesiorpamM. Fro guaronanb
KF npoxoaut 4yepes cepefuHy P ero gpyrou
puaroHanu MN. Otpesok PQ — cpeznH:aA
auHua TpeyroibHuka KFL, a orpe3ok FL —
cpezHAA NUHUA TpeyronbHUka AED. Ciezo-
BaTeJIbHO,

AE = 2FL = 2-2PQ = 4PQ = 4.

Bmopotl cnoco6. Touku P u Q — cepeaunbl oTpeskoB MN u KL, 1os-
TOMY

—> 1 ——= — 1 — = > =

PQ = E(MK+NL) = 5(MB+BK+ND +DL) =
1
2
CnemoBarenbHO, AE =4PQ =4.

1/1— e = =] 1. — — — —> 1—
—E(EAB+ BC+§CD+§DE) = Z(AB+BC+CD+DE) = 7AE.

3azayu HaA A0Ka3aTeJbCTBO M BhIYHCIEHHE

3.25.1. YeTnlpéxyronpHuk ABCD BIIHMCaH B OKPY>KHOCTB € LIeHTpoM O.
Jlvarosanu 4eThIpEXYroJlbHUKA [ePIIeHAUKY/IAPHBIL, [IepeceKaroTcd B TOY-
ke P, ommnyHoi ot O, u He mpoxoaaT depe3 Touky O. Touku M u N —
cepeauHbl fuaroHaneir AC u BD cOOTBETCTBEHHO.

a) Jokaxure, 4yTo npsAmasa OP NpoXoAUT yepes cepeAiuHy oTpe3ka MN.

6) Hatigute twiomazb deThipéxyroabHuka OMPN, eciu AC = BD, a
MN =10.

Omeem: 50.

Peutenue. a) [luameTp, IPOXOAAIINI Yepe3 cepeJliHy XOpZAbI, He fAB-
nAouelica AuaMeTpoM, MepleHJUKYIApeH 3TOM Xopze, IO3TOMY YeThl-
péxyronbHUK OMPN — IpAMOYTOJbHUK. JlMaroHanu NPAMOYTOJIbHUKA
TOYKON IlepeceueHUs JenATcd IIOoNojiaM, cjefoBaTesnbHOo, Ipsamas OP
NIPOXOAUT Yyepe3 cepeauHy MN.
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6) PaBHBle XOpABl pPaBHOYZAJEHBI OT IIeHTpa OKPY)XHOCTH, ITO3TOMY
npAmMoyronbHUK OMPN — kBazgpat. Ero guaronanu pasHsl 10. Ciegosa-
TeJIbHO, €ro IyIomazs pasHa 50.

3.26.1. /laH yeTbIpéXyroapbHUK ABCD.

a) Jlokaxkute, yto orpe3ku LN u KM, coeAiuHAwOIIMNE CepeJVHBI €ro
IIPOTUBOIIONIOXKHBIX CTOPOH, AEJNAT APYT ApPyTa IIOIIOJIaM.

6) HaiimuTe 1utomazab deThipéxyronbHuka ABCD, ecmu LM = 3\/5,
KM =6+v3, ZKML=60°.

Omeem: 54+/3.

Pewenue. a) Ilycts K, L, M 1 N — cepeiuHBI CTOPOH COOTBETCTBEHHO
AB, BC, CD n AD detwipéxyronsHuka ABCD. Torza KL u MN — cpeg-

HUe JUHUU TpeyroabHUkoB ABC u ADC. 3Hauut, KL = %AC =MN u

KL || AC || MN, moatomy KLMN — napasienorpamMm. Ero aunaronanu KM
U LN gendat Apyr Apyra IIOoIaM.

6) CropoHa LM TpeyronbHuka KLM BABOe MeHbIle CTOPOHBI KM,
a yros MexJy 3TUMHU CTOPOHaM” paBeH 60°, 3HAUMT, TpeyronbHUK KLM
MIPAMOYTOIBHBIN ¢ IPAMBIM yIJIOM IpH BepiuuHe L. Torga

KL =LMtg60° = 3v/3-/3 =09.
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YeTrIp€xyroabHUK KLMN — IpAMOYTOJIbHUK, II03TOMY
Skiun = KL-LM =9-3V/3 = 27+/3.
[TycTh nckoMas mwionaab YeTeipéxyronbHuka ABCD paBHa S. ITockosb-

Ky KL — cpezpnaa nuHuda TpeyroibHuka ABC, TO Sagpr = %SAABC. Awnaio-

1
TAYHO SAypN = ZSAADC' 3HaA4MT,

1 1 1 1
Saxsr+Savpn = ZSAABc+ZSAADc = Z(SAABC+SAADC) = ZS‘
AHAIOTHYHO Sacymy +Saakn = %S . TloaTomy

S.

1 1 1
SKLMN:S_ZS_ZSZQ

CiiegjoBaTebHO,
S =28y = 2-27V/3 =54V/3.

3.27.1. B mapainenorpaMMme JexxaT ABE OKPYKHOCTH, Kacarolluecs
ZpyT Apyra 1 TpEX CTOPOH IapajuleiorpaMMa Kaxzaasd.

a) JlokaxxuTe, YTO OZIHA U3 CTOPOH NapasuiesorpaMma BUHA U3 LIeHTpa
OZIHOM U3 OKPY>KHOCTEH MO/, IPSIMBIM yTJIOM.

6) Halizure mwromazp napajulesorpaMMa, e€ClId pajuyc OZHON W3
OKPY>KHOCTel paBeH 2, a OZWH U3 OTPE3KOB CTOPOHHI IapasiesorpamMma
OT BEPILMHBI 10 TOYKU KacaHUsA C OLHOMN U3 OKPY>KHOCTe paBeH 4.

Omseem: 36.
Pewenue. a) TlycTh OKPY:KHOCTH C I[€H-

B C
TpoM O; kacaetca ctopoH AD, AB u BC
o, o0, napaJtesnorpamMma ABCD, a OKpy>XHOCTb
¢ uentpom O, — ctopoH AD, CD u BC.
A D

LleHTp OKpYKHOCTH, BIMCAHHOU B yTOI,
JIEXKUT Ha €ro OUCCeKTpHCe, MOITOMY
AO; 1 BO; — GUCCEKTPHUCHI YIJIOB, CyMMa
KOTOphIX paBHa 180°. CiezoBaTesbHO,
3TH OMCCEKTPUCHI TEPeCEKA0TCA IO/, IPs-
MBIM yTJIOM, T.e. ZAO{B=90°.

6) Kaxxzas U3 OKpy>KHOCTEH KacaeTcs
napaJsuiesnbHbIX IpAMBIX AD u BC, 3Ha4uT,
OKPY>KHOCTH paBHBI. PaccTosgHue Mexzay
TOYKaMHM WX KacaHWs C OOJblIeil cTopo-
HOU mapasuieslorpaMMa paBHO CyMMe UX PaZiiycoB, T.e. 4. [IycTb oKpyx-
HOCTb C LieHTpoM O; kKacaetca cTOpoHbl AB B Touke M, cTOpoHBl BC —
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B Touke K, a AM =4. [Tockonbky paguyc O, M — BbICOTa IPAMOYT'OJIBHOI'O
TpeyronbHUKa AO, B, npoBeiéHHAasA 13 BepUIMHBI [IPAMOTO yIVia, TO

oOM* 4 1
AM T 4 &
Ecnu okpyxHOCTS ¢ nieHTpoM O, KacaeTrcsa cTopoH CD u BC B Toukax N u L
cooTBeTcTBeHHO, TO CL=CN =AM =4. Torna BC=1+4+4=9, a TaK KaK
BBICOTA IapajlieJlorpaMMa, OllyllleHHas Ha cTopoHy BC, paBHa AuaMeTpy
OKPY)KHOCTH, T. €. 4, TO Sppcp =9-4=36.

BK = BM =

3.28.1. OTpe3ok, coeanHAOMUN BepminHy A pomba ABCD c cepenu-
HoOUi cTopoHBbI BC, paBeH cTOpoHe poMba.

a) JlokaxxuTe, YTO BBICOTA poMba, IPOBeZAEHHAs U3 BEPIIUHEL C, A€TUT
cTopoHy AD Ha OTPe3KH, OJUH U3 KOTOPHIX BTPOE GOJIbIIE APYTOTO.

6) Haiizure guaronans AC pom6a, ecu cTopoHa pomba paBHa V6.

Omeem: 3.

Peuwenue. a) Ilycte M — cepeiuHa CTOPO-
Hbl BC pomba, AH — BbicoTa pomba, OIylleH-
Had Ha cTopoHy BC. IIOCKOJIBKY Tpeyroyib-
HUK ABM paBHOOeapeHHBIN (AM = AB), TOY-
ka H —cepeauna otpe3ka BM. O6o3HauuM
BC =a. Torga

AM = AB=aqa, BH

I
%
S
I

3Hauut, CH =3BH.

[Tyctb CP — BbIcOTa pOoMO6a, OIylleHHas Ha
cTopoHy AD. IIpAMOyrosbHBIE TPEYIOIbHUKU
CPD v AHB pasHel, 103TOMY DP = BH. 3Hauur,
DP BH
AP~ CH

6) O6osnaunm ZABC = a. W3 mpsamo-
YTOJIBHOI'O TpeyroibHuka AHB HaxoguM, 4TO

%. CnepgoBarenbHo, AP =3DP.

cCosa= @ = l CiiegoBaTeIbHO
A=7B ~3 ~A )

AC = VAB2+BC2—2AB-BCcosa =

= \/6+6—2«/6-«/6-% —/9=3.

3.29.1. OKpyXHOCTB, IIOCTPOEHHasA Ha CTOPOHe AD mapaienorpam-
Ma ABCD kak Ha fuaMeTpe, IPOXOAUT Yyepe3 TOUYKY IlepecedeHUs Auaro-
HaJlel NapaJiiesiorpaMMa.

a) Jlokaxkute, yTo ABCD — pomb.
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6) DTa OKPY)KHOCTb IlepeceKaeT CTOpPOHYy AB B Touke M, mpuUyém
AM : MB=2:1. HaiizuTe auaronanb AC, eciu AD = V6.

Omeem: 2+/5.

Pewenue. a) Ilyctb P — Touka mepecede-
HUS [guaroHaned mapasienorpamma ABCD.
Touka P JEXUT Ha OKPY)XKHOCTH C JAWaMeT-
pom AD, sHauut, ZAPD =90°, T.e. AC L BD.
[TapannenorpaMmm, AyaroHaau KOTOPOro Iep-
MIEHANKYIAPHEL, €CTh pOMO.

6) Touka M Takke JIEKUT Ha OKPYKHO-
ctu ¢ guamerpom AD, 3Haunt, LAMD = 90°.

IIpu stom AM = %AB = %AD. O6o03HaUNM
/BAD = a. VI3 IpsIMOYT'OJIbHOT'O TPEYTOJIbHU-

Ka AMD HaxoguM, 4TO COSa = % Torza

AD ~

cos ZABC = cos(180° —a) = —cosa = —%.

CiegoBaTebHO,

AC = /AB? + BC? ~2AB-BC cos ZABC = /6+6+2-6-2 = /20 = 2V5.

3.30.1. B tpeyronvuuke ABC mpoBeZieHbl 6uccekTpuchl AA; u CCy,
Touku K U M — OCHOBaHUA IEePIEHJUKYJIAPOB, ONYIIEHHbIX U3 TOYKU B
Ha npamsele AA; u CC;.

a) Jokaxwure, uro MK || AC.

6) Hatigute miomazp Tpeyrombuuka KBM, eciu AC =10, BC =6,
AB=8.

Omeem: 2,4.

Peutenue. a) ITyctb K 1 M — ocHOBaHUA NepPIEHAUKYJIAPOB, ONyIIeH-
HBIX U3 BeplUUHHI B Ha npamele AA; u CC; COOTBETCTBEHHO, D — TOYKa
nepeceyenua npaMmelx BM u AC, E — Touka
nepeceveHud npAMelx BK u AC. TpeyronbHuK
BCD paBHOOGeIpEeHHBIHN, TaK KaK ero Ouccek-
Tpuca CM ABiAeTcA BBICOTOM. 3HAuuT, M —
cepesuHa BD. AnanoruyHo K — cepeznuHa BE,
nosromy MK — cpefHAd JIMHUA TPEYTrOJbHU-
ka DBE, MK || DE. CnegoBatenbHo, MK || AC.

6) TpeyronbHuK ABC NpAMOYTOMbHEIH, Tak Kak AC?=100= 64+ 36=
= AB? + BC2. TlosTomy

A D FE C

Saasc = 3AB-BC = 386 = 24.
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[Tockonpky AE = AB=8 u CD = BC = 6,
T0 AC = AE + CD — DE, mnoatomy DE =
=AE+CD - AC=8+6—10=4. Y Tpeyrois-
HUKOB ABC u DBE o06111ast BLICOTa, TPOBEAEH-
Hasd U3 BEPIIWHEI B, 3HA4UT,

DE 4 48
Sape = A_CSAABC T 24 = 5 -
CiiegjoBaTebHO,
1 1 48 12
Saksm = ZSADBE =45 T 5 = 2,4.

3.31.1. B paBHOGeipeHHOM TpeyronbHuKe ABC ¢ yriom 120° npu Bep-
muHe A mpoBezieHa 6uccektpuca BD. B TpeyronbHuk ABC BIUCaH Hps-
moyronbHUK DEFH Tak, yTo ctopoHa HF nexut Ha oTpeske BC, a Bepiu-
Ha E — Ha orpeske AB.

a) Joxkaxxute, uto FH =2DH.

6) Hatigute mwiomags npsamoyronbuuka DEFH, ecnui AB =4.

Omeem: 12(2— V3).

Pewenue. a) Ilyctb P — mpoektusa Touku D Ha nipsamyro AB. Touka D
JIeXXUT Ha buccekTpuce yrna PBC, 3Hauut, DP = DH. OTpe3ok DP — Ka-
TEeT TPSIMOYTONBHOTO TpeyronbHuKa DEP, nmexanuii mpotus yrina B 30°,
cinegoBaTtenbHo, FH =DE =2DP =2DH.

B F H I3

6) INonoxum DH = x, DE = 2x. Torga

DE 2x
CD =2DH =2 AD = — = —
© /3 V3

2x _

a Tak kak CD +AD=AC=AB=4, To 2x + /3

4. OTcroza HAXOAUM, YTO
x=+/3(+/3—1). CrefoBarenpHo,

Spery = DE-DH = 2x* =2-3(¥/3-1)* =12(2—-V3).
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3.32.1. JJan napaynenorpamm ABCD. OKpy>KHOCTH, BIIUCAHHBIE B Tpe-
yronbHUKU ABD u BDC, kacarorca guaroHasvi BD B Toukax M u N co-
OTBeTCTBeHHO. OKpPY>XHOCTH, BIIMCaHHbIEe B TpeyroibHUuku ABC u ADC,
kacarorcsa guaro"anu AC B Toukax K U L COOTBETCTBEHHO.

a) Joxkaxwute, 9T0 MKNIL — NpAMOYTOTbHUK.

6) HaiiguTe ero 1uiomazb, eCIU U3BECTHO, YTo BC — AB =4, a yron
MeX/y AuaroHanaMu napasienorpamma ABCD paseH 30°.

Omeem: 4.

Pewenue. a) Ilycte ABCD — mapasienorpamm, B koTtopoMm AB < BC,
M v N — TOYKM KacaHWs C JUATOHAIbI0 BD BIHCAaHHBIX OKPY>KHOCTEH
paBHBIX TpeyronbHUKOB ABD 1 BDC cOOTBeTCTBEHHO, K U L — TOYKHU Ka-
caHuA ¢ fuaroHanbio AC BIMCAaHHBIX OKPY>KHOCTeH paBHBIX TPeyroJIbHU-
koB ABC u ADC cooTBeTcTBeHHO, O — TOUKa IlepeceuyeHus AuaroHanei
napaJsuiesiorpaMma.

Touka O — LIeHTp CUMMeTPUHU NapajiesorpaMmma, nosromy OM = ON
u OK =O0L, 35auut, MKNL — napajuiesorpaMm.

Joxaxem, uro MN = KL. [leficTBUTeNbHO, /711 BDMCAHHOM OKPY>XHOCTHU

AB+BD—AD (em. [2], c. 109),

TpeyroabHuka ABD u3BeCcTHO, 4TO BM = 5

a Tak kak DN =BM, To

MN = BD —2BM = BD — (AB+BD — AD) = AD — AB.

Ananornyno KL =AD — AB.
TakuMm 06pa3om, AuaroHanu napauienorpamma MKNL paBHBI, Cle/o-
BaTEeJIbHO, 3TO IPAMOYTOIbHUK.

6) luaronasnu npssmoyronbuuka MKNL paBabsl AD — AB=BC — AB=4,
a yron Mexxzly Humu paseH 30°, cieoBaTeIbHO,

SMKNL = %MN-KL sin30° = 1 .16-

1
2 2 =4
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IToaroroBuTeAbHBIE 3a4a4U

4.1. HatizuTte miowiazp Tpaneluy, napauiejbHble CTOPOHBI KOTOPOU
paBHHL 16 u 44, a HenapasienbHble — 17 1 25.

Omeem: 450.

Pewenue. Yepes BepmuHy C Tpaneuuu ABCD (BC =16, AD = 44,
AB =17, CD = 25) npoBeZiéM IpsAMYyI0, IIapa/ylelbHyl0 CTOpoHe AB, 70
nepeceyenus ¢ ocHoBanueM AD B Touke K.

B Tpeyronbauke CKD uU3BECTHO, YTO

B 16 C
CK=AB=17, CD=25,
KD =AD—-AK =AD—-BC=44-16=28. N Q 5 <
[To popmyrne T'epona .l
A 16 K M 28 D

Snckp = V35-7-10-18 =5-7-6 = 210.
Ecnmu CM — BBICOTA 3TOT'O TPpEyrojbHUKa, TO

. 2S ackp _2-210
CM = XD~ 28 =15.
CiiegoBaTebHO,

SABCD = L—zi_'%‘ -CM = 450.

4.2. HatifuTe 1UIOaZb Tpanelnuu ¢ ocHoBaHuAMu 11 u 4 1 AnaroHa-
Jgamvu 9 u 12.

Omsem: 54.

Pewenue. Yepes BepminHy C MeHblIero ocHoBaHua BC Tpamenyu
ABCD (BC =4, AD =11, AC =9, BD =12) npoBezséM IpaAMYylo, Iapaj-
JIeJIbHYIO ivaroHany BD, 1o mepece4eHu C Mps-

B 4 C
Mot AD B Touke K. B Tpeyronbauke ACK n3BecT-
HO, 4TO
78
AC=9, CK=BD=12, 5 2
AK =AD+DK =AD+BC =11+4=15. A 11 D 4 K

Tockonbky AK? = AC? + CK?, tpeyronmbuuk ACK mpAMOyroibHBIA. Ero
TUIOIa/lb PABHA MOJIOBMHE MPOU3BE/IEHUA KATETOB, T. €.

Sanck = $AC-CK = 54.
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[Tnowaze Tpanenuun ABCD paBHa IUIOIIAAMN 3TOI'O TPEYTOJIbHUKA, TaK KaK
paBHOBenuku TpeyronbHUkU ABC u CDK (BC = DK, a BBICOTHI, OITyIl[eH-
HbIe Ha 3TU CTOPOHBI, paBHBI BBICOTE TpAIeI[UN).

4.3. B paBHOOeZpeHHOU Tpameluy OCHOBaHUs paBHHI 40 u 24, a eé
JlMaroHa Iy B3aUMHO IepleHANKYIApHbL. HaliuTe miomas Tpamneyu.

Omeem: 1024.

Pewenue. ITycth ocHoBaHua AD u BC paBHOOEJpEHHOW Tpamenuu
ABCD paBubl 40 u 24 cOOTBETCTBEHHO, a AuaroHanu AC u BD mep-
NeHAUKYIApHBL. Yepe3 BepminHy C IPOBEAEM MNPAMYIO, IapalebHYIO

guaroHanu BD. Ilycte aTa mpamas nepe-

B 24 cexaeTca C NMpOJO/DKeHHeM OCHOBaHuA AD
B Touke K. Torma ACK — paBHOGEpEHHBIN
k% IIPAAMOYTOJIBHBIM TPEYrONbHUK C OCHOBAHU-
eM AK = AD + DK = 64 u BbICOTOU, paBHOMU
nonoBuHe AK. CiegoBaTebHO,

A
40 b2 K S pen=Sanck = %-64-32 =322 = 1024

~

4.4. JluaroHanau paBHOOE/IPEHHOM Tpaneuy neprieH uKyIapHbl. Haii-
JWTe IUIOIIAa/b TPaIleliuu, eC/Iy €€ Cpe/jHAA JIMHUA paBHa 5.
Omeem: 25.
Pewenue. Ilepewtii cnocob. ITycts CH — MepeHAUKYIIAP, OMyIeHHbIN
u3 BepmmHbl C MeHbIero ocHoBanusa BC manHou tpamenwu ABCD, Ha
6onbiree ocHoBauue AD. Torga

B C
AH = AD-2|-BC =5,
a Tak xak ZCAD = /BDA =45°, To CH =
=AH =5. CnenoBaTeJbHO,
45° ] 45°
y 7D K Sapen=223EC cH=AH cH=55=25.

Bmopoti cnoco6. Yepes BepuinHy C MeHbIIEro ocHoBaHusA BC aHHOH
Tpanenuu ABCD mnpoBefiéM IpAMYIO, NapallebHYI0 AuaroHanu BD, 1o
IepecedeHus ¢ nIpojo/pkeHneM ocHoBaHuA AD B Touke K. Torza

DK =BC, ZACK =90°, CK =BD =AC, ZCKA = ZCAK =45°,
AK = AD+DK = AD +BC = 10.

[Tycte CH =h — BBICcOTa Tpanenuu. Torza

_ag =1 _AD+BC e lag2_1 100=
h=AH=5AK, Sapop =5 -h=35AK-h=7AK* = 7100 = 25.
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4.5. Tpanenusa ¢ ocHoBaHUAMU 14 1 40 BIIKcaHa B OKPY>KHOCTb pajyi-
yca 25. Haliaute BBICOTY Tpamnenuu.

Omeem: 39 wu 9.

Pewenue. PaccTogHNA OT LIeHTPa OKPY>KHOCTH ZI0 JaHHBIX XOD/, PABHEI

V2522202 =15, V252—72 = 24.

Ecnu xopzbl pacnosnoeHsl 110 pa3Hble CTOPOHBI OT IleHTpa (CM. PUCYHOK
cjeBa), TO paccTosiHME MeXAy HUMU paBHO 24+ 15=39, a ecu 110 ofHy
(cM. pucyHOK cripaBa), To 24 —15=09.

L_7
9 m
24 L/ 20
15 'f’
L
15
-

20

4.6. luaroHanb paBHOOeApeHHOU Tpamenuu paBHa 10 u ob6pasyer
yros 60° ¢ ocHoBaHMeM Tpanelinu. HaliauTte cpeiHIO0 JIUMHUIO Tpalelyi.
Omeem: 5.

Pewenue. 13 BepmnHbl C MEHBIIETO OCHOBA- 7 3
HuA BC paBHOGezpeHHO! Tpamnenyuu ABCD omycTum
nepreHauKynap CK Ha 6onbliiee ocHoBaHUe. Torza ot- 30°
pe3ok AK paBeH IIOyCyMME OCHOBAaHWM TpallelUd.  p N

B npamoyronsHOM TpeyronpHuke AKC karetr AK ne-

KUT TIpoTUB yria B 30°, mostomy AK = %AC =5. Ilo-
CKOJIBKY CcpefiHAA MUHUA MN Tpanelnuu Takke paBHA
nosiycymme ocHoBaHuu, MN = AK =5.

D

4.7. OKpy>XHOCTb € IleHTpoM O BIMCaHa B Tpaleluio ¢ 60KOBO CTO-
poHoil AB. Haligure yron AOB.
Omeem: 90°.

Peuterue. IleHTp OKpY>KHOCTH, BIIMCAaHHOU t 3
B YTOJ, JIEKUT Ha OUCCEKTPUCE YITA, MIO3TOMY
OA 1 OB — GUCCEKTPUCH YIJIOB ITPU OOKOBOI CTO- 1]
poHe Tpaneuuu. CymMma 3THUX YIVIOB paBHa 180°,
CyMMa X TNonoBUH paBHa 90°. CieZoBaTesnbHO,
A D

ZAOB=90°.
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4.8. MewnbIiass 60KOBasi CTOPOHA IPSMOYTOJBHOM Tparenuy paBHa 3,
a 6osbinas obpasyet yron 30° ¢ ofHUM M3 OCHOBaHUI. HaliauTe 3TO OC-
HOBaHUeE, €CJIU Ha HEM JIE)KUT TOYKA MepecedeHuss OUCCEKTPUC YIJIOB MPU
ZIPyrOM OCHOBaHMUM.

Omeem: 9.

Pewenue. Tlycte BC 1 AD — OCHOBaHUsI TPSAMOYTOIBHON Tpameruu
ABCD, AB u CD — 60ko0BbIe cTOpoHEI (AB < CD), ZADC =30°, K — Touka
mepecevyeHus: OGUCCEKTPUC YIVIOB Tpaleluu Ipu BepiunHax B u C.

8 c
3 3 &
B . 30
A 3 KM D

IMockonbky /BKA = /KBC = ZKBA, tpeyronbuuk ABK paBHOGeApeH-
HbI, modtomy AK = AB=3. Aranornuno DK =CD.

ITycte CM — BrIcOTa Tpaneuuu. Torga CM = AB = 3. VI3 1psAMOyroJib-
Horo TpeyronbHuka CMD HaxoauM, yTto CD =2CM = 2AB = 6. CiesoBa-
TEJIbHO,

AD = AK+KD =AK+CD =34+6=09.

4.9. OcHoBaHuA Tpamnenuu paBHbl 1 u 6, a guaronamu— 3 u 5. Tlox
KaKWUM YIVIOM BUZHBI OCHOBAHMA U3 TOYKHU llepecedeHus AuaroHanei?

Omeem: 120°.

Pewienue. Ilycts guaronanu AC v BD tpanenuu ABCD niepecekarorca
B Touke O U paBHBI COOTBETCTBEHHO 3 U 5, a ocHoBaHudA BC u AD pas-
HBI COOTBeTCTBeHHO 1 u 6. Uepes BepiinHy B mpoBesém IpaMylo, Tapa-
JenbHyto guaroanu AC. IlycTb oTa npsamas nepecekaercs ¢ Ipamoit AD
B Touke K. Torna AKBC — mapasuiesiorpaMm, 3Ha4uT,

BK =AC=3, /AOD =/KBD, AK =BC=1,
DK =AK+AD =14+6=7.
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Ilo T€opeMEe KOCUHYCOB

_ BK?>+BD>-DK* 9+25-49 1
0s/KBD = ——prpp =335 - 2

CiiegoBaTebHO,
/AOD = /KBD = 120°.

4.10. OcHOBaHUA Tpamneluu paBHbI a u b (a > b). Halizute anvHy 0T-

pesKa, CoeJUHSAIEro cepeJuHbI uaroHauei Tpamnenuu.
a—->b
Omeem: — -

Pewenue. Ilyctb M u N — cepeaunbl Auaronaneit AC u BD Ttpame-
1un ABCD, B xoTopoii AD =a u BC=b.

CoeauHuM TOUYKY M ¢ cepeanHoi K 60koBoi ctoponbl CD. [To Teopeme
o cpenHeli muHuM TpeyroinbHuka MK || AD || BC. AHaJIOTUYHO JIOKaXKeM,
yro NK || BC.

[TockonbKy yepe3 TOUKY, He JIeXKalllyro Ha Ips- B b c
MO, MOXXHO TIPOBECTH He Gojiee OZHOM IPIMOM,
rapajuiebHOM ZIaHHOU, TO Touku M, N u K sexat K
Ha OZHOM MpsAMOM. DTa mpsiMasi MmapauiesbHa OC- M N

HOBaHUAM Tpall€lvu.

TakuM 06pasom, A a

=)

a-b

1 1
MN—MK—KN—EAD—EBC— 5

4.11. OcHoBaHus paBHOGeIpeHHOM Tpameluu paBHbl a u b (a >b), ocT-

Ppblit yroa paBeH 45°. HaiiiuTe miomaip Tpanenyuu.
2

Omeem: 5 b
Peuterue. V13 BepmvHBL B MEHBIIETO OC-
HoBaHUA BC paBHOOeApEeHHOU Tpamenuu %5 a_p
ABCD omnyctuM nepneHAUKyaAp BH Ha eé Z
6osbiee ocHoBaHue AD. Torza 45°
1 a—b A a=b H atb D
BHZAHZE(AD—BC)ZT. 2 2

CiiegjoBaTebHO,

atb a-b a*-b?

1

TpeHUPOBOYHBIE 3a/ja49U

4.12. B tpaneuun ABCD yrnel A u D nipu ocHoBanuu AD cOOTBeT-
cTBeHHO paBHBEI 60° u 90°. Touka N JjieXXKUT Ha ocHOBaHUU BC, mpuuém
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BN :BC=2:3. Touka M nexuT Ha ocHoBaHuu AD, npamad MN mapai-
JienbHa GOKOBOY CTOPOHE AB M IeNUT IJIOIA/Ib Tpanenuu nononam. Haii-
mute AB:BC.

Omegem: 4:3.
B 2a Nal Peuwenue. Ob6oznauum NC = a, AB = x. To-
raa BN =2a, AM =BN = 2a. Eciu NK — BricOTa
¥ ¥ Tparenuu, To
DK=NC=a, MK=3imn=21ap=%
50° 60° 2 2 2
L[] .
1 7a M x kap Vi3 paBeHCTBa IUIomaZiell mMapajiesorpaMmma
z ABNM u tpaneuuu MNCD cieznyeT paBeHCTBO

2AM = NC+MD, wmu 4a=a+a+§.

OTcroza HaxoauM, 4T0 X =4a. ClieZloBaTeNbHO,
AB _ x _4a _ 4

BC ~ 3a  3a 3
4.13. [Lnomiab paBHOOEAPEHHOM TpaTIEI[H, OMIMCAHHOMN OKOIO OKPYXK-
HOCTH, paBHa S. HaiijuTe cpeHIO0 JIMHUIO Tpallelluy, eCJIU OCTPBIA yros
IIpY €€ OCHOBAaHUM PaBEH q.

Omeem: —.
sma
Peuwenue. ITycTb cpeHAsA IUHUA JAHHOU Tpa-
xsin o menuu paBHa x. Torza GOKOBas CTOPOHA TaKXKe

paBHa X, a BBICOTA Tpaneuuu paBHa xsina. U3

ypaBHeHHUA S = x? sin @ HaXOAMM, YTO X = sna’
4.14. OKpy>KHOCTb, BIIMCAHHAs B TPAIeInio, KaCAeTCs OAHOM U3 HOKO-

BBIX CTOPOH B TOUKe, ZleJiAllell e€é Ha OTpPe3KH, paBHble a u b. Halizute

pazuyc OKPY>KHOCTH.

Omeem: vab.

Pewenue. Paguyc, mpoBeéHHBIN U3 1eHTpa O

b OKPYKHOCTH B TOUKY K KacaHUsA OKPYXHOCTH ¢ 60-

K KOBOI CTOpOHOI AB, ecTb BbICOTA IIPSMOYTOJIBHO-

ro TpeyroabHuka AOB, onyllleHHAaA Ha TUIIOTEHY3Y.

CiegoBaTebHO,

D OK? = AK -BK = ab.

B C

a

~

4.15. B n1pAMOYTOJbHYIO Tpallelluio BIIKMCAaHA OKPY>XHOCTb pazuyca R.

o .. 4
HalizuTe cTOpOHBI Tpanenuu, ecay e€ MeHblllee OCHOBAHNUE PABHO §R.
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Omsem: 13—0R, 4R, 2R.

Pewenue. Tlycth K — TOYKa KacaHUA BIHMCAHHOUW OKPYXKHOCTH (C IIeH-
TpoMm O) c¢ 6osbieli 60koBoM cTopoHOUM AB Tpamenuui ABCD, M u N —
TOYKHM KaCaHMUA C MEHBIINM U 060ab1MM ocHOBaHUAMU AD u BC cooTBeT-
CTBEHHO.

D R _MiAg
& K
R R
X
5 %
R
[ ]
C R N 3R B

Torza
AK = AM = %R—R - %R, AK -BK = OK2, BK- %R — R2.
OTcroga HaXxOAUM, YTO

BK=3R, BC=CN+NB=R+3R=4R, AB= %R+3R: 13—0R.

4.16. BoxoBas CTOpOHA paBHOOEAPEHHOH TpaIlelliy paBHa d, CpeHAA
JIMHYA paBHa b, a ymibel py GosbllleM OocHOBaHMM paBHbI 30°. HaiizuTe
paZiyc OKpy>KHOCTH, OIIHCAHHOM OKOJIO TpaleluH.

2
Omeem: 4/ b%+ az'

Pewenue. [Tycte F — npoek1iua BepuivHel C MeHblIero ocHosauusa BC
paBHOGeapeHHO# Tpameiuu ABCD Ha 6osbliiee ocHOBaHue AD.

B C
2.

a
2L
F

D

Torga orpe3ok AF paBeH cpefHeU JIMHUM Tpallelny, a TaK KaK B IIPSIMO-

yronbHOM TpeyronbHuke CFD yron D paseH 30°, To CF = %CD = %a. U3
NIPAMOYTOJIBHOI'O TpeyronbHuka ACF HaxoAuM, 4TO

2
AC = VAF2 +CF? = \/b2+%.
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Ecnu R — pasuyc OKpy>KHOCTH, OTIMCAaHHOW OKOJIO TpeyronbHuka ACD, To

_ 4 _ @
R_2sin4D_ b+4'

Ocranoch 3aMETUTb, YTO OKPYKHOCTb, OIKCAHHAA OKOJIO TPEYrOJbHHU-
ka ACD, coBmafiaeT ¢ OKPY?KHOCTBI0, OMMMCAHHOU OKOJI0 Tpanenuu ABCD.

4.17. OcHoBaHuA Tpalneluu paBHH 4 u 16. HalizuTe paguychl OKpyX-
HOCTeH, BIIMCAHHOM B TPalelXio U OIIMCAHHOI OKOJIO Heé, ec/Ii U3BeCTHO,
YTO 3TU OKPY>KHOCTHU CYIIECTBYIOT.

5v41

Omeem: 4; 7

Pewerue. ITockonbKy Tparnenys BIYCaHHAsA, TO OHA paBHOOEepeHHas.
[Tyctb r 1 R — pazuychl BIMCAaHHOM U ONIMCAHHOM OKPY>KHOCTEH.

Touka KacaHUA BIIMCAHHOM OKPY>KHOCTU ZeJTUT G0KOBYIO CTOPOHY Ha
oTpesku 2 u 8. [ToaTomy r=+v2-8=4.

K 10 6 ]

JlmaroHasip Tparnenuy — CUMOTeHy3a IPIMOYTOJBHOI'O TPEYTOJIbHUKA
c katetam# 8 (BBICOTA TpaleIHH, ONYIeHHAs U3 BePUINHBI MEHBIIIETO OC-
HOBaHUA Ha Oosbinee) 1 10 (MpoeKIMA AuaroHaau Ha GoJblllee OCHOBA-
HUe paBHOOePeHHON Tpameluy, paBHasA, KaK U3BECTHO, JAJIUHE CpesHel
JUHUK). DTa AUAroHAIh BUJHA W3 BEPUIMHEI OOJIBIIEr0 OCHOBAHUSA Tpa-

4 "
TeLUH [0 YIZIOM Q, CHHYC KOTOPOTO PaBeH ¢ (yronm 60KOBOM CTOPOHEI
¢ ocHoBaHMeM). CiieZioBaTeNbHO,

R V8+10®  2V4T _ 5/41

2sina ~ & 4
5

4.18. OKpy)XHOCTb BITMCaHa B paBHOOEAPEHHYIO TPAIeINi0 C OCHOBA-
HUAMY a U b. HalizuTe fraroHasp Tpamenuu.

v a2+ 6ab + b2.

Pewenue. ITycTh OKPYXHOCTH C IeHTpoM O, BIMCAHHAasA B paBHOOe-
penHyto Tpamnenuio ABCD, kacaeTcsi 60KOBOW CTOPOHBI AB B Touke M,
a ocHoBaHu#i BC 1 AD — B Toukax N U L COOTBETCTBEHHO.

N

Omsem:



TpeHUPOBOYHBIE 33391 69

[Tockonbky OM — BBICOTa IIPAMOYTOJIBHOT'O a
B 2 N C
TpeyrosbHUKa AOB, omyllleHHasA M3 BepIIWHEBI
IIpAMOTO yIJIa, TO Zg
b_vab
OM = VMA-MB = VAL-BN = {/ 5 -2 = 2. 0
2 27 2 b
2
Omnyctum nepnenaukyaap BH Ha AD. Torza 4
A Hal b D
DH:MZM, BH = 20M = +/ab. z z

2 2

W3 npAMOyYTOIbHOI0 TpeyronbHuka BHD Haxoaum, 4To

2
D = \/BH2+DH? = 1/ ab+ (a;b) - %\/a2+6ab+b2.

4.19. I3BeCcTHO, 4TO BBICOTA Tpallellny paBHa 15, a e€ fuaroHanu pas-
Hel 17 u 113. Yemy paBHa IwIoLWaAb Tpanenun?

Omeem: 900 win 780.

Pewierue. Yepes BepminHy C MeHbIIEro OCHOBaHuA Tpaneuuu ABCD
(AC =17, BD =113) npoBezéM IpAMYI0, TapaienbHy0 AuaroHanu BD.
[Tycts K — Touka IepecedeHus 3TOM IpAMOH ¢ npsAMor AD. Toraa gaHHas
Tparnenys paBHOBeIUKa TpeyronbHUKy ACK. V3BecTHBI CTOPOHBL AC =17,
CK =113 u BbicoTa CM =15 3TOr0 TpeyroabHuUka. /3 npsaMoyroabHBIX
TpeyroabHUkoB ACM u KCM Haxozum, 4TO

AM = VACZ—CM? = v172—152 = /(17— 15)(17+15) = V64 = 8,
KM = vKC?—CM? = Y1132 - 152 = /(113 -15)(113+15) =
=+/98-128 = V/49-256 = 7-16 = 112.

Eciu Touka M yiexxuT Mexzy Toukamu A u K, To
Sasco = Saaxc = SAK-CM = 3(AM +KM)-CM = 60-15 = 900.
B C

/7J
15 775
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B C

i 775

15N\ 77

M A D K
Ecim ke Touka A JiexxuT Mmexay Toukamu M u K, To
Sasco = Saaxc = SAK-CM = 3 (KM — AM) -CM = 5215 = 780.

4.20. BoKoBBIE CTOPOHBI TPANELUH JIEXKAT Ha MePIeHAUKYIAPHBIX IIpA-
MbIX. HaiizuTe 1iomazb 4eThIpEXYyTrolbHUKA C BEPIIMHAMU B cepeJrHax
JViaroHaJIel ¥ B Ccepe/iHaX OCHOBAHUM Tpamelyy, ecyii €€ OOKOBBIE CTO-
POHBI paBHHI a U b.

_ab
Omsem: 7

Pewenue. Tlyctb K u M — cepeviHBI AMaroHaseil COOTBETCTBEHHO
AC u BD tpanenuu ABCD, a L u N — cepeJUHBl OCHOBaHUIl COOTBET-
ctBeHHo BC u AD, npuuém AB 1 CD,

AB=awuCD=b.
Otpe3ku KL u MN —cpesHue Jn-
B e HUM TpeyronbHUKoB ABC u ABD c 06-
MM ocHoBaHueM AB, mostomy KL || AB,

KL= %ABz %a, MN || AB, MN = %ABz

A N D

= %a. AnanornyHo KN=LM = %CD = %b.

[TpoTUBOIIONOXKHBIE CTOPOHBI YeTBIPEXYronbHUKA KLMN monapHO paBHBI,
3HAYMUT, STO ITapasjieJorpaMM, a TaK KaK ero CTOPOHbBI COOTBETCTBEHHO I1a-
pasiesbHEL IIepIeHAUKYIAPHBIM IpAMBIM AB 1 CD, To KLMN — nipsamMo-
yroabHUK. Ero miomaze paBHa IPOU3BEAEHUIO COCEIHUX CTOPOH, IPUYEM

KL= %a ulLM= %b, cJieJoBaTebHO,

1 1
Eb = Zab

Skuwn = KL-LM = 2a-
4.21. HatizuTre ayiaroHa b ¥ G0OKOBYIO CTOPOHY paBHOOeZpeHHOH Tpa-
neryy ¢ ocHoBaHusAMY 20 1 12, ecii U3BECTHO, YTO LIEHTP €€ OIMMCaHHOU
OKPY>KHOCTH JIEXKUT Ha OOJIbIIEM OCHOBAHUU.
Omeem: 85, 44/5.
Pewenue. ITycte AD — frnaMeTp OKPYKHOCTH, OIIMCAHHOU OKOJIO paB-
HObGenpeHHOM Tpanenuu ABCD c ocHoBanusmMu AD =20u BC=12, CH —



TpeHUPOBOYHbIE 3aJaUN 71

TIepIIeHANKY/AP, OMyIleHHbIN U3 BeplnHb C Ha B I
ocHoBaHue AD. Torma
__ AD+BC _ __ AD-BC _ -
AH—i2 =16, DH—i2 =4. A B D

Touka C J1eXXUT Ha OKPY>KHOCTHU C JuameTpoM AD,
3"Hauut, ZACD =90°, nostomy CH — BbICOTa IIps-
MOYTOJIBHOTO TpeyroabHuUkKa ACD, mpoBeAéHHaA
13 BEPIIWHEI IpAMoro ymia. CieZoBaTenbHo,

CD?> =DH-AD = 4-20, AC? =AH-AD =16-20.
TakuMm o6pasom, AB=CD =4+/5, AC =8+/5.

4.22. Tparenus ¢ BBICOTOU h BIIMCaHa B OKPYKHOCTh. BOKOBas cTopo-
Ha Tpamenyy BUHA W3 LIEHTPa OKPY>KHOCTH ToZ yriaom 120°. Haiiaute
CPeZHIOI0 JIMHUIO TPalellnH.

Omeem: L.

V3

Peuerue. ITyctb O — LIEHTP OKPY>KHO-
CTH, ONHMCAHHON OKojo Tpameuuu ABCD
¢ ocHoBaHuaAMU AD > BC. Tpamenusa
ABCD paBHOGegpeHHas, I03TOMY

/CAD = /BDA = %LBOA — 60°.

[Tycte CK — BBICOTA Tpalenuu, Torga

AK = hctg60° =

h

V3’

a Tak Kak Tpamelysa paBHOGeIpeHHas, TO
oTpe3ok AK paBeH eé€ cpefiHell IMHUM.

4.23. Inomaab paBHOGEAPEHHON Tpamenuu paBHa +/3. Yrom Mexzay
[VIarOHAJIBIO M OCHOBaHKEeM Ha 20° 60JIblIIe yIyia MeXAY AUAarOHaIbIo U 60-
KOBOUM CTOpPOHOU. HalifiTe OCTpPHIN yTOJM Tpamleluu, eciou eé JuaroHalb
paBHa 2.

Omeem: 40° win 80°.

Pewenue. Tlycth AD — 6oJblllee OCHOBaHUE paBHOOEAPEHHOU Tparie-
v ABCD. Torma yron BAD octpsiit. Eciu CH — BbICOTA Tpanelivu, TO

AD—-BC AD-BC  AD+BC

DH:T, AH =AD—-DH = AD — 5 = 5

IIo3TOMY

AD+BC
Sapep = — 5 CH = AH-CH = /3.



72 § 4. Tpamerus

o+20° B 200+ 20°
A H D

O6o3naunm /BAC = a. Torga ZCAH = a + 20°. V13 mpsMOYTOIBHOTO Tpe-
yrosibHUKa AHC HaxoauM, 4TO

AH = AC cos ZCAH = 2cos(a+20°),
CH = ACsin ZCAH = 2sin(a+20°),

HOBTOMy
AH -CH = 2cos(a+20°)-2sin(a+20°) = 2sin(2a +40°) = V3.

3HaumuT, 2a + 40° = 60° win 2a + 40° = 120°. OTcioga HaXOAWM, YTO
a=10° wm a=40°, a ZBAD =2a + 20° =40° wm ZBAD = 100°. Ilo-
CKOJIBKY yTOl BAD OCTpBIH, YCJIOBUIO 33/Ia9€ YAOBIETBOPSIET TOMbKO 40°.
Ecin AD — MeHblllee OCHOBaHMWE, TO aHAJOIMYHO HAaXOAUM, 4YTO
/ABC =80°.
B C

o dxf]})o A 2a+20°

A D H

4.24. BUCCEeKTPUCH] TYIIBIX YIVIOB IIPU OCHOBAaHUU Tpallelivy Iiepece-
KalOTCA Ha ApyroM e€ ocHOBaHUHU. HaiiuTe CTOPOHBI Tpalleliuy, eciu eé
BBICOTA paBHa 12, a VIMHBI OGUCCEKTPUC paBHBI 15 1 13.

Omeem: 14; 12,5; 29,4; 16,9.

Pewenue. TTycTb GUCCEKTPUCH TYTIBIX YIVIOB B 1 C TTepeceKaroTcs B TOY-
Ke P, mpuHazjexaieii 6ombiieMy ocHoBaHUi0 AD Tpaneuuu ABCD. To-
raa ZAPB=/PBC = /PBA, 3Ha4uT, TpeyroibHUK ABP paBHOOeApEHHBII.
AHanoruyHo TpeyronbHUK PCD Takke paBHOOEpEHHBIMN.
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O6o3naunm CD =DP =x, AB=AP =Y, B c
u ycTb M 1 N — OCHOBaHUSA NePIeHANKYIs-
POB, ONYILIEHHBIX U3 BEPIIUH COOTBETCTBEHHO y 17 13 15 17 X
B u C Ha AD. Torza
M N

PN=+v152-122=9, PM=+132—122=5. A y P «x D

CnepoBarenbHo, BC=MN =PM +PN =5+9=14.
Mo Teopeme ITudaropa

PC*—PN? =CD*-DN?, 152-9%=x%*—(x—9)%
OrTcroza HaxoAuM, 9To X = 12,5. AHAJIOTMIHO

PB?>—-PM? = AB> - AM?, 13°-5%=y?—(y-5)%
OTcroza HaxoAuM, 9TO y = 16,9. CieoBaTeIbHO,

AB=y=16,9, CD=x=12,5, AD=AP+PD =y+x=29,4.

4.25. YeTtbIlp€xyronbHUK ABCD BIKCaH B OKPY:KHOCTH C IeHTpoM O,
/BOA = ZCOD = 60°. Tlepnienaukynap BK, onylieHHbIN U3 BepUIUHBI B
Ha cTopoHy AD, paBeH 6; BC B Tpu pa3a meHbIlle AD. Haligure 1wiomazab
TpeyronbHuKa COD.

633

4
Peuteniue. TTockonbKy MeHbIIHE AyTU AB 1 CD pasHel, BC || AD. IToaTo-

My ABCD — paBHOGepeHHas Tpatnelys. [1o TeopeMe 0 BIUCAaHHOM yIJIe

Omeem:

/BDA = 1/A0B = 30°.
W3 npaMoyronsHOro TpeyrosibHuKa BKD HaxoauMm, 4To
KD = BK ctg30° = 6V/3.
C ApyTo¥ CTOPOHHI,
KD = 2(BC+AD) = 1 (BC +3BC) = 2BC.

B C
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U3 paseHcTBa 2BC = 6+/3 cieayer, uto BC =3+/3. Toraa

AD =943, AK = %(AD—BC) —3/3,

a TaK Kak

OB = 0A = AB = VBK2 + AK?2 = V/36+27 = 37,
TO

Sacop = Sasos = 30A-OBsin ZAOB = 1 - (3V7)*sin60° = %.

4.26. Jlana tpanenus ABCD ¢ ocHoBanusamu AD = 3+/39 u BC = +/39.
Kpowme Toro, gano, uto yron BAD paseH 30°, a yron ADC paseH 60°. Uepe3s
Touky D mpoxozuT mpsMasd, Aeidmiad Tpalelyio Ha /Be PaBHOBEIUKUE
¢urypsl. Haliziute AyMHy oTpe3Ka 3TOH HMPSIMOM, HaXOJAIMIEerocsi BHYTPU
Tpalnenuu.

Omeem: 13.

Pewenue. TToCKONBKY Saapp = 3Sapcp, YKa3aHHaA NpsAMas llepeceKaeT
oTpe3ok AB. ITycts K — Touka nepecedenusd. Torza

1 1 AD+BC o)
Saakp = 5840 =35 3 h=hv39,

rae h — BbicoTa Tpamnenuu ABCD. C Apyroi CTOPOHBI,

1 3v/39-h,
Saakp = 3AD “hy = -2
rae h, — BeIicoTa TpeyronbHUKa AKD. [ToaTomy # = % u % = %

m B V39 C

A V39 P V39 D

[IpoBenéM yepes BeplIMHY B npaMyto, napaulesnbHyto cTopoHe CD, 1o
nepecevyeHus ¢ ocHoBaHueM AD B Touke P. Torga

AP = AD —DP = AD — BC = 2+/39.
W3 npAMOyTonbHOro TpeyroibHuKa ABP HaxoauMm, 4To

AB = AP cos30° = 3v13.
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[Tostomy AK = %AB = 24/13. Tlo TeopeMe KOCHHYCOB U3 TPEYrOJbHU-
ka AKD HaxoguM, 4TO

DK? = AK?>+ AD? —2AK - AD cos30° =

=4-1349-39—-2-24/13-3+/39- ? = 169.
CnepoBarenbHo, DK =13.

4.27. OTpe30K, COeAUHAIONINN cepeiuHbl OCHOBAHUM Tparelnuu, pa-
BeH 3. YIuibl pu OOJbIIEM OCHOBaHUU Tparneluu paBHbl 30° u 60°. Haii-
JITe BBICOTY Tpalleliui.

3v3

Omeem: 5
Pewenue. Yepes cepeauHy M MeHblIero ocHoBaHusa BC Tpamenuu
ABCD mpoBefiéM TpsIMyo, TMapajieJbHyl0 OOKOBOUM cTopoHe AB, 70
IepecedyeHusa ¢ OCHOBaHMEM AD B Touke P U NpAMYyIO, IapaljebHYyI0
60oKOBOM cTOpoHe CD, 10 TiepeceueHus ¢ mpsaMoii AD B Touke Q. Ecim

K — cepeguna AD, To
PK = AK - AP = AK—-BM = DK —-MC = DK - QD = KQ.
[Tostomy MK — mezuaHa TpeyronbHuka PMQ, a Tak Kak
ZPMQ = 180° —60° —30° = 90°,
To PK=KQ=MK=3.

B M C
3
60° K607 B W
A P 3 kK 3 a D

Ecmu ZA=60°, To ZMPK = 60°. Tloatromy TpeyronbHUK PMK paBHO-

o 3v3
CTOPOHHUU U €r'0 BbICOTA paBHA —5—. C]Ie,Z[OBaTe]II:HO, BbICOTaA Tpalenuun

2
3v3
paBHa 5 -

4.28. B Tpaneuuu ABCD usBecTHbI 60KOBBIE CTOPOHBI AB =27, CD =
=28, ocHoBanue BC =5 u cos ZBCD = —%
Omeem: 28, 24/181.

Pewenue. TTockombky cos ZBCD = —% <0, yron BCD Tymo#, mo3Tomy

yrosn ADC ocTpsiii u cos ZADC = % Omnyctum nepneHzaukyrap CH Ha oc-

. Havinure guaronans AC.
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HoBaHue AD. Torzma

DH = CD cos ZADC = 28-% — 3,

CH = CDsin ZADC = 284/1— 419 —124/5.

Yepes BepmuHy C NpoBeAéM NpsAMYyIO, IapajelbHYl0 OOKOBOI CTO-
poHe AB, f0 nepecedyeHus ¢ npamoii AD B Touke P. Torza

PH = V/CP2—CH? = vVAB?>—CH? = /27% — (12V/5)2 = 3.
Ecu Touka P nexxut mexay A u H (cM. pUCYHOK cjieBa), TO
AH = AP+PH =5+3=8.

B aTom ciyuae

AC = VAH?+CH? = v/64+144-5 = 28.
Ecu Touka P nexxut mexay D u H (CM. PUCYHOK CIIpaBa), TO
AH =AP—-PH=5-3=2.
B aTom ciyuae
AC = VAH?+CH? = V4+144-5 = 2/181.
B5C B5C

27 28 27 28

A P H D AH P D

4.29. OcHoBanue AB tparmeiuu ABCD BaBoe 6osnbliie ocHoBaHus CD
U BABOe Gosbille 60KOBOI cTOpoHBI AD. [luaroHanb AC paBHa a, a 60KO-
Bas ctopoHa BC paBHa b. HaiifuTe 1ioiiaib Tpamneuy.

D C Omeem: %ab.
Pewenue. Yepes BepuminHy D mpoBeféM IIp-
Myro, mapaienbHyo BC. Ilycte K —Touka Iie-

‘ ‘ peceyeHUs MPOBEJEHHON NPSAMOM C OCHOBaHHWEM
A K B AB. Torma ADCK —pom6, a DCBK — napasneno-
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rpaMmm. I[losTomy

DK =BC=b, Sy =3DK-AC = 1ab,

1 1
Sakce = Saakc = 55apck = Zab~

CnefoBaTenbHoO, Sppcp = %ab.

4.30. Tpanenusa ABCD paszesneHa NpAMOU, apaiienbHOU e€ OCHOBaA-
HusAM AD u BC, Ha /iBe paBHOBeJIMKUe Tparnenuu. HaiizuTe oTpe3ok sToit
TIPSIMOM, 3aKIIOUEHHBIN MeXAYy G0KOBBIMU CTOPOHAMU, €CJIM OCHOBAHUS
Tparenyy paBHHI a U b.
a’®+b?

—

Pewenue. Ilepssiii cnocob. Ilycte Toukn M u N paclonoeHbl Ha
60K0BBIX cTopoHax AB u CD Tpanenuu ABCD, P — Touyka nepeceyeHUs
¢ MN npsmoi, npoxozsiiei yepe3 Touky C mapasuienbHo AB, Q — Touka
nepecedyeHus ¢ AD mpsAMOH, MpoxozAlen
yepe3 TOUuKy N mapaienbHo AB. O603Ha- B a C
yuM MN = x, ¥ mycTb h; u h, — BBICOTHI
MOZI0OHBIX TpeyronbHUKoB PCN 1 QND.

Ilyctb BC=a u AD=0Db (b>a). U3

Omeem:

paBeHCTBa Iwiomazeir Tpamnenuii BMNC b
u MADN ciezyet, 4ToO M 5 » N
(x+a)h; = (b+x)h,, / A
2
hi  b+x =
OTKYyZa h,—xta A b a D
h —
U3 mopo6us TpeyronbHuKoB CPN 1 NQD ciefyet, 4To h_l = g_;. ITo-
3TOMY >
b+x x-a
x+a  b-x’

2 2
a’+b
V13 aTOro ypaBHEHHUA HAXOAWUM, YTO X = 5
Bmopoii cnocob6. Ilyctb O — TOUKa IepecedyeHns

IPOJOJDKEHUHN 60KOBBIX CTOPOH AB u DC, S — 1wio-
mazbs TpeyronbHuka BOC, MN = X — UCKOMBIA OT-
pe3ok. Torza Saywo —S =Sas0p — S amno> AT

2 b2 XZ

5 S=S=2%-5-3-S.

a®+b?

OTCIOZa HAXOZANM, YTO X2 = 5
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4.31. B tpaneunt ABCD (AD || BC) yron ADB B ABa pa3a MeHbIIIE yT-
sna ACB. U3BecTHO, uTo BC = AC =5 u AD = 6. HaiiguTe 1iomazp Tpare-
LIWH.

Omeem: 22.

Pewenue. TIocTpOUM OKPY)XHOCTH C IEHTPOM B TO4uKe C U paZiiycoM

CB = CA =5. Tlockonbky ZADB = %ZACB, TOYKa D TpUHAJJIEXUT dTOU
OKPY>XKHOCTH, 3Ha4uT, CD =CA=>5.

5 C

51

[Tyctb CK — BBICOTa paBHOGEApEHHOTO TpeyroiabHruKa ACD. Torza

CK = VAC2—-AK? = /25-9 =4,
ITockonbky CK — BrIcOTa Tpanenuu ABCD, To

Sapep = 22FEC .ck = 22 .4 =22,

4.32. [lana tpaneuusa ABCD, auaroHanu AC u BD xoropoli nepece-
KaloTCA TIOZ IPSAMBIM YIJIOM, a MPOAO/KEHUs GOKOBBIX CTOPOH AB u DC
nepecekaroTcs B Touke K moz yrimom 30°. M3BectHo, yto /BAC = ZCDB,
a IIomaAb Tpanenuy paBHa S. HaiiauTte tiomazs Tpeyronbauka AKD.

Omeem: %S WA %S.

Peuwtenue. Ilycte AD > BC. Torna Touku K u A jiexxar 10 pasHble CTO-

ponel oT npsMoi BC. ITockonbky ZBAC = ZCDB, okoino

Tpaneuuu ABCD MOXHO OIIMCaTh OKPYKHOCTB. [103T0-

My Tpamenus paBHOOeApeHHas. Cie0BaTelbHO, Tpe-

yronbauku AKD u BKC Takke paBHOOepeHHBIE.
[Tockoneky

/BAC = /BAD — ZCAD = 75° —45° = 30°,

To TpeyronbHUK ACK paBHOGeapenHbiii, CK = AC.
Torza

Saskc = 3CK?sin30° = 3CK?,
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a TaK Kak

S =Sapco = 3AC-BD = AC* = 2CK?,
TO Saprc = %S. CrefoBaresbHO,

1 3
SAAKD = ES"‘S: ES.

Ecnmu AD < BC, To Toukd K 1 A nexatT 1o ofHy CTO-
poHy ot npaMoii BC. B aTom ciydae, paccyxzas aHajo-
TUYHO, IIOJIy9HUM, YTO

1
SaakD = 55-

4.33. OKpy>XHOCTb, TIOCTPOE€HHas1 Ha ocHOoBaHuU AD Tpanenuu ABCD
KaK Ha AuaMeTpe, MMPOXOAUT Yepe3 cepeIHbl OOKOBBIX CTOpPOH AB u CD
Tpanelnuu 1 KacaeTcda ocHoBaHuA BC. HaiiiuTe yriisl Tpanenumu.

Omeem: 75°, 75°, 105°, 105°.

Pewenue. ITyctb M 1 N — cepeiiHBI 60KOBBIX CTOPOH COOTBETCTBEHHO
AB u CD tpanenuu ABCD. Toraa MN || AD.

IIyctb O — ueHTp OKpyXHOCTH, K —

TOYKa KacaHusA ¢ ocHoBaHueMm BC, P — Tou- B K C
Ka IepeceueHus paauyca OK co cpegHeimt M
aunuent MN. Torza
M N
OP = 20K = 1oN P
2 2 :
V3 mpsMoyronbHOro TpeyroiabHUKa PNO AK ‘ 0 ID
HaxoguM, 4To ZPNO =30°. Torza
/NOD = /PNO = 30°, /CDA = /NDO = 289239 _ 750

2
AHanoruyHoO HaxoAuMm, 4ro /BAD =75°.

4.34. OKpyXHOCTb, IIOCTPOE€HHasA Ha ocHoBaHuUU BC Tpaneuuu ABCD
KakK Ha JiuameTpe, IPOXOAUT Yepe3 cepeAuHsbl AuaroHanet AC u BD Tpa-
Ielly U KacaeTcsl ocHoBaHuA AD. HalifuTe yIybl Tpaneluu.

Omsem: 30°, 30°, 150°, 150°.

Pewenue. Obo3nauuM 4yepe3 R pazumyc OKpyxkHOcTH. I[IycTh O — eé
ueHTp, M u N — cepeaunbl auaroHanet AC u BD cooTBeTcTBeHHO, K —
TOYKa KacaHus OKPY>KHOCTH C OCHOBaHueM AD, P —IIpoeKuusa Bepliu-
Hbl B Ha ocHoBanue AD. Torza OM = R — cpefHAA JIUHUA TPEYTrOJIbHU-
ka ABC. [losTomy

AB=20M =2R, BP =0K=R.
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B o \C
FM\F%
A P K D

V3 npsamoyronpHOro TpeyroibHuka BAP HaxoguM, uto /BAP =30°. AHa-
snoruyHo ZCDA=230°.

4.35. Jluaronanbp BD Tpameuuu ABCD paBHa m, a 60KOBas CTOPO-
Ha AD pasHa n. Haiizute ocHoBaHue CD, ecyii U3BECTHO, YTO OCHOBAaHUE,
avaroHanab U GOKOBas CTOpPOHA TpaTelyuy, BBIXOJAIINE W3 BEPIIUHBI C,
paBHBI MeXAy cOOOIA.

Omegem: % vm?2+n2.
Pewenue. Tlockonbky CD = CA =CB, To Touku D, A u B nexaT Ha
OKPY>XKHOCTH C LIeHTPOM B Touke C U paguycom CD.
[Tycts K — BTOpas Touka IepeceyeHUs NpsAMoil CD ¢ 3Toil OKpy:KHO-
ctrio. Torga DK — auameTtp, AB||DK. Tloatomy BK=AD=n,a ZDBK=90".
[To Teopeme ITudaropa

A B
DK = vDB2+BK2 = vm2+n2.
CiiegoBaTebHO,
©
; ; 1o 1 =3
D( T TK CD—ZDK—2 m?+n2.

4.36. Jlana paBHOOeZpeHHas Tparelus, B KOTOPYIO BIIMCAaHA OKPYXK-
HOCTb M OKOJIO KOTOPOM omnrcaHa OKpy>KHOCTb. OTHOIIIeHNe BbICOTHI Tpa-

ey K PaZINyCy OIMMCAHHOU OKPYKHOCTH PAaBHO \/g . Hatigure yruiet Tpa-
TIeINH.

Omeem: 45°, 135°.

Peuwtenue. ITyctb @ — ocTphii yron Tpanenuu ABCD, h — BeicoTa Tpa-
ey, R — paznyc ommMcaHHON OKPY>KHOCTU, M — MPOeKIsA BepIIuHbl C
MeHblero ocHoBauua BC Ha 6ombiee ocHoBauue AD. Torza

AM = 1(BC+AD) = £(AB+CD) = 5 -2CD = CD,
CM h

AC =2Rsina, AM =CD = — = ——, AM?*+MC? = AC?,
sima sma
nin
h 2
2 = 2
,hz +h?% = 4R%sin? q, (,Rz) +(%) = 4sin’ q.
sin~ a sin~ a
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A # D
[ i W
h \/7
ITockonbky rR=1V\3 TO
% (%4_1) =4sin*a, wm 6sin*a—sin?a—1=0.
sin- a

2

. 1
OTcroza HaXoAuM, 4TO Sin“ a = 5 CrnezoBaTenbHO,

. 1 o
sina = Nk a =45°.
4.37. Ha 60k0BBIX cTOpoHax AB u CD Tpanernuu ABCD B3ThI TOUKH
P u Q cootBeTcTBeHHO, Tpu4éM AP : PB=2:3. Otpe3ok PQ pa3buBaer
TpaIeIuio Ha YacTH, OHa U3 KOTOPHIX IO IIOIIAAN BTPOe GOJbIIIe JPYTOM.
Haiigure otHomenue CQ : QD, ecaiu AD =2BC.
Omeem: 3:29.
Pewenue. TIycTh TpOAOMKEHNsT GOKOBBIX CTOPOH AB u CD Tpamenuu
nepecekarorcsa B Touke E. Torga BC — cpefHAA TUHUA TpeyroabHuka AED,

Tak Kak BC = %AD u BC|| AD. Iloatomy

EA EA EA EA ~10° 5
O6o3HauuM Yepe3 S miomazb Tpamneiiuu ABCD. Tora miomnazb TPeyroib-

1 3 1 31
EP EB+BP JEA+CAB _ SEA+Y-JEA 8 4

HuKa BEC paBHa %S.

[IpeAnonoxum, 4yTo IUIOLWAAb YEThIPEXYTOb-
HUuKa APQD B Tpu pasa MeHbllle ILIOIaL/ YeThl-
péxyronpHuka PBCQ. Torga

4 3
SaaEp = 55, SPBCQ = ZS,
1 3 13
SAPEQ == §S+ ZS == ES,

a TaK Kak

EP EQ

SapEQ = EA ESAAED’
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TO
13, _ 4 EQ 4
125~ 5 &0 3%
EQ _ 65
OTKY/ia HAaXOAUM, UTO 7~ = c7 >1, T.e. EQ > ED, 9TO HEBO3MOXKHO, TaK

KakK Touyka Q Jo/DKHA JiexaTb Ha oTpeske CD.
[TycTh Teneps IWIoMaAb YeThIpEXyroabHUKa PBCQ B Tpu pa3a MeHbIIIe
IIommazau yeTelpéxyronbHuka APQD. Toraa
1
SaaEp = §S, SPBCQ = ZS,

1 1 7
SAPEQ = §S+ ZS = ES,

a TaK Kak
EP EQ
SaPEQ = EA ESAAEDa
TO
74 EQ 4
12°=5 Ep 3%

EQ

_35
OTKyZa HaxoguM, 49TO ﬁ =%a CJIeZ[OBaTeJIbHO,

EQ 35 CQ 35-32 3

QD — 29° QD 29 29

4.38. OKOJIO OKPYKHOCTH OmurcaHa Tpamnernus ABCD, 60koBas CTOpPO-
Ha AB nepneHJUKY/JIIpHa OCHOBAHUAM, M — TOYKa IepecedyeHus Auaro-
Hasel Tpanenuu. [Inomazas Tpeyronbauka CMD paBHa S. Haligure pagu-
YC OKPY>XHOCTH.

Omeem: V/S.

Pewenue. Tlepswiii cnoco6. TlockonbKy TpeyrombHuku BAC u BDC
PaBHOBEJNNKYU, a TpeyrolbHUK BMC —wux obmas dYacTb, TO IUIOIIAJb
TpeyrosbHuKa AMB Takxe paBHa S.

[Tyctb O — LIeHTp OKpYKHOCTU; R — eé paauyc; P, F u Q — TOYKH Ka-
canuda co cropoHamMu BC, CD u AD cooTBeTCTBEHHO; K — IIPOeKIHA TOY-
ku M Ha cTtopony AB. Torza

CF=CP=BC—-BP=BC—-R, DF=DQ=AD-AQ=AD-R.

Otpe3ok OF — BbICOTa IPAMOYTOJIBHOTO TpeyronbHuka COD, mpoBesEH-
Has U3 BEPIIWHEBI IPSMOr0 yIa, I0O3TOMY

R? = OF? = CF-DF = (BC—R)(AD —R).

AD-BC

OTcroza HaxoAuM, 4To R = ADTBC
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» -
F
K
. ?
Tt 5
0
-
A R a b D

C Apyro#l cTOpPOHBI, U3 Mog06us TpeyronbHUKOB AKM u ABC cieny-

eT, yTo KM = BCAQM, a U3 moAo6usa TpeyroabHUkoB AMD u CMB — 4To
AM AD BC-AD
"AC ~ AD + BC M0TOMY KM =755 = R.

[Tockoneky AB=2R, TO
S=Saaup = 3AB-KM = 3 -2R-R = R%.

CnepgoBartebHO, R= VS.
Bmopoti cnocob. Ilyctb O — IIEHTP OKPY:KHOCTHU; R — eé paauyc; P, F,
Q u T — touku Kacanusda co cropoHamu BC, CD, AD u AB COOTBETCTBEHHO.
0O6o3uaunm CF =CP=a, DF=DQ =b. Torza
BC=BP+CP=R+a, AD=AQ+DQ=R+b, Sa=20= gig.
Otpe3ok OF — BbICcOTa IPAMOYT'OJIBHOIO TpeyronbHuka COD, mpoBeséH-
Had U3 BEPIIMHBI MPAMOTO yIvIa, o3ToMy R = OF = +/CF - DF = vab, 3Ha-

YUT,

CM _R+4+a _Vab+a _+Ja _ _a _a_ CP
MA_R+b_m+b_ﬁ_m_R_AQ’
a tak kak ZMCP = ZMAQ, To TpeyronbHuku MPC 1 MQA 1of06HbI 110
JIByM CTOpOHaM U yriy Mexay HuMmu. Torga ZCMP = ZAMQ, 3Ha4uT, TOY-
ku P, M u Q nexaT Ha ofHOM NpAMOH, a Tak kak OP | AC, To Ha 3Toi

mpsAMoii JiesKUT U Touka O. CiepoBatenbHo, OM || AB ¥ Sppop = Saams =

=SAcup =S, a Tak Kak SAAOBzéAB-OTzR-RzRZ, To S=R?. OTCr07a

HaXoZMM, 4To R =+/S.

3aZlayy Ha J0Ka3aTeJbCTBO M BBIYHCICHHE

4.39.1. OxpyxHOCTb C leHTpoM O BIKcaHa B PaBHOOEIPEHHYIO Tpare-
1o ABCD ¢ 60KOBO#M cTOpoHOU AB.
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a) Jlokaxkure, 4yTO TpeyroabHUK AOB IIPAMOYTONBHBIN.
6) HaiiguTe miomazp Tpamenuy, ecid paZiyc OKPy>KHOCTU paBeH 2,
a TOYKa KacaHU: eJUT OOKOBYIO CTOPOHY Tpallelliy B OTHOLIEHUH 1 : 4.
B c Omeem: 20.
Peuwtenue. a) LleHTp OKPY>KHOCTH, BIIMCAHHOMN
B YTOJ, JIEKUT HA ero OHCCEKTpHCce, II03TOMY
o AO 1 BO — GUCCEKTPUCH YIVIOB Tpaleluy pu
6okoBO#1 cTopoHe AB. CymMMa 3THX YIJIOB paB-
A D na 180°, 3HaumuT, cymMMa UX ITOJIOBUH paBHa 90°.
CnepoBatenbHo, ZAOB=90°.
X 6) Ilyctb M — TOYKa KacaHUsA OKPY>KHOCTH,
M 2 o BIIMCAHHOM B Tpamenuo, ¢ OGOKOBOH CTOpO-
4, & N Holi AB. Torma OM — BbICOTa IIPAMOYIOJIBHO-
Z ro TpeyroibHuka AOB, IpoBeI€HHAA U3 BEPILU-
A p  HbI npaMoro yria. [onoxum MD =x, MA =4x.
Torza OM? =MD - MA, wm 4 = 4x?. 3Hauur,
x=1uCD=AB=5x=>5.
CymMa 6OKOBBIX CTOPOH Tpaneunu ABCD paBHa CyMMe OCHOBaHUH,
a TaK KaK 60KOBbIe CTOPOHBI paBHEI, TO CyMMa OCHOBaHuii paBHa 10. Torza
CpefHAA JIMHUA TpallellMu paBHA 5. BeicoTa Tpamenuu paBHa AUaMeTPy
BIIMCAHHOU OKPYXXHOCTH, T. €. 4. CiejoBaTeIbHO, IUIOIA/b TPAllelluy PaB-
Ha 5-4=20.

4.40.1. Yepes Bepuinny B Tpanenuu ABCD c ocHoBanuamu AD u BC
IIpoBeZieHa IpaAMasd, mapauienbHada zuarosanu AC. ITycTs aTa npAamas ne-
pecekaeTcsa ¢ IPOoAOKeHNeM OoCHOBaHUA AD B Touke E.

a) Jlokaxkure, uyTo TpeyroabHUK DBE paBHOBenuk Tpanenuu ABCD.

6) HaiiguTe miomaap Tpamnenuu, AuaroHaau KOTopoi paBHel 10 u 24,
a cpefHAd TUHUA paBHa 13.

Omeem: 120.

Pewenue. a) ITIpOTUBOMONIOXHBIE CTO-
POHBI YeThIpEXyrosbHUKa ACBE momapHO
napajulejibHBl, 3HAYWUT, 3TO IapaJliesio-

rpamM. ITostomy AE = BC. TpeyroibHUKHU
E f ) I BAE u DBC paBHOBEJIUKH, TaK KaK y HUX

PaBHBI BBICOTHI, OIyIIEeHHbIE W3 BEPIINH
B u D, u paBHbI cTopoHbl AE u BC. TpeyroabHUK ABD — o6111asi 4acTh
Tpanenuu ABCD u TpeyronsHuka DBE, cnefoBaTeNbHO, Sapcp = SApBE-

6) ITyctb AC =10, BD =24, a cpeanasa muHuA Tpanenyuu ABCD paBHa l.
Torza

C

= %(BC+AD) - %(AE—i—AD) - %DE.
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OTcroza HaxoauM, 4To DE =21 = 26. Tpeyrob- C

HuK DBE TpAMOYTONbHBIN, Tak Kak DE? = A‘V\

=676=100+576=BE? + BD?, nosTomy
A 21=26 D

B
10
1 1 Ef
Sapcp = Sappr = 5 BE-BD = 5-10-24 = 120.
4.41.1. bokoBasa ctopoHa CD Tpaneuuu ABCD paBHa oCHOBaHUIO AD.
a) Jlokaxkure, uro CA — 6uccekrpuca yria BCD.
6) Ilpsmas, mpoxogsdiias depe3 BepinHy C mepreHAUKY/IsipHO CD,
mepecekaeT GOKOBYIO CTOpOHYy AB B Touke M. HaiiguTe oTHOIUIEHUE

BM : AM, eciu u3BecTHO, yTo AD =CD =2BC u ZADC =60°.
Omeem: 1:2.

Pewenue. a) TpeyrombHuk ADC paBHOOEAPEHHBIH, s e
nostromy ZACD = ZCAD = ZACB. CneznoBareibHO,
CA — 6uccekTtpuca yria BCD.

6) O6o3naunm BC =a. Torgza AD =CD =2a. Tpe-
yrombHUK ADC paBHOCTOPOHHUH, modtomy AC = 2a. 4 >

CM — buccekTpuca Tpeyroibauka ABC, Tak Kak
/BCM = /BCD — /MCD =120° —90° = 30° = 1 ZACB.

ITo cBOMCTBY OUCCEKTPUCH TPEYTOMbHUKA

BM _BC _a _1

AM ~— AC ~ 2a 2

4.42.1. Ilpamas, napasuienbHasa ocHoBaHuAM BC u AD tpanenuu ABCD,
mepecekaeT 60KOBble CTOPOHBI AB 1 CD B Toukax M U N COOTBETCTBEH-
HO, a guaroHaiu AC u BD — B Toukax K U L COOTBETCTBEHHO, IPUUYEM
Touka K yexut mexgy M u L.

a) Jokaxwure, yto MK = NL.

6) Hatigute MN, eciu BC=a, AD=bu MK:KL:LN=1:2:1.

. _4ab
Omeem: 304D
Pewenue. a) TpeyronbHuK AMK monobeH TpeyronbHUKY ABC 1O AByM
. AM c
yriaM, mpuuéM KoappuuueHT mogobus paBeH B B
Tpeyronbuuk DNL ioqobeH TpeyronbHuKy DCB ¢ KO-
DN DN AM

adpdueHTOM D> d Tak kak MN ||BC, TO DC = AB"

3HaAYMUT,

AM DN
MK—BC-E—BC'D—C—NL.
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6) IlycTh AuaroHaju Tpaleluy IepeceKarTcs
B Touke O. 3aMeTHUM, YTO Touka K He MOXKeT JieKaTb
mexay O u C, Tak KakK B 3ToM ciaydyae MK > KL, 9To
He COOTBETCTBYyeT yciaoButo 3azaun (MK : KL =1:2).

CrnepoBarenbHo, Touka K nexutr mexzgy A u O.
0O6o3uaunm MK = NL =x. Torga KL =2x, ML =3x.

V3 mogobus TpeyronbaukoB AMK u ABC cieny-

x _ MK _AM o
eT, uTo = p~ = 5. 13 mozi00us TpeyronbHUKOB
MBL nu ABD cnepnyet, 4TO C%x = % = % CJ10’KVB 9TU pPaBEHCTBA, I10Jy-
4UM, 4YTO
x 3x _AM  BM _AM+BM _ AB _
a b~ AB AB AB T AB T
x . 3x ab
W3 ypaBHenua — + —— =1 HaxoauM, 4To x = —— . CiaegoBarenbHo, MN =
a b 3a+b
—4x— 4ab
— T 3a+b

4.43.1. B paBHOGeapeHnHyto Tpamnenuto ABCD ¢ ocHoBanusamu AD u BC
BIIMICaHA OKPY>KHOCTb, CH — BBICOTA Tpalenuu.

a) JlokaxxuTe, 4TO LIEHTP OKPYKHOCTH, BIIUCAHHOM B TPalelUIo, JeXKUT
Ha oTpe3ske BH.

6) Haiigute auaroHanb AC, eCld CpefHss JUHUA Tpalelluy paBHA
27, a ZAOD =120°, tae O — LIEHTp OKPY)XHOCTH, BIIMCAHHOH! B Tparie-
nuio, a AD — GoJblilee OCHOBaHHUE.

Omeem: 7.
Peutenue. a) IlockonbKy Tpanenus pas-

HObOenpeHHas, AH:%(AD +BC) (cMm. m. 5
0 MPWIOXKEHUA 2), a TaK KaK CyMMBbI IIPO-
THUBOIIOJIOXKHBIX CTOPOH OIKUCAHHOTO 4Ye-

" TBIPEXYTOIBHUKA paBHbI, TO AD + BC =
A H D =AB+CD=2AB=2CD. 3Hauur,

B C

AB = %(AD +BC) = AH.

TpeyronbHuK ABH paBHOOEApPEHHBIN, MO3TOMY YIJIBI MPU €r0 OCHOBA-
Hun BH pasubl. Torma /CBH = /AHB = Z/ABH, 3Hauut, BH — 6uccek-
Tpuca yrna ABC. LleHTp OKpY»KHOCTH, BIIMCAaHHOU B yTOJ, JIEXKUT Ha ero
GuCcceKTpuCe, CIeZoBaTeNbHO, IIeHTPp O OKPYXHOCTH, BIMCAHHON B Tpa-
nenuio ABCD, nexxut Ha BH.

6) Touka O jnexuT Ha 6uccekTpuce yra ADC, o3ToMy

LADC = 2/ADO = 2(60° —30°) = 60°.
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CpefHAA JIWHUA Tpallellny paBHA MOJyCyMMe OCHOBaHMH, T03ToMy AH =
=AB=CD= %(AD + BC) = 2+/7. V3 IpsAMOYTO/IbHO-
ro TpeyroiabHrka CDH HaxozuMm, 4To

CH = CDsin60° = 2v/7- @ =21
CiiegjoBaTebHO,

AC = VAH?+CH? = V28421 =7. Y, b D

4.44.1. Touku L u N — cepesuHbl ocHoBaHUW BC u AD Tpaneunu ABCD
COOTBETCTBEHHO, a Touku K u M — cepeauHsl auaroHaneii AC u BD
COOTBETCTBEHHO. M3BecTHO, yTOo KM =LN.

a) JlokaxxuTe, YTO CyMMa yIJIOB IIPU OJHOM U3 OCHOBAaHUH Tpamernuu
paBHa 90°.

6) HatiznTe BBICOTY TpamelyH, e€CId IUIOIAaAb YeThIPEXYTOIbHUKA
KLMN paBHa 12, a pa3HOCTb OCHOBaHMI Tpanenuu pasHa 10.

Omsem: 4,8.

Pewenue. a) [pexamomnoxum, uro BC < AD. Otpe3ku KL u MN — cpea-
HUEe JIUHUM TpeyroabHUKoB ABC u ABD, noatomy KL =MN wu KL || MN.
3Hauut, KLMN — napajienorpamm, a Tak Kak ero guaroHanu KM u LN
PaBHBI, TO 3TO MPAMOYTOAbHUK. [Tockonbky AB || KL, CD ||LM n KL L LM,
T0 AB L CD. CnegoBatenbHo, ZBAD + ZCDA=90°.

6) Yepes BepuinHy C TIPOBeAEM MPSMYIO, apaiienbHyio AB. ITycTb
oTa mpaAMad IepecekaeT ocHOBaHWe AD B Touke P. UeTHIpEXYTONbHUK
ABCP — napaynenorpamm, nosromy AP = BC. Toraa DP = AD — AP =
= AD — BC =10. Ilockonbky AB L CD, To CP L CD. 3HauuT, Tpeyrob-
HUK DCP npsAMOYTOTbHBIN.

[TIycts CH — BeICOTA Tpaneuuu. Torna CH — BbICOTA IIPAMOYTOJIBHOTO
TpeyronbHUKa DCP, mpoBe€HHAaA U3 BepIIMHEBI IpAMoro yria. CiezoBa-
TeJIbHO,

_CD-CP _ CD-AB _ 2LM-2KL _ , LM-KL _ , Skav _ , 12 _
CH="3p"="pp = pm 4 pp ~47pp ~H10=%8
B L . C

Za ‘ ‘ 2b
48
b 5
/ KN 97—

A NP HIO0 D
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4.45.1. OKpy>XHOCTb, IIPOXOAdAIadA depe3 BepliMHbl A, B u C Tpare-
uuun ABCD c ocHoBaHuAMU AD u BC, BTOPUYHO IlepeceKaeT npsaMyro AD
B TOuyke M.

a) Jokaxute, yto AC =BM.

6) Haiiaure AC, eciiu AD =16, CD =8+v/3 u ZAMB=60°.

Omeem: 8.

Pewenue. a) Tpameuuss ABCM Bnucana
B OKPY>KHOCTb, TI03TOMY OHa paBHOOeZpeHHas.
JluaroHanu paBHOOEIPEHHON Tpalelnuy paB-
HBI, caegoBaTenbHO, AC =BM.

A M D 6) /TuaroHasu paBHOOEAPEHHOU TpameIuu
06pasyloT paBHbIE YIJIBI C OCHOBAaHUEM, [TO3TO-
My £ZCAM = ZAMB =60°. O6o3unaunm AC = Xx.

B (
v V3 HpI/IMeHHH TEOPEMY KOCHHYCOB K TPEYI'OJIbHU-
60°

A M 16 D

B C

Ky ACD, nony4uM ypaBHEHUE

(8v3)? = x2 416 — 16x,
13 KOTOPOT'O HaXxOAMUM, 4TO X = 8.

4.46.1. [laHa Tpamelusd, B KOTOPYI0 MOXXHO BIIMCAThb OKPYKHOCTb
U OKOJIO KOTOPOU MOXKHO OTHCATh OKPYKHOCTb.

a) JlokakuTe, YTO MPOEKIUA AUaroHaau 3TOU Tpamenuu Ha 6obliee
OCHOBaHUe paBHA GOKOBOI CTOPOHE.

6) HalizuTe paccTosHUE MEX/Y IleHTpaM{ BIIMCAHHOW W OMKMCAHHOM
OKPY>KHOCTEH, ec/Ii OCHOBaHUs TpaIeIuy paBHbI 3 U 27.

Omeem: 10.

Pewenue. a) Tpamelys, BIMcaHHas B OKPYXXHOCTb, paBHOOepeHHas.
[TIycte AD > BC — eé ocHoBanusd, CH — BricoTa. Torza AH — npoeknus

auaroHanu AC Ha 6osblnee ocHOBaHue. V3BecTHO, uTo AH = %(AD +BCQC)

(cm. . 5 mpwiokeHUs 2), a TaK KaK B TPAIeEIUI0 BIIMCAHA OKPYKHOCTb,
TO CyMMa OCHOBaHWM paBHAa CyMMe OOKOBBIX CTOpDOH, T.e. AD + BC =
=AB+CD =2AB. CnegoBatenbHo, AH = AB.

B C

R

6) IIyctb O ¥ Q — LIEHTPBI BIMCAHHONW M OMUCAHHON OKPY)XKHOCTeH
Tpanenuu ABCD ¢ ocHoBauusmu AD =a u BC=b (a>b), P—Touka
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KacaHUs BITMCAHHOM OKPYXKHOCTH ¢ GOKOBOI cTopoHOo# CD, F — cepeau-
Ha CD.

0e

[Tpsamasa OQ — cepeAVHHBIN TTePIeHANKYIAp oTpe3koB BC u AD, nips-
Mast QF — cepeAMHHBIN IEPIIEHAUKYJISAP K oTpe3Ky CD, oTpe3ok OF — mo-
JIOBUHA cpesiHell mHuM Tpaneuuu ABCD. Tpeyronbauku OPF u FOQ mo-
JOGHBI TI0 ZIByM yriaMm. [ToaTomy

0Q  PF 11 _ a+b

oF —op> OF=73-3la+tb)==—~

— —cp_lpo_atb b _a=b
PF=CF—CP=CF-5BC=""—-2 =",

[TycTh pazuyc BIMCAHHOM B Tpallellulo OKPY>KHOCTH paBeH r. Tpeyronb-
Huk COD npamMoyroibHbIN, a OP — ero BBICOTA, OIyIeHHas Ha TUIOTe-
Hy3Y, [103TOMY

OP=r=+CP-PD = —Vzab
CiiegoBaTebHO,

0Q = OF -

o 8v/ab 8vVab _8\/27-3_8'9_10'

4.47.1. lnaronans BD tpanenuu ABCD (AD || BC) pa3buBaeT e€ Ha
ZIBa paBHOOEIPEHHBIX TPEYTOMbHUKA ¢ ocHOBaHUAMU AD u DC.

a) Jlokaxkure, 9To Jiy4 AC — 6uccekTpuca yria BAD.

6) Hatizure CD, eciu W3BECTHBI AUAroHaau Tpamenuu: BD =5 u
AC=8.

Omseem: 6.

Pewerue. a) Nmeem /BAC = ZACB = ZCAD, cnepoBarenbHo, AC —
6uccekTpuca yria BAD.

6) IMockombky BA=BD =BC =5, Touku A, D u C jeXaT Ha OKPYXK-
HOCTHU pazuyca 5 ¢ ueHTpoM B. IIpozomxum ocHoBaHue BC 3a TOYKy B
[0 TiepecedyeHUs C 3TOM OKpYy)XHOCTbIO B Touke C,;. Torza CC; — pua-
MeTp OKpyKHOCTH, a ADCC; — paBHObGeIpeHHas Tpamenus. [1o3Tomy

PF _ (a+b)@—b) _a®—b> 27°-32 720
5=
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7

AC; =CD, a Taxk Kak To4Ka A JIe)KUT Ha OKPY>KHOCTU ¢ guameTpoM CCj,
To ZCAC; =90°. V3 nnpAmMoyTonbHOro TpeyroibHuka ACC; HaXouM, 4YTO

CC2—AC? = /10064 =

CrnegoBatenpHo, CD = AC, =6.

4.48.1. OXpy>XKHOCTB ¢ IleHTpoM O; BIIMCaHa B IIPAMOYTOJbHYIO Tparle-
uno ABCD ¢ npsAMBIM yIJIOM IIpu BepiunHe A. OKPY>XHOCTB C LIEHTPOM
O, KacaeTcs 60sbieii 60K0BOM cTOpoHEl CD U MPOJOIKEHUI OCHOBAHUHN
Tpanennu.

a) Joxaxwure, 9aTo O;CO,D — IPSIMOYTONbHUK.

6) HaiiguTe miomazp 3TOro MPsIMOYTOIbHIKA, €CJIU TOYKA KacaHusa M
BIIMCAaHHOU B Tpalel1I0 OKPY>XHOCTH [le/INT MeHblllee OCHOBaHUEe Ha OT-
pe3ku BM =6 u CM =4.

Omeem: 78.

Peutenue. a) ITycTb OKPY>KHOCTB C IIeHTpoM O, KacaeTcs IPOJOIKeHUA
ocHoBaHusA BC B Touke N. IleHTp OKPY>KHOCTH, BIIUCAHHOM B yTOJI, JIEXKUT
Ha ero GHCCEeKTpUCe, TOITOMY

/DCO, = £ /DCN = 3 ZADC = £CDO;.

3uauut, CO, || DO;. Ananoruyno DO, || CO,, ciegoBarenbto, O;CO,D —
mmapasiesiorpaMm, a Tak kak ZCO;D =90° (kak yroa Mexy brcceKkTpuca-
MU BHYTPEHHUX OJHOCTOPOHHUX YIVIOB MPU MapaieIbHbIX MIPSIMBIX U Ce-
Kyleit), TO 3TO MPSAMOYTONbHUK.

M 4 C

X
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6) [IycTb OKPY>KHOCTB C IfeHTpoM O; KacaeTcsi CTOPOHbI AB B Touke E.
Torma BEO,M — kBagpat, nosromy O;M = BM = 6, T.e. paguyc obeux
OKpY>KHOCTel paBeH 6.

[IycTh OKpYyKHOCTBH € LieHTpoM O; KacaeTca CTOpoHBI CD B Touke P.
Torga CP =CM =4, a Tak kak paguyc OP — BbICOTa IIPAMOYI'OJILHOI'O
TpeyronbHUKa CO;1D, mpoBe€HHAA U3 BEPIIUHEI IPAMOTO yIJia, TO

0,P> 36
DpP = P = 4= 9.
Torza
CD =CP+DP =4+9=13.
CiegoBaTebHO,

SolcozD = ZSACOID =2 %CD Olp =13 6 = 78

4.49.1. B OKpy»XKHOCTbH BIIKICAHBHI IBe Tpanernyu. OCHOBaHUA U OOKOBBIE
CTOPOHBI OZIHOM M3 HUX COOTBETCTBEHHO MapajlleIbHbl OCHOBaHUAM U 60-
KOBBIM CTOPOHAaM /IpyTOH.

a) JlokaxxuTe, 4TO AMAroHaaWd OJHOMN Tpallellyd paBHBI AMAroHaIAM
APYTOI.

6) HatiguTe oTHOIlEHUE TUTOIAJElN ITUX TpATEIUid, €CTU U3BECTHO,
9TO GOKOBAs CTOPOHA OJHOM M3 HUX PaBHA PajUyCy OKPYKHOCTH, a 60-
KOBasi CTOpOHA /ZIpyroil B ZiBa pa3a MeHbIIIe.

Omeem: 4: /5.

Pewenue. a) Obe Tpamnenuu paBHOOeIpeHHBIE, TaK KaK OHU BIHCAHBI
B OKPYKHOCTb. [IycTh Tpanenysa ABCD c ocHoBanuamu AD u BC u Tpare-
uua KLMN c ocHoBanuaMu KN u LM BnucaHbL B OKPYKHOCTb pazuyca R,
npuyém AD || KN, AB||MN u CD || KL. Torna ZADC = ZLKN Xax yIJbl
C COOTBETCTBEHHO COHAIIpaB/JieHHbIMU CTOpOHaMu. Ilo TeopeMe CUHYCOB
AC=2RsinZADC u LN =2Rsin ZLKN. CnenoBatenbHo, AC=LN.

R/2 R/2
A D A K AW
K N K g N

a L

L M L M
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6) O6osuaunm ZADC = ZLKN = a. I[lycts KL=R, AB= % [TpoBezném
BoicoTy LP Tpanenyu KLMN u BeicoTy BH Tpanenuu ABCD. Torza ot-
pesku NP u DH paBHBI CpeJHUM JWHUAM COOTBETCTBYIOIIMX Tpamelnuit
(cm. . 5 mpunoxeHus 2). V3 npaMoyroiabHbIX TpeyroabHukoB KPL 1 AHB
HaxOAUM, 4TO

LP =KLsina = Rsina, BH = % sina,
a Y3 IPAMOYTONBHBIX TpeyrosbHUKOB LPN u BHD — 4TO

NP = VINZ2—LPZ? = /4R2sin®a — R?sin®a = RV3sin a,

2

DH = VBD?—BH? = \/4R2 sinfa— K sin2q = %R\/15 sina.

4
[IpoeKIusa AUaroHagyu paBHOOEAPEHHON Tparely Ha OCHOBaHUE paBHA
" KN+LM AD+BC
TIOJlyCyMME OCHOBAaHWH, T. €. — 5 =NPu — =DH. 3Hauur,

Swimy = NP-LP = RY3sina-Rsina = R?V3sin’a,
2
Sapcp = DH-BH = 3RVT5sina- 2Rsina = & vI5sin’a.

CiiegoBaTebHO,
Skmy _ R*V3sina 4

Sapcp %\/155in2a V5




§ 5. Kak HaxoAUTh BBICOTHI M OMCCEKTPUCHI TPEYTOJIbHUKA

ITogroroBuTebHBIE 3a4a4U

5.1. KareT u rumoreHy3a IpAMOYIOJbHOI'O TPEYrOJIbHUKA pPaBHBI 12
u 20 cooTBeTCcTBEHHO. HaliiTe BBICOTY, TPOBEAEHHYIO U3 BEPIINHBI MPs-
MOT'0 yIJIa.

Omeem: 9,6.

Pewenue. ITlyctb ABC — NPAMOYTONBHBIM TPEYTOJBHUK C KaTETOM
BC =12 u rumnoreny3out AB =20, CH — ero BwicoTa. [Io Teopeme Ilu-

daropa

AC = VABZ—BCZ? = V202 —122 = /(20— 12)(20+12) = /8-32 = 16.
C oZiHOIi CTOPOHEI, A
1 1
Saasc = 3AB-CH = 5-20-CH = 10CH,
C Ipyroii — H
1 1
Saasc = 3BC-AC = 5-12-16 = 96.

U3 paBeHcTBa 10CH =96 HaxozauMm, yto CH =9, 6.

5.2. HaliziuTe BBICOTY IIPAMOYTOIBHOI'O TPEYTONbHUKA, OIIyIIeHHYIO Ha
TUIIOTEeHy3y, eC/IM U3BECTHO, YTO OCHOBAHUE 3TOW BBICOTHI JEIUT I'UIIOTe-
Hy3y Ha OTpe3Ky, paBHble 1 U 4.

Omeem: 2. A
Pewenue. Ilyctb ABC — NpAMOYTOJIBbHBIM TPeYyroJbHUK
¢ runoteHy3oit AB, CH — ero BricoTa, BH =1, AH =4. =
[To TeopeMe O BBICOTE€ IPSAMOYTONIbHOTO TPEYTONbHUKA,
IIPOBEZIEHHOU 13 BEPIUINHBI IPSIMOTrO YITIa, H
CH*=BH-AH =1-4=4.
c B

CnepoBartenbHo, CH = 2.

5.3. BricoTa paBHOGEIPEHHOIO TPEYTONbHUKA, OIMyIleHHas Ha OOKo-
BYIO CTOPOHY, pa3brBaeT €€ Ha OTPe3KH, paBHBIE 2 U 1, cYUTass OT Bep-
IIMHBI TpeyToabHUKa. Hali/iiTe 5Ty BBICOTY.

Omsem: V/5.
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Pewenue. Ilyctb CH —BbICOTa paBHOOGEAPEHHOIO
TpeyrombHUKa ABC, omylleHHas Ha OOKOBYIO CTOPO-
Hy AB, AH=2, BH=1. Torna AC=AB=3.

[To Teopeme Iludaropa U3 MPSIMOYTOIBHOTO Tpe-
yronbHUKa ACH HaxoauM, 4To

CH?> = AC®>—AH?>=9—-4 =5,

CrenoBarensHo, CH = +/5.

5.4. CropoHs! TpeyronbHUKa paBHbL 10, 17 u 21. HaliguTe BBICOTY Tpe-
YTOJIbHUKA, IPOBEAEHHYIO 13 BePIIUHBI HAUOOJBIIIEro yIvIa.

Omeem: 8.

Pewenue.

[TycTb croponsl AC, AB u BC TtpeyronvHuka ABC pasaml 10, 17 1 21
COOTBETCTBEHHO, AH — BBICOTa, OIyllleHHasA Ha cTOpoHy BC.

ITepewlii cnocob. TTockonbKy BC — HaubobIasg CTOPOHA TPEYTONbHU-
Ka, OCHOBaHue H BBICOTEI, OIIyIIIEHHOHN Ha 3Ty CTOPOHY, JIEXKUT Ha OTpe3-
ke BC. O6osuauum CH =x. Torna BH =BC —CH =21 —x.

Beipackasg mo Teopeme I[Imdaropa m3 mpsMo-
A YTOJIbHBIX TpeyronbHuKoB ACH u ABH kBazpaT 06-
mero karera AH, Iony4yrM ypaBHEHUE

102—x2=172-(21-x)?%,

N 2

C x H 21-x o
13 KOTOPOTO HaAnAEM, 4TO X = 6 CJIeZ[OBaTeJIbHO,

AH = v/ AC?—-CH? = v/100—x2 = /100 — 36 = 8.

Bmopoil cnocob. TlycTh p — MOMymepUMeTp TpeyroibHuka ABC, p =
_10+17+21

5 =24. ITo dopmyzne T'epona

Saasc = v/P(p—AC)(p—AB)(p—BC) =
= /24(24—-10)(24—17)(24—21) = v/24-14-7-3 =3-7-4 = 84.

C Zpyroii CTOPOHHI,

1oot.an =2 an.

1
SAABC=§BC.AH=2 2

W3 paBeHCTBa %AH = 84 naxoaumMm, uro AH =8.
Tpemuti cnoco6. TTo TeopeMe KOCUHYCOB

AC®>+BC>—AB*> _ 100+441-289 _ 3

COsZACB=—"—3F5c = 31021 &
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Torzma sin ZACB = % W3 mpaAMoyrosbHOro TpeyronbHuka ACH Haxoauw,
4TO

AH = ACsin ZACB = 10-% —8.

5.5. B rpeyronpHuKe ABC u3BecTHO, uTo AB=a, AC=b, ZBAC =120°.
HatizuTe 6uccekTpucy AM.

ab
Omeem: P
Pewerue. TTOCKONBKY Saapc =S aasm +Saacu> TO
LAB-ACsin ZBAC = 3 AB-AM sin ZBAM + 3 AM - ACsin ZCAM,
in

%ab sin120° = %a -AM sin 60° + %b -AM sin 60°,

V3 _ 1 V3 1 V3
ab-T—Ea'AM'—-l-Eb'AM'T,

N

2

ab =AM (a+Db).

CnepgoBarenbHo, AM = ﬂ.

5.6. KaTeTsl IIpAMOYTONBbHOTO TPEyrolbHUKA paBHHI a u b. Haligure
OUCCEKTPUCY, IPOBEAEHHYIO U3 BEPUIMHEI IPIMOTO YIVIA.

abv2
a+b’

Pewenue. Tlycth x — nckoMasi buccekrpuca. Cymma IUIomazged Tpe-

YTOJIbBHUKOB, Ha KOTOPbIE 6I/ICC6KTpI/IC3 pas6HBaeT JIaHHBIN TPEYr'OJIbHUK,
PpaBHa IUIOIIaAn JaHHOT'O TPpEYroJlbHUKa, T. €.

Omsem:

%axsin45°+ %bxsin45° = a_zb. 9 455N\

X
abv2
OTcrofa HaXOAUM, YTO X = AL

5.7. B Tpeyronsuuke ABC u3BecTHO, uTo AB=8, AC =6, /BAC =60°.
Haiigure 6uccektpucy AM.

24+/3
-

Omsem:
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A Pewenue. TTIOCKONBKY Saapc =Saasm +Saacu, TO

N TEEANGS

c M g Wi

%AB . AC sin ZBAC =

= 2AB-AMsin ZBAM + 3 AM - ACsin ZCAM,

1-8-65in60° = 1-8-AMsin30° + 3 -6 AM sin 30",

wm 12+/3 = % -7AM. CnegoBaTenbHo, AM = ———

2443
>

5.8. HalizuTe BBICOTY Tpamnenuu, 60KOBbIE CTOPOHBI KOTOPOM paBHBI
6 1 8, a ocHOBaHUA paBHH 4 U 14.

2
Omeem: ?4

Peutenue. Yepes BepLIMHY MeHbIIIEr0 OCHOBAHUA Tpaleliiy IPOBeJEM
IPAMYIO, TapaUIeIbHyI0 60KOBOH CTOPOHE. DTa MpsiMast OTCEKAET OT Tpa-

4

of o/ [\

Ieliuy TPeyTroJbHUK co cTopoHaMmu 6, 8 u 10.

OTOT TPEYTrOJIbHUK HpHMOYTOﬂLHLIﬁ. Ero BbICO-

6-8 24 .,
Ta h= 90 — 5 ‘B/ETCA TAKXKe BBICOTOU Tpa-

TpeHUpPOBOYHbBIE 3a4a4U

5.9. HaiiziuTe BBICOTHL TPEyTOJIbHUKA, €C/IN ero ILIONab paBHa S, a yr-

JIbI paBHBL a, B U 7.

\/2$sinasin[5 siny \/2$sinasin[5 siny \/2$sinasin[3’ siny

Omeem: -
sSimnao

? sin f3 ’ siny

Pewenue. TIycTh BBICOTHI, OMyIIeHHbIE Ha cTOpoHBl BC =a, AC =D,
AB=c, paBHHI X, y U Z COOTBETCTBEHHO. Torza

¥ ¥ 1. . 1x2sina
b=—, ¢=-="%, S=zbcsina=-="——.
siny sin f3 2 sinffsiny
OTcrona HaxoIuM, 4TO
5  2Ssinfsiny
X'=——.
sina
CiegoBaTebHO,

v/ 2Ssinasinfsiny

sina

X =

AHaJIOTUYHO HaWJéM Y U 2.
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5.10. PaccToanua oT Touku M, nexaleid BHyTpU TpeyroabHuka ABC,
20 ero cTopoH AC u BC cooTBeTCTBEHHO paBHHI 2 U 4. HalifuTe paccros-

HUe OoT Touku M zo nipsamoit AB, ecniu AB=10, BC=17, AC=21.
Omeaem: 25—9
Pewenue. TTo popmyie l'epoHa

Saapc =V24-3-7-14=7-3-4=84.
[Tycts P 1 Q — npoekuuu To4ku M Ha ctopoHbl BC u AC, a T —Ha cTo-
pony AB. Toraa
Sansc = Sasmc +Saamc +Saams =

= 2BC-MP+3AC-MQ+3AB-MT =

= %-17-4+%-21-2+%-10-MT =34+21+5MT.
OTcroga HaXoAXM, YTO

_ Saapc—34—-21 84-34-21 29
MT = 5 = 5 =3

5.11. K oxpyXHOCTU pazuyca 7 IpoBeZieHbl iBe KacaTeabHble U3 OZHON
TOYKH, YZaJE€HHON OT I[eHTpa Ha paccTosgHue, paBHoe 25. HaiizuTte pac-
CTOSAHUE MEX/y TOYKaMU KacaHUA.

Omsem: 13,44.

Pewenue. ITycTs pAMBIe, TPOXOJAIINE Yepe3 TOUKY M, KacaroTca AaH-
HOU OKPY’KHOCTHU B TOYKax A u B, O — 1IeHTp OKpykHOCTH, K — cepeau-
Ha AB. Torza

MA = MB = VOM2 — 0A2 = /252 —72 = 24,
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[MTockonpky OM -AK =AM -AO (yaBoeHHas oab TpeyroabHuka OAM),

TO
_ AM-AO _ 24-7 _ 168
AK="0oM =725 = 25"

CiegoBaTebHO,

_ _ 336 _
AB =2AK = 52> =13,44.

5.12. HaiiguTe 1wiommaab paBHOOEIPEHHOTO TPEYTOMbHUKA, ECJIA BBICO-
Ta, OIyIeHHas Ha OCHOBaHUe, paBHa 10, a BBICOTA, OMyIleHHAs Ha OOKO-
BYIO CTOPOHY, paBHa 12.

Omeem: 75.

Pewenue. ITycts BK u CM — BBICOTHI PaBHOOEJAPEHHOTO TPEYTOIbHU-
xa ABC (AB=BC, BK =10, CM =12). O6o3unauum AK = KC = x. Torza

8 AB? = BK? + AK? = 100+ x2,

Saasc = 3AC-BK = $AB-CM.

|70 [TosTOoMy

AC-BK =AB-CM, wm 2x-10=+v100+x2-12.

C x K x A
15
W3 sToro ypaBHeHI/IH HaXoarM, 94TO X = 7 . CJIeZ[OBaTeJIbHO,

Saapc = 3AC-BK = 75.

5.13. Ha karere BC mnpAMOYrosbHOro TpeyroibHuka ABC Kak Ha
JuaMeTpe IOCTpOeHa OKPY>KHOCTb, KOTOpas IlepeceKkaeT TMIIOTeHy3y AB
B Touke K. Haiizute mnomazs Tpeyronbauka CKB, eciu kaTeT BC paBeH a,
a xateT AC paBeH b.

a’b
2(a?+b%)’

Pewenue. TIo Teopeme I[Tudaropa
AB = VBC?+ AC? = Va2 +b2.

Touka K neXUT Ha OKPY>KHOCTU ¢ AuameTpoM BC, nmostomy ZBKC =90°.
TpeyronpHuk CBK monobeH TpeyronbHUKY ABC 1O ZIBYM yIJIaM, IPUYEM

k03dGUIMeHT Mofo0ua paBeH % =2

A V a? + b?
K [Tockonbky 1iomazae TpeyroibHuka CBK paBHa
IIomaAu TpeyroibHuka ABC, yMHOXKeHHOU Ha

KBazpaT koadduIrenTa nogobus, To

Omsem:

2
£ B _(_—a Y} 1.,__ ab
\ a / Sacr = ( /a2+b2) Zab T 2(a2+b?)°
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5.14. Ha BricoTe CD, omnyujeHHON K3 BepmIUHBI C IPAMOYIOJIbHOTO
TpeyrosbHruKka ABC Ha runoteHysy AB, Kak Ha JuaMeTpe IIOCTpOoeHa
OKDY>XKHOCTb, KOTOpas IepecekaeT kareT AC B Touke E, a karer BC
B Touke F. Haiizute miomazap detbipéxyronbaHuka CFDE, ecau kateT AC
paBeH b, a kaTeT BC paBeH d.

a’p®
Omﬁﬂn.aﬁigaz.
Pewenue. [ToCKOMBKY 2S5 g =AB-CD =AC -BC, TO

AC ab
CD=BC-77 = —F—.
AB - fa? +p?
[Mockonpky DF — BpICOTA NPAMOYI'OJIBHOI'O TpeyrojabHuKa CDB, mpose-
Z€HHad U3 BEPIINHLI IIPAMOTO yIJIa, TO

CD? ab?
CF = BC 2+

a’b
a?+b?’
[Tockonbky CFDE — NIpsAMOYT'OJIBHUK, TO

a3b3

5.15. B paBHOGeIpEHHOM TPEYTOTHHUKE OCHOBaHME U GOKOBas CTOPO-
Ha paBHBI COOTBETCTBEHHO 5 1 20. HaiiuTe 6HCCEKTPUCY TPEYTOIbHUKA,
NIPOBEZEHHYIO U3 BEPIIUHEI yIVIa IPU OCHOBAHUM.

Omeem: 6.

Pewenue. ITyctb BK — bGuccekTpuica paBHOOGEIPEHHOIO
TpeyronbHuka ABC (AB = AC =20, BC =5), M — cepezu-
Ha BC.

W3 npamoyronsHoro TpeyronbHuka AMC HaxoguM, 4To 16

MC 1
cosZC = aC " 8 20
[To cBOMCTBY 6UCCEKTPUCH TPEYTOMbHUKA
AK _ AB _,
KC BC ’

AHanorunyHo Haxoguwm, 9to CE =

SCFDE =CF-CE =

A

X

[Toatomy KC = lAC =4. Ilo TeopeMe KOCUHYCOB U3 TPEYIro/b-
Huka BKC Haxoaum, 4TO B M C

BK? = BC?+KC?— 2BC -KC cos ZC =25+16—2-5-4-% — 36.

5.16. B paBHOGeipeHHOM TpeyronbHuKe BCD ¢ ocHoBaHueM BD mpo-
BefleHa buccekTpuca BE. N3BecTHo, uto CE =c u DE =d. HatizuTe BE.

Omseem: d4/2+ %
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c Pewenue. Ilepsblii cnoco6. 1o CBOHWCTBY GUCCEKTPUCHI
BC CE
TPEeYTONbHUKA 7o = 7w, OTKY/[a HAXO/UM, YTO
N
" __ BC-DE _ (c+d)d
y £ BD = CE c
[Tycte CM — BBICOTa TpeyronbHuKa BCD. Torza
B M D
2 2c
W3 npaAMoyroiabHOro TpeyroibHuka CMD HaxoayM, 4To
DM (c+d)d d
—_— ZC _—
cos ZBDC = D~ crd ~ 2
[Io Teopeme KOCUHYCOB U3 TpeyroiabHukKa BDE HaxoAuM, 4TO
BE? = BD*+ DE*—2BD - DE cos ZBDC =
2
_ ((c+d)d) g2_o.ltdd , d _ o (2+g) ‘
c c 2c c
d
CnepoBatenbHOo, BE=d1/2+ =
" o BC CE
Bmopotii cnoco6. I1o cBONMCTBY OHUCCEKTPUCH TPEYTOIbHUKA 3D = DE’
OTKyZla HaXOANM, 4TO
__ BC-DE _ (c+d)d
BD = CE c

ITo popmysne s KBagpaTa GUCCEKTPHUCHI
—cd = d? (2+%) .

(c+d)d
c

BE? = BC-BD —CE-DE = (c+d) -
d

CnepoBarenbHo, BE =d
5.17. B tpeyronbHuke ABC Ha ctopoHe AC Kak Ha AuaMeTpe IOCTPO-

€Ha OKPY:KHOCTb, KOTOpasd IepecekaeT CTOpOHy AB B Touke M, a cTopo-
Hy BC — B Touke N. M3BecTHO, uro AC =2, AB=3, AM : MB=2: 3. Haii-

aute AN.
Omeem: 24

" V145
Pewenue. Ilockonpky Toukr M 1 N JieaT Ha OKPYKHOCTHU C UaMeT-

pom AC, TO
LAMC = LANC = 90°.



TpeHUPOBOYHbIE 3aJaUN 101

[To Teopeme [Mudaropa

2 _ a2 2_ o2 (2 52 _ 64
MC? = AC* - AM? = 22— (£-3) =33,
VMCZ+BM? = P /1%
=
[TockonbKy
AB-CM _ 24

AB-CM = BC-AN AN = = . A C
o 10 BC V145 \ 2 /
5.18. B mpsmoyrosbHOM TpeyroibHuke ABC TIpoBefeHa OGUCCEKTPU-
ca CD u3 BepmuHbl npamoro yma C. MsBecTtHo, yTo AD =m, BD =n.
Hatizute BBICOTY, ONyILIEHHYIO 13 BepIIUHEL C.

Omeem: Lg’“ +2n )
m?+n
Pewenue. bruccekTpuca TpeyroJbHUKA JEJIUT €0 CTOPOHY Ha OTPE3KH,
MIPONOPIIMOHAIbHBIE IBYyM PYyTUM CTOPOHAM, [T03TOMY Bg % % ITo-
noxuM AC =mx, BC=nx. I[To Teopeme ITudaropa
AB? = AC?>+BC?, (m+n)?=m?x*>+n?x?,
5 (m+n)?
OTKY/& HAXOUM, 4TO X*= - 55
[Iycte CH — uckoMas BbICOTa. Bripaxkad 1wio- C
mazb TpeyronbHuka ABC AByMs criocob6amu, To- ”
JIYIUM, 9TO & <
1AB-CH =2BC-AC
2 T2 ’ B HD A
CJIel0BATEBHO,
ch = BC-AC _ xn-xm _ 5 mn _ (m+nm)? mn _ mn(m+n)
- AB T m+n m+n "~ m2+n: m+n = m2+n?

5.19. B TpeyronpHuKe ABC yron C paBeH 60°, a 6uccektpuca CD pas-
Ha 5+/3. Jlimusl cropoH AC u BC oTHocsaTea Kak 5 : 2. Halizute TaHreHc
yria A u ctopony BC.

Omsem: \/Tﬁ; 7.
Pewenrue. ITonoxum BC =2t, AC =5t. Toraa

Saasc = 3 -BC-ACsin60° = 262V3,
Sanpc = Sapcp+Sancp = 3 -BC-CDsin30° + 1 - AC-CDsin30° =
1 1 1 1 1 1 35
=5°2t-5v/3:5+5-5t:5V/3:5 = 5-7t-5V/3.5 = V3.
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c U3 ypaBHeHUs %tzﬁ = %St\/g HaxOZIUM,
> c wro t=2. Torga BC=2t=7, AC=5t =",
2t NG [Tycts E — mpoekiusa Touku D Ha mps-

myto AC. IMockompky BC < AC, To £ZDAC =
= /BAC < 90°, mostomMy Touka E JeXUT
Ha cTopoHe AC, a He Ha e€ NPOJO/LKEHUN.
Torza u3 MPAMOYTONBHBIX TPEYTOTbHUKOB

CED u AED HaxoguM, 4TO

DE = CDsin30° = %CD = —5‘2/§, CE = CD cos30° = 5/3- —‘/f = %
35 15 DE_ 5 V3
_ _ 2
AE=AC—-CE=3 -3 =10, tg/DAE=— =& =2,

5.20. B TpeyronbHuke ABC Ha cropoHax AB u BC OTMeYeHBI TOYKU
M v N cooTBeTCTBeHHO, npuyéM BM = BN. Yepes Touky M mnpoBezeHa
npaMas, neprneHguKyasapHad BC, a yepes Touky N — npsamasd, epreHiu-
KynsapHas AB. DTy npsamble nepecekarorca B Touke O. IIpopomkenue oT-
peska BO nepecekaeT cTopoHy AC B Touke P u fienut e€ Ha oTpe3ku AP =5
u PC =4. Hatizute BP, eciu u3BecTHO, 4To BC =6.

Omeem: 5.

Pewerue. BbicOTBl TpeyronbHuUKa BMN, mpoBef€HHBbIE U3 BePIINH
M n N, nepecekarorcd B Touke O, 3HAUUT, €r0 BHICOTA, IIPOBEAEHHAA U3
BEepLINUHH B, Takxe IPOXOAUT Yepe3 TOU-
Ky O, a Tak Kak TpeyrojibHukKk BMN pas-
HOOeIpEHHBIH, TO Jiyd BO — GuccekTpu-
ca yria MBN. Torga BP — GuccekTpuca

TpeyronbHUKa ABC. Ilo cBOHCTBY 6uc-
M AB AP 5

B

L]

4 N CEKTPHChl TPEYTrOJIbHUKA % = 5 = Z’
OTKYyZa HaxoAuM, 9TO
A 5 P 4 C B g AP 515
- CP~ "4~ 2

[To dopmye 1A GUCCEKTPUCH TPEYTOIbHUKA

BP? =BC-AB—CP-AP =6-2 —4.5 = 4520 = 25.
CnepoBarenbHO, BP =5.

5.21. OxpyXHOCTb KacaeTcsa CTOpoH AB u BC TpeyronpHuka ABC
B Toukax D u E cooTBeTcTBeHHO. HaliiuTe BpICOTY TpeyronbHuka ABC,
OIYIIEHHYIO U3 BeplIUHB A, ecniu AB=5, AC=2, a touku A, D, E, C
JIeXKaT Ha OJHOU OKPY>KHOCTH.
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Omeem: 4\/_

Peutenue. Ho CBOI‘/’ICTBy BIIMCAHHOT'O YeThIpéxyronbHuka ZDAC=180°—
— /CED = /BED. Ananornyno ZACE = /BDE, a Tak kak BD = BE kak
OTPE3KHU KacaTeJbHBIX, IPOBEAEHHBIX K OKPY>KHOCTU U3
OZHOU TOYKH, TO ZBDE = /BED. 3uauut, /BAC = /BCA,
TpeyroabHUK ABC paBHOGeapeHHbIH, AB=BC =5.

[Iycth h — BBICOTa TpeyroabHUKa ABC, omyIineHHas
u3 BepunHbl B. Torza

B

h=1/AB?— (2) — V25-1=2V6.

Ecmu AP —BoicoTa TpeyrompHuka ABC, To AC - h =
=BC - AP. CnenoBaTenbHO,

_AC-h_ 2:2/6 _ 4V6
AP = BC ~— 5 -5 ¢

5.22. B TpeyronbHuke ABC mpoBezieHs! 6uccekTpuckl AE u CD. Haii-
aute ajuHbl oTpe3koB CD, CE, DE v pacCTOAHUE MEX/Y LIeHTPaMU OKPYX-

HOCTeH, BIMCAHHOU B TPEYTroabHUK ABC U OMIMCAaHHOM OKOJIO TPEYTOMbHU-
ka ABC, ectu AC=2, BC=4, ZACB= arccos J¢ 1

Omeem: CD =6, CE=§, DE— 5 ,P= 2[
Pewenue. Ob6osuaunm ZACB =y, ZABC = f. Tlo ycioBuiO 3azadu
cosy = 1 Toma
siny = 4/1—cos?y =4/1 %

Ilo T€opeMEe KOCUHYCOB

AB = /AC?+BC?—2AC-BC cosy = \/4+16—2-2-4-% =v/20—11=3.

B
B
2 0
4
E
b a
LeF
1
uduiliks
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[To cBOWMCTBY GMCCEKTPUCH TPEYTOIBHUKA
AD _AC 2 1 CE_AC _2

DB~ BC 42 BE AB 3’

IIo3TOMY

AD:%AB:L BD=%AB=2,

12

2
CE—gBC— 4=28 =, BE=-7T.

[To dopmyse Ay GUCCEKTPUCH TPEYTOIbHUKA

CD =+AC-BC—AD-BD =+/2-4—1-2 = 6.

[TycTs R — paguyc ONmMcaHHOW OKPYXHOCTH TpeyronbHuKa ABC, O —
LIEHTP 3TOU OKpy:kHOCTH. [To Teopeme cUHYCOB

_AB _ 3 _ 8 g AC_ 2 _ V15
T 2siny T 9.3/15 /15’ -
16

= =
2R 2. -= 8

Torga cos B = % W3 tpeyronbHuka BDE 110 TeoOpeMe KOCUHYCOB HaXxOAuM,
4TO

DE = /BD2+BE2—2BD-BE cosf§ = \/4+&_2 2. E %_@.

[TycTs r — paZiiyc BIIMCAaHHOW OKPYXXHOCTU TpeyroiabHuKa ABC, p —
MIOJIyTIEPUMETP TPEYroAbHUKA, S — IUIoIazab. Toraa

= 248344 _ 2 S=1AC-BCsiny =324 315 _ 3VI5

16 4
CiiegoBaTebHO,

[IycTh BriMcaHHasA OKPYXKHOCTb € LIeHTpoM (Q KacaeTcsa CTOpOoHbI AC
TpeyronmbHUKa ABC B Touke M, a N — cepeziHa 3TOU CTOPOHBI. Torza

_ _2_,_3 _ _ _3_4_1
CM=p-AB=3-3=3, =|CM-CN|=35-1=3.

[To Teopeme ITudaropa

4 _,_ 7

15 V15~
Vickomelii oTpe3ok OQ ecTb 60sbIass 60KoBasi CTOPOHA MPSIMOYTOJIb-

Hott Tpanenyi MNOQ c ocHoBaHusMu MQ u ON. Ilycts F — ocHOBaHUe

ON = vVOC2—-CN2 = VR2—-CN?2 =
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MepIeHANKY/IAPa, OIyIleHHOTro u3 Touku Q Ha ON. Torza

5

7 9
V15 2415
1

2

=|ON —FN|=|ON -QM]| = =—
| | = IoN - Qu| =

QF = MN =

CiiegoBaTebHO,

2
— 2 2 — = =7 =
p =0Q = +/QF2+OF + =24/%.

(BameTum, uyTo O0Tpe30K OQ MOXKHO OBUTIO HalTH o dopmysie Dittepa:
p=+vR?—-2Rr.)

5.23. B tpeyronpHuke ABC oTHolIeHWe CTOpOoHH BC K cTopoHe AC
paBHO 3, a ZACB = a. VI3 BepmuHbl C NpoBeZleHHl /Ba Jy4da, Jesdliue
yron ACB Ha Tpu paBHble YacTU. HalijuTe OTHOIIEHNe OTPEe3KOB 3TUX JIy-
e, 3aKII0YEHHBIX BHYTPU TpeyronbHukKa ABC.
2cos$+3
6cos % ;T 1

Pewenue. Hy'CTI: M u N — Touku IlepecedyeHUs1 yKa3aHHBIX Jydel co
cToponoit AB (M nexutr mexzay A u N). O6osnauum AC =x, CM =y,
CN =g. Torga BC =3x.

Omsem:

1 2a
Saacn = 2xzsm = Saacm +Samen = 2xjysm +2yzs1n3

2xz cos 2
3
OTcroza HaXoAuM, 4TO y = 1z U3 TpeyronvbHuka MCB aHaJIOTU4HO
HaXOAUM, 4TO
a
6xy cos 3
z =

y+3x
Bripa3uM x U3 MOIy4eHHBIX PABEHCTB:

yz _ yz

X =5 _a _ X=_"a 4+5_-
2zcos -y’ 6y cos £ —3z

HpI/IpaBHHB IIpaBbI€ 9aCTU 3TUX BLIpa)KEHI/Iﬁ TIIOJIyYUM YypaBHEHUE

22cos— y = 6ycos——32
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Pazzenum o6e 4acTu 3TOrO ypaBHEHUS Ha g U HalIEM HY)XHOE OTHOIIIe-
HHe Z:
z 2cos$+3

z 6cos%+1'

<

5.24. Buccektpuca CD yrna ACB npu ocHoBaHUM BC paBHOGeapeH-
Horo TpeyroinbHuKa ABC penut ctopoHy AB Tak, utro AD = BC. Haiizute
6uccextpucy CD u mwiomazs Tpeyronbanka ABC, eciu BC =2.

Omeem: 2; tg72° =1/ 5+ 2+/5.

Pewenue. ITepeuwtii cnocob. O6o3nauum AB=AC = x. Toraa BD =x — 2.
[To dopmysne Ay KBagpaTa OGUCCEKTPUCH TPEYTONbHUKA

CD?>=AC-BC—AD-BD = x-2—2-(x—2) = 2x —2x+4 = 4.
3HauuTt, CD = 2.
[Mockonbky CD = AD = BC, tpeyronbuuku ACD u CBD paBHOGeApeH-
Hele. [Tycts ZBAC =a. Torza
/ACD = LCAD =a, ZCBD = /BDC = ZCAD + ZACD = 2a,

a TaKk Kak CyMMa YIJIOB TpeyroiabHuka BCD pas-
Ha 180°, nonmy4yaeM ypaBHeHUe

a+2a+2a =180°
13 KOTOPOTO HAaXOZWM, 4TO a =36°.
ITycte AH — BBICcOTa TpeyronbHuka ABC. Torzpa

BH = CH = 1. 13 mnpAMOYroJbHOIO TPEYroJbHUKA
ABH HaxoauM, 4TO

AH =BHtg/ZCBA =1-tg2a =tg72°.
CefoBaTenbHoO,
Saapc = %BC'AH = %'Ztg72° =tg72°.

Ec/ii BOCIIONb30BAThCS CBOMCTBOM OHCCEKTPUCHI TPEYTOJbHUKA, TO
MOKHO JIETKO BBIYUCIUTD tg72°. JleiCTBUTENIBHO,

AC _ AD x__2 2_oy_4— _
BE=FD = 3= 75 = X'-2x 4=0=>x=1+/5 =
BH 1

= 2° = /ABC = —= =
cos7/ cos 1B 1

o __ 1 _ — 2 _ —
= 1§72 = | == =/(1+v5)2-1=1/5+25.

Bmopotii cnocob6. IlycTs nmpsamas, IpoBeAEéHHAs Yyepe3 TOuKy D mapa-
nenbHO BC, mepecekaeT cropoHy AC B Touke E. Torga ZCDE = /BCD =
= /DCE, nostomy TpeyroibHuk CDE paBHOOeZpeHHbIH. 3Ha4uT, BD =
=CE =DE, a tak kak ZADE = ZABC u AD = BC, To TpeyronbHuK BCD pa-

=
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BeH TpeyroibHUKy ADE 10 IByM CTOPOHaM M YIVIy MeX- A
Ay uumu. CnepoBatenbHo, CD =AE=AD =2.
O6o3naunm CE = BD =t. [lo cBOWCTBY GUCCEKTpH-

AD  BD 2 t z Z
CBI TPEYTONbHUKA 7= = p=, WIH T 5 = 5, OTKy/Aa t =
=+/5—1, noatomy AB=t+2=+/5+1. E D
IIycte AH — BBICOTaA TpeyroabHuka ABC. 1o Teope-
me [Tudaropa Y ¢

AH = VABZ—BH2 = +/(v5+1)2-1=5+2/5. £ —3

CiiegoBaTebHO,

Sanpc = 3BC-AH = £-2-v/5+2V5 = v/5+275.

5.25. B TpeyronbHuke KLM mpoBezeHa buccekTprica KP. OKpy»XHOCTb,
BIIMICAHHAA B TpeyroabHUK KLP, kacaeTcs cTOpoHH KL B Touke Q, IpUYEM
LQ =a.Ha croponax KL v LM BbiIOpaHbI TOUKH E 1 R COOTBETCTBEHHO TaK,
yTo npAMad ER IMpoxoguT depes3 IL[eHTP OKPY:KHOCTH, BIIICAHHOU B Tpe-
yronbauk KLM. Havigute aniuHy 6uccekTprckl KP, eciyd U3BECTHO, YTO
EL+ LR =b, a oTHOUIEHUe TUIOIIAAel TpeyronbHUKOB KLP 1 ELR paBHO a.

Omeem: ab —2a.

Pewenue. Ilepebiil cnocob. [Tyctb O — IEHTP OKPY>KHOCTH pajuyca r,
BIIMCAHHOU B TpeyronbHUK KLM, A 1 B — e€ TOYKM KacaHUs CO CTOPOHA-
mu LM u KL cooTBeTcTBeHHO. Torga

SakLp = %LP'OA‘F %KL'OB = %(LP+KL)r,

Sapin = 3LR-OA+3LE-OB = S (LR+LE)r = br,

a TaK Kak

_ Saxp _ LP+KL

 Samr b

10 LP + KL = ab.
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[Tycth p — nomynepuMeTp TpeyroabHuka KLP. OKpyXKHOCTb, BIIMCaH-
HaA B TpeyroiabHUK KLP, KacaeTca cTOpoHbI KL B Touke Q, TO3TOMY

LP+KL—KP _ ab—KP
2 - 2 7

a=LQ=p—KP=

OTKyza HaxoauM, 4to KP = ab — 2a.

Bmopoil cnoco6. Ilyctb O — IIeHTP OKPY>KHOCTH, BIIMCAHHOW B Tpe-
yronbHuK KLM. Torma LO — 6GuccekTpuca TpeyroabHUkoB KLP u ELR.
O6o3naunm ZKLM =y. [1o dopmyre A GUCCEKTPUCH TPEYTOIbHUKA

2'LE'LR'COS£ 2'LK'LP'COS§

LO=—Tr7Ir u LO=—7r77p
[TosTomy
LK-LP _ LE-LR _ LE-LR . LK-LP
LK+LP  LE+LR b = LK+LP=b LE-LR’
a Tak Kak
Saktp _ LK -LP-siny _ LK-LP _

N =N =

= =aq,
-LE-LR-siny  LE-LR

S AELR

To LK +LP=ab.
[Tycts p — nomynepuMeTp TpeyronbHuka KLP. OKpy:KHOCTb, BIIMCaH-
Had B TpeyronbHUK KLP, kacaeTca cTOpoHsl KL B Touke QQ, IO3TOMY

LP+KL—KP _ ab—KP

a=LQ=p—KP = 5 3

OTKyZia HaxoauM, 4yTo KP = ab — 2a.

3aZlayy Ha J0Ka3aTeJbCTBO U BBIYHCICHHE

5.26.1. B npamoyroimpHOM TpeyronbHUKe ABC 13 BEPIIUHBI MIPSIMOTO
yria C nposeZieHbl MeayaHa CM u BeicoTa CH.

a) JlokaxuTe, uto buccekTpuca CL TpeyrombHuka ABC ABs€TCA Tak-
’Ke buccekTpucol Tpeyronbuuka CMH.

6) Hatigute CL, eciu CM =10, CH =6.

Omsem: 3V/5.

Pewenue. a) IlpeAamonoxuM, 4TO TOY-
Ka M nexur Ha orpeske BH. MeauaHa
NIpAMOYTOJIBHOTO  TPEYroJIbHUKA, IIpOBe-
JI€HHasd W3 BEpUIMHBI IIPAMOrO YIVIa, paB-
Ha TIOJIOBMHE TUIIOTEHY3Bl, IIO3TOMY Tpe-
yronbHUK BMC paBHOOEApeHHBIN. 3HAUMUT,
/BCM =/ZCBM = ZACH. CnegoBaTelbHO,

/HCL = LACL — LACH = /BCL— /BCM = ZMCL.
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6) 13 npsamoyrompHoro TpeyronbHuka CMH Haxoaum, yto MH = 8.
buccexTpuca TpeyrosbHUKa JEJIUT €ro CTOPOHY Ha OTPE3KU, IIPOIOPIIU-
OHaJIbHBIE IByM JPYIM CTOPOHAM, 3HAYUT,

HL_CH 6 _3

ML CM 10 5°
a Tak kak MH =8, To HL=3 u LM =5. Tlo
TeopeMe [Tudaropa HaxoauM, 4TO

CL = V/CH2+HIL? = v/36+9 = 3/5.

AHIL 5 M ) B

5.27.1. Jlana tpaneuusa ABCD. buccekrpuca ymia BAD mnepecekaer
IIpozo/DKeHre ocHoBaHuA BC B Touke K.
a) Jlokaxure, 4TO TPeYroabHUK ABK paBHOOEpEHHEIN.
6) Hatigute 6uccektpucy BM TpeyronbHuka ABK, eciu AD =10, BC =
=2, AB=CD=5.
V10

Omeem: 5

Pewenue. a) Tlockonbky /ZBAK = /DAK =
= /AKB, nBa yria TpeyroibHuka ABK paBHBI.
CrnefoBaTeNIbHO, 3TOT TPEYTOJBHUK paBHOOE- :

DPEHHBIH. D
6) Ilycte BH — BBICOTa paBHOOEAPEHHOM L 4 B2C 3 K_
tpanenuu ABCD. Toraa 5 H o 5
AH=1(AD—BC)=—10_2=4 “ {’
2 2 A 4 HI0 D

(cm. . 5 mpunoxkenus 2). V3 mpAMOYTOIBHOTO
TpeyronbHUKa ABH HaxoauMm, yTo BH =3. ITycTh AL — ell€ ojHa BBICOTA
Tpanenuu. Toraa

BL=AH =4, KL=KB+BL=AB+BL=5+4=09.
W3 ipAMOyTrosbHOI0 TpeyrosibHuka ALK Haxogum, 4To
AK = VAL2+KL? = v9+81 = V/90.
BuccekTpuca BM paBHOGespeHHOT0 TpeyroibHuKa ABK sIB/ISE€TCS €r0 BhI-

COTOU M MeAuaHOoM, moaTomy AM = %AK = @ CiegoBaTebHO,
BM = VABT=AM? = /25~ 2 = /10,

5.28.1. Menuane! TpeyronbHuka ABC nepecekarTcs B Touke M.

a) Jlokaxure, 9To TpeyronbHUKU AMB, AMC 1 BMC paBHOBEJIUKY.

6) V3BecTHO, YTO TpeyroibHUK ABC MpsMOYyTOlbHbIHN, a Touka M yza-
JIeHa OT KaTeTOB Ha paccTosAHuA 3 U 4. Halizure paccTosAHMUe OT 3TOM TOY-
KU /10 TUIIOTEHY3BL.
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Omeem: 2,4.

Pewenue. a) ITlycTp mouazgb TpPeyrob-
Huka ABC pasHa S, K — cepeauHa CTOpO-
HbI BC. MenuaHa pa36uBaeT TpeyTOJbHUK Ha

S
ZBA PABHOBEJIMKUX, IIO3TOMY S axp = bR Me-
JIaHbl TPEYTONbHUKA JIeIATCA TOYKOM Tepe-

1
CeYEeHUA B OTHOILIEHUU 2 : 1, cuUTad OT BEePIUMUHEL, 1103TOMy MK = §AK .
3HayuT,
1 1
SaBMK = §5AAKB =3

1%}

S

6

AHaIOTUYHO AOKaXXeM, 4YTO IUIOIaAb KaXXZ0ro U3 TpEYroJbHUKOB, Ha KO-
o S

TOpbIE MEeJMaHbI p336I/IBaIOT AaHHBIN TPEYT'OJIbHUK, paBHA 6 Torzma rio-

aab KaxJ0ro U3 TpeyroabHukoB AMB, AMC u BMC paBHa E.

3
6) ITycts P 1 Q — mpoekiiuu Touku M Ha kaTeThl AC u BC COOTBET-
cTBeHHO, MP =3, MQ = 4. [lockonbKy A_}C)‘ = % = %, K03bOUIIMEHT TI0-

9
2 )
a BC =9. AHa/jorMyHO HaXOAUM, YTO %AC = %M Q=6,a AC=12. Torga

nobus TpeyronbHukoB ACK u APM paBeH % [Tostomy CK = %PM =

AB = vVBC2+ AC? = /81 + 144 = 15.

I[Ilyctb MH —BBICOTa TPEYTOJIbHUKA
AMB. Torga

SAAMB = %AB'MH = 1_25MH.

A 15H B C gpyroit cTopomst,

1 11
SaamB = §SAABC =3 EAC-BC =18.

W3 paBeHcTBa %MH =18 HaxoaumMm, yto MH = %

5.29.1. [luaronanb AC npsmoyronbHuka ABCD c nieatpoMm O obpasyeT
co cropoHoi AB yron 30°. Touka E j1eXKUT BHE TMIPSIMOYTOJbHUKA, TPUIEM
/ZBEC=120°.

a) Jokaxkurte, yto ZCBE = ZCOE.

6) IIpsmasa OF mepecekaeT cTOpoHYy AD NpsAMOYTOJbHHKA B TO4YKe K.
Hatigure EK, ecniu BE =40 u CE =24.

Omeem: 113.

Pewenue. a) Ilo TeopeMe O BHeIIHeM yTIje TpeyroimbHuUka /BOC =

=2/BA0O =2-30°=60°. IToaTomy
/BEC+ /BOC = 120°+60° = 180°.
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3HayuT, Touku B, E, C u O jexaTr Ha OJHOU E

OKPY>KHOCTU. BrivicaHHbIe B 3Ty OKPY>KHOCTb YI'- 120°

sl CBE v COE onuparoTcs Ha OLHY U Ty XKe AyTY, 5 / 3

cinepoBaTenbHo, ZCBE = ZCOE.
6) ITo TeopeMe KOCUHYCOB

30°

BC = VBE2+ CE2 —2BE-CE cos 120° =

= \J402 4242 ~2.40-24- (-3 =

— 8/25F9F15=8-7 = 56. v

Bnucannsle ymiel BEO u CEO onvparoTcd Ha paB-
Hble xopael BO u CO, 3HauuT, EO — GucceKTpU-
ca yrna BEC. Ilyctb M — Touka e€ mepecedyeHUs
co ctopoHoii BC. [To ¢popmysie A1 GUCCEKTPUCHI
TpeyroibHUKa (cM. . 21a MpuiokeHus 2) A D

607

307

1
EM = ZBE.CECOS(ELBEC) _ 2:40-24¢0s60° _ ;¢ W —%pe 15 ¢
- BE+CE =7 40424 <~ & ——

. CM
[To CBOHCTBY GUCCEKTPUCH TPEYTOIbHUKA BV =
_CE_24 3

—3gc=3.56=
=BE = 40 — 5 3HAUMT, CM_SBC_S 56=21, 49

BM =35.
Ilo TE€OpeMe O IIPOU3BEAECHHU II€pECEKaro- /
o

muxca xopzs EM - MO = BM - CM, oTKyzAa Haxo-
BM:-CM _35:21 _ .5 ¢
“EM = 15 —49. Tpeyronb-

HUKU COM u AOK paBHBI IO CTOPOHE U JABYM 49
IpuIeXauM K Hell yriaMm, nostomy OK = OM. 309
CiegoBaTebHO,

EK =EM+20M =15+98 =113. A I3 D

Aum, 9yTo MO =

5.30.1. OKpy>KHOCTB, IOCTPOEHHasA Ha buccekTprice BL paBHOGeApeH-
Horo TpeyrojibHuka ABC Kak Ha JuaMmeTrpe, IlepecekaeT ocHoBaHue BC
B TouKe P. BOKOBas CTOpOHA TPEYTOIbHUKA BABOE OOJIBIIIE eT0 OCHOBAHUS.

a) Jlokaxxute, uto BP =5CP.

6) IlycTb yka3aHHas OKPYKHOCTb IiepeceKaeT CTOPOHY AB B Touke M.

Hatigute BL, ecniu ML= @

2
Omeem: v 10.
Peuwsenue. a) Ilycte AH — BBIcOTa TpeyronbHUKa ABC. Touka P jsexut
Ha OKPYXKHOCTH C JuaMmeTpoM BL, moatomy ZBPL =90°, 3Hauur, LP || AH.
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A [Io TeopeMe O NIpPONOPLUOHANBHBIX OTpe3kKax M
CBOMCTBY OMCCEKTPHUCHI TPEYTONbHUKA
cp_CL_BC _ 1
PH LA~ AB 2
3Ha4MT,

PC——CH— BC = ZBC.

1
6

ool»—u
l\JI»—l

CnepoBarenbHo, BP =5CP.
6) ITyctb BC =6x, AB=AC =12x. Torga

CP=31BC=x, CL=3AC=4x.

B~x H 2xpxi Touka L jexur Ha 6uccekTpuce yria ABC, mostomy
OHa paBHOYyZlaJleHa OT CTOPOH 3TOro yIJIa, a TakK Kak

/BML = /BPL=90°, To LP=LM = g ITo Teopeme IMudaropa CL? =

=LP%2 4+ CP?, wm 16x2 = % + x2. OTCIoZa HaXOZUM, YTO X = % Torza

PB=5x= g CiegoBaTebHO,

L =+vBP2+LP? = %75+%5:\/E.

5.31.1. Jlau TpeyronpHUK ABC co ctopoHamu AB=4, BC=6 u AC =8.

a) JlokaxkuTe, 4TO IpsAMas, IPOXoAAlIasa yepe3 TOUKy llepecedeHus Me-
JIMaH U LIeHTp BIIMCAaHHOW OKPY)KHOCTH, ITapaJlieibHa cTopoHe BC.

6) Haligure AnuHy OCCEKTPHUCH TpeyroinbHUKa ABC, mpoBeI€HHOM 13
BEPILUHEHL A.

Omeem: 2/6.

Peutenue. a) IlycTb O — eHTP BIMCAHHOM OKPY>XHOCTH TPeyTOJbHU-
ka ABC, AN — mefuaHa TpeyroibHuKa, M — Touka Ilepece4yeHus MeJu-
aH. IlockonbKy O — TOYKa IepeceveHus bucceKTpuc TpeyroibHuka ABC,
6uccexTpuca AQ mpoxoaut depe3 Touky O. [1o Teopeme o 6ucceKTpuce

BQ_AB_4_1 _1 _
TpPeyrolbHUKA —~ CQ-AC— 8- 2 3HauuT, BQ = 3BC—2, a Tak kak BO —
A0 _AB_ 4 _
6uccekTpuca TpeyroibHUKa ABQ, TO 0Q=BQ~2 =2.
[Tockoneky AN — MeavaHa TpeyroiabHuka ABC, To ZI?/I% =2. Takum 06-
pasom 40 _ AM CnezmoBarenbHo, OM || BC.

> 0Q ~ MN’
6) Ilo TeopeMe KOCUHYCOB
AB*4+BC?*-AC? 16+36-64 1

COSLABC=""% s =""926 ="z
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CiiegjoBaTebHO,

AQ = /AB?+BQ?—2AB-BQ cos ZABC = \/16+4+2-4-2-% = 2/6.

5.32.1. BricoThl, mpoBeAE€HHBIE M3 BepmiMH A, B u C TpeyrojibHU-
ka ABC, paBabl 20, 15 11 12 COOTBETCTBEHHO.

a) Jlokaxxure, 4TO TpeyroabHUK ABC NpsAMOYTOIbHBIN.

6) Haiigure [uIMHY GMCCEKTPUCH TPEyroOlbHUKA, IPOBEAEHHON U3 Bep-
muHE C.

602
Omeem: —
Pewenue. a) O6o3naunm BC =a, AC =b, AB = c. TIOCKOJIBKY ILIOLIA/b
TPeyroJbHUKA PaBHA ITOJIOBHHE IPOU3BE/EHNA CTOPOHEI HA IIPOBEJEHHYIO

K Hel BrIcOTY, To 20a = 15b = 12¢, oTKyzaa a = 3¢ u C

5
b= % Tpeyronbuuk ABC NpsAMOYTONbHBIN, TaK Kak ~ 5=20

2 2
BC +AC? =a*+0 = (£) + (%) = =42 ] R
6) Ilromazap TpeyronbHUKa ABC paBHa TOJNOBUHE TNPOU3BEAEHUS
3c 4c
KaTeToB, MmoaTomMy ab = 12¢, wim T 5 = 12¢, oTKyZa HaxoJuM, YTO
AB=c=25. Torza BC=a="%=15n AC=b="¢=20. c
[lycte CL — GuccexkTpuca TpeyroiabHuka ABC. 20 15
Torma 12
Nl :
ol — 2BC-ACcos;ZACB  2:20-15-*2% ¢ /5 h 75 1 B
- BC+AC - 20+15 T 7

(cm. 1. 21a npuiokeHus 2).

5.33.1. B tpeyronvuuke ABC BeicoTa CH, 6uccekTpuca CL u mMeaua-
Ha CM penar yron ACB Ha 4eTbIpe pPaBHBIX yIvIa.

a) Jlokaxxure, 4TO TpeyroibHUK ABC NpAMOYTOJTbHBIN.

6) Hatigute aynuubl BeicoThl CH, 6uccekTpuckl CL u meauatsl CM, ec-
JIY paIiyC OKPY>KHOCTH, OTTMCAHHOM OKOJIO TpeyronbHuKa ABC, paBeH R.
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Omsem: RTﬁ, RV2—-+/2,R.

Pewenue. a) Iycts myaun CH, CL u CM
IepPeCceKaroT ONMCAHHYI OKPYXHOCTb Tpe-
yronbHukKa ABC B Toukax H;, L1 u M; co-
oTBeTcTBeHHO. O603HAYUM

ZACHl = ZchLl = ZLchl = ZBCMl =a.

W3 pasencrtBa ayr AL; u BL;, He cozep-
)kamux Touky C, ciexyer uro L, — cepe-
AvHa Ayru AB, a Tak kak M — cepesuHa
xopzbl AB, To nipsamas L;M — cepeJUHHBIA
IIepIeHANKYAAp K 3TOU xopZe. 3Ha4uuT, npAmas LM NOpoxoAUT depes
LIEHTP OKpYXHOCTH. [Ipameie CH u LM napasnenbHsl, mosToMy ZCL;M =
= /MCL, = a, ciefoBaTeNbHO, TpeyroabHUK CML, paBHOOEeApEHHEIH. ETo
BBICOTA, OIyllleHHas Ha OoCHOBaHUWe CLq, JIXKUT Ha CepeJVHHOM IIepIleH-
Jukynape k xopze CL,, a 3Ha4uT, TakKe IIPOXOJUT Yyepes LIEHTP OKPYKHO-
ctu. Touka M JeXUT Ha ABYX Pa3INYHBIX JUaMeTpax OKPY>KHOCTH, IT0O3TO-
My OHa COBNIaJ,AeT C IIEHTPOM OKPY>KHOCTU. Torza AB — Taxxe AuaMeTp.
CrnenmoBarenbHo, ZACB=90°.

6) IlocKONbKYy pajuyc OKPYKHOCTH,
OIIMCaHHOM oOKoMo TpeyroiabHuka ABC,
paBeH R, rumoreHy3a AB TpeyrosbHUKa

paBHa 2R. CiezoBaTenbHO, CM = %AB =R.
V3 paBeHcTBa 4a = 90° ciexyeT, 4TO
a=22,5°. Torma ZCMH =2a=45°. Cnego-

BaTenbHO, CH = CM—‘/E = %ﬁ

W3 npamoyronsHoro TpeyronbHuka CHL HaxoauMm, 4To

CH L2 R R
CL= =— =

R
- = — o = = - R
sina  cos22,5 V2c0s22,5°  v/1+cos45° \/1_,_@
2

V2-v2.




§ 6. OTHOLIEHNE OTPE3KOB

ITogroToBUTE/IbHBIE 3aJaYH

6.1. Ha meguane AM TpeyronmpHuUKa ABC B3dTa Touka K, mpudém
AK : KM =1: 3. HalizuTe oTHOIlIeHHe, B KOTOPOM IIpsAMasi, IIPOXoAsAIas
yepe3 TOUKy K mapasuiesnbHo cTopoHe AC, AenUT cTopoHy BC.

Omeem: 1:7.

Peutenue. ITycTb pAMas, o0 KOTOPOIM FOBOPUTCA B YCIOBUU 3a/ja4y, Iie-
pecekaet ctopoHy BC B Touke N. O6o3nauum NC =t. I[To TeopeMe o Ipo-
NopLUOHaNBHBIX oTpe3kax MN : NC=MK : KA=3:1, 3Hauur,

MN = 3NC = 3t, A
BN = BM+MN = CM+MN = 4t +3t = 7t.

K
CiegoBaTebHO,
NC_ ¢t _ 1
BN — 7t 7 B 4t M 3t NtC

6.2. [lan TpeyronbHuK ABC. Ha npopomkeHnu cTopoHsl AC 3a Touky C
B3dTa Touka N, mpuuémM CN = AC; Touka K — cepezanHa ctopoHbl AB. B ka-
KOM OTHoweHuu npamasa KN genut ctopory BC?

Omegem: 2:1, cuuTasi OT TOYKU B.

Pewenue. ITepestii cnocob. IlycTb M — TOYKa TepecedeHus MPSIMbIX
KN u BC. B tpeyronbHuke ABN otpesku BC u NK — MmeauaHsbl. [loaTomy
BM:MC=2:1.

Bmopoti cnocob. Ilycth M — Touka nepecedeHus npsameix KN u BC. Ye-
pes BepIIrHy B mpoBeAéM pAMYyto, mapasieabHyto AC, 1 npogomkum NK
Jl0 TIlepecevyeHus ¢ 3ToN npAMoi B Touke T .

B T

N c A

TpeyronbHuk BKT paBeH TpeyroabHuky AKN 110 CTOpOHE U IByM IIpU-
JIeXaluM K Hel yriaMm, mostomy BT = AN.
Tpeyronpuuk BTM nofoben TpeyronbHUKy CNM 10 AByM yIiaM, 3Ha-

YUT,
BM _ BT _ AN _ 2CN _,
MC CN CN  CN =
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6.3. Ha cropone BC tpeyronbHuka ABC U Ha IpOJO/KEHUN CTOPOHBI
AB 3a BeplIMHY B pacnosnoxeHbl TOUKA M U K COOTBETCTBEHHO, IIPUYEM
BM :MC=4:5u BK:AB=1:5. Ilpamaa KM nepecekaeT cTopoHy AC
B Touke N. Hatizute otHommeHue CN : AN.

Omeem: 5:24.

Pewenue. Yepe3s Touky C TpoBeAEéM NPAMYIO, NapajlielbHyi0 AB.
[TycTts nmpamasa KM nepecekaet e€ B Touke T.

[Monmoxxum BK =a, AB=>5a. VI3 mogo6us TpeyroabaukoB CMT u BMK

. 250 p (koadpduIeHT %) HaXOAMM, 4TO
5 5
N CT = ZBK = Za,

a u3 mogobus TpeyronbHUKOB CNT u ANK —
4TO

AN

5
A 5a Bak CN _CT _ 3% 5
NA =~ AK = 5a+a = 24°

6.4. Ha croponax AB u AC TpeyronbHuka ABC pacronoxeHbl TOYKU
Ku L, npuuém AK : KB=4:7 u AL:LC =3:2. [Ipamaa KL nepecekaeT
npogomkeHre cTopoHbl BC B Touke M. Haiizute otHOmenue CM : BC.

Omeem: 8:13.

Pewerue. Yepes Touky A mIpoBefEM IIpAMYIO, NapasienbHyro BC.
[Tycts T — TOUKa e€ mepecevenus ¢ npsamoii KL. O6o3nauum CM =a.

13 mogobust TpeyronbHUKOB ALT v CLM (koabduiineHT %) HaXOAUM,

; 4To 3 5
T 28 A =2 =2
2 r AT 2CM 54
P; a u3 mozobus TpeyroabHUkoB AKT u BKM
>L\ (koaddureHT ;) —YTO
7 7 3 21
13 -7 7 2, _=2l
B I C a M BM = 7AT = 7 -5a=Fa
Torma
BC=BM—-CM = Ea—az Ea.
8 8
CiiejoBaTebHO,

CM _ a 8

BC ~ g 13

6.5. Ha croponax AB u BC napasutenorpaMma ABCD pacHooeHbl
Toukl N 1 M cooTBeTCTBeHHO, mpuuéM AN :NB=3:2, BM:MC=2:5.
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[lpamele AM u DN nepecekatorca B Touke O. Haiigure oTHOLIEHUA
OM:0Au ON:OD.

Omsem: 20:21; 6:35.

Pewenue. ITpogomxkum DN zmo miepecedenus ¢ npsimoil BC B Touke T.
[Monoxkum BM = 2a, CM = 5a. VI3 nogobust TpeyronbHukoB TNB u DNA
(koaddurreHT %) HaXOJUM, YTO

TB——AD——BC—— 7a = 14a,
a u3 nozo6us TpeyroabHuKoB TOM 1 DOA — 4TO

14
oM _ TM _ 5920 20

OA = AD — 7a 21
AHAJIOTUYHO HAXOAUM, 9TO —— ON _ 6
A oD ~— 35
7” B Z2aM 5a

\%@K/

6.6. Ha ctopoHax AB u AC TpeyronbHuka ABC pacnoioKeHbl TOYKU
N u M cootBeTcTBeHHO, puuém AN : NB=3:2, AM : MC =4:5. Ilpa-
mble BM u CN mepecekatorcs B Touke O. Haiigute otHomenus OM : OB
n ON:0C.

Omsem: 5:6; 8:25.

Pewenue. Yepe3s Touxky B mpoBeséM IpsAMylo, napasienbHyro AC.
[Tycte T — Touka eé€ mepeceueHus c npsamon CN. Tlomoxxkum AM = 4a,
MC =5a. 9

W3 mopo6us TpeyronbHUKOB BNT u ANC (xoadduiipeHT §) Haxo-
JIAM, 4TO

BT:%AC:%(AM+MC)=§(4a+5a)=6a, r 6 B

a u3 nozobus TpeyronbHUKoB COM u TOB —

4TO N
OM CM _5a 5 0

OB ~ BT ~6a 6

AHaJIOrMYHO HAXOAUM, YTO —— ON ﬁ. A ha M sa 4

oc 25
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6.7. B paBHOGeapenHoM TpeyronbHuke ABC (AB=BC) Ha cTropoHe BC
B3ATa To4ka D Tak, yro BD : DC=1:4. B KaKkoM OTHOLIeHUU npaMasa AD
ZenuT BeicoTy BE TpeyronbHuka ABC, cuuTas OT BePIIUHBI B?

Omeem: 1:2.

Peuwtenue. Ilyctb M — Touka nepeceueHua AD u BE. Yepes Touky B
MIpOBeJIEM IIPAMYI0, TapaIeIbHyI0 OCHOBaHNIO AC, U TpoAo/mkuM AD 710
niepeceueHus ¢ 3Tol nmpsamoii B Touke T. [Iycts AE =a. Torma AC =2a.

V3 momobus TpeyronbHUKOB BDT u

B Zﬂ r CDA HaxomuM, 4TO
1 a
M D BT = ZAC =5
V3 nomobus tpeyrombuukoB AME u TMB
- HaxXOAUM, 4TO
A a 13 a C BM BT 1
ME ~— AE — 2°

6.8. Ha mexmuane AA; tpeyrombHuka ABC B3siTa ToOuka M, mpudém
AM : MA;=1:3. B xakoM oTHo1eHUM npamasa BM penut cropony AC?
Omesem: 1:6, cuuTast OT TOUYKHU A.
B T Pewenue. TlpoBeaém uepe3 TOYKy B
npAMyo, napasunenbHyo AC, U IpOJoI-
A, KUM AA; 10 TIepecedeHust C STOU IPSIMOU
B Toyke T. Ilyctb B; — TOYKa mepecede-
HUA npamoit BM co cropoHoii AC.

A B C W3 paBeHcTBa TpEyroabHUKOB BA;T
u CA;A cunepyet, uto BT = AC u TA; =
=AA;. IlosTomy

™ _ TA+AM _ AA+AM  4MA+3MA _
MA — MA - MA - MA —

V3 mogo6ust TpeyronbHUKoB AMB; u TMB (k0adduiiveHT %) CIIeAYEeT, YTO
1

1
AB; = 7BT = 7AC.
CiiegoBaTebHO,
_6 AB, 1
B,C = 7AC, BC= 6

6.9. Touku A; u C; pacnosnoxeHbl Ha cTopoHax BC u AB TpeyronbHU-
ka ABC. Otpesku AA; u CC, nepecekaroTca B Touke M. B kakoM OTHo1lIe-
HuU npaMada BM pgenut ctopony AC, ecnmu AC; :C1B=2:3 u BA;:A,C=
=1:2?
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Omeem: 1:3, cuuTas OT TOUKU A.

Pewenue. Yepes BepuinHy B nposezséM mpamyro, napaunenbHyo AC,
u npogomxum CC; 1 AA, o lepeceyeHUs ¢ Hel B Toukax P u Q cooTBeT-
ctBeHHO. Ecii By — ToYKa nepecedeHus npssmoi BM co cropoHoit AC, TO
TpeyroabHUK PBM mionob6eH TpeyronbHuky CB, M, a TpeyronbHuK QMB —
TpEyroabHUKy AMB,, npuuéMm Ko3dpPu-

BM P B a
I[UEHT MOAOOUA OAUH U TOT XKe — VB
1
[TosTomy &
AB_ BQ _ 340 1
= =5— =

(BQ = %AC U3 mojobus TpeyronbHUKOB BA;Q u CA;A, a BP = %AC u3
mofobus TpeyronbHUKOB PBC; u CAC,).

6.10. B tpeyronpHuke ABC usBectHO, uTo AB =¢, BC =a, AC =b.
B xakoM OTHOIIIEHUU IIEHTP BIUCAHHOUN OKPY>KHOCTU TPEYTOJIbHUKA JIETUT
6uccexktpucy CD?

Omeem: #.
Pewenrue. TIo CBOWCTBY OUCCEKTPHUCHI Tpe-
AD _AC _b AB—
YIONBHUKA 71y = B~ =, & TaK KaK =c, TO
_ c _ bc
AD =b- "5 = 5%

[Tyctb O — LIeHTp BNMCAHHOU OKPYKHOCTHU
TpeyronbHuka ABC. Torza O — Touka mepece-
4YeHUs OMCCEKTPUC TPEYTOMbHUKA, T03TOMY AO — GHCCEKTPHICA TPEYTOIb-
Huka ACD. CneznoBaTenbHO,

CO _AC _ b _a+b
OD  AD =~ b T ¢

TpeHUPOBOYHBIE 3a/ja49U

6.11. Ha ctopone PQ TtpeyronbHuka PQR B3ATa Touka N, a Ha CTO-
poHe PR—rtouka L, mpuuém NQ = LR. Touka IlepecedyeHUA OTPE3KOB
QL u NR pgenut oTpe3ok QL B OTHOIIEHWM M : N, CYUTasA OT TOYKU Q.
Haiigute otHoIteHue PN : PR.

Omeem: =.

m

Pewenue. ITycth oTpesku QL u NR mepecekatotcs B Touke A. O6o3Ha-
yuM NQ =LR=a.
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Yepes TouKy Q IpOBEeAEM IPAMYIO, Iapaeib-
Hyro PR. IlycTe sTa mnpsaMas nepecekaercsa C Ips-

Moii NR B Touke B. U3 mopobus TpeyroJbHUKOB
A
BAQ u RAL cnepyet, uto BQ=LR- A_(Lz =a- % U3

moz06us TpeyrombHUKOB BNQ 1 RNP HaxoauM, 4TO

PN _NQ _ a

n
PRZBQ - aZ m

6.12. B Tpeyronpauke ABC 6uccektpuca AD genut ctopoHy BC B OT-
HowmeHud BD : DC =2:1. B kakom oTHolleHMU MeauaHa CE penuT aTy
6uccekTpucy?

Omeem: 3:1, cunTas OT BEPIIUHHI A.

Pewenue. ITycts MeauaHa CE u 6uccekTpuca AD mepeceKaloTcs B TOY-
ke M. Yepes BepIIMHy A NMPOBeJEM NPAMYI0, NapaienbHyto BC, u mpo-
JomkxuM MeguaHy CE [0 TepecedyeHUs
c oToi mpamMod B Touke T. Ilomoxkum
CD=a, BD=2a.
£ W3 paseHcTBa TpeyroabHuUkoB AET

u BEC cnepyet, uto AT = BC = 3a, a us

mogobus TpeyronbHukoB AMT u DMC —
 a D Za B AM AT  3a
qTo MD = CD = a =3.

6.13. Ha croponax AB, BC u AC TpeyroibHuka ABC B3ATBI COOT-
BeTcTBeHHO Touku K, L u M, npuuém AK : KB=2:3, BL:LC=1:2,
CM : MA=3:1. B xakoM OTHOIIIEHUU OTpe30K KL nenut orpe3ok BM?

Omeem: 1:1.

Pewenue. ITycts O — TOUKa IepeceyeHus oTpe3koB BM u KL. O603Ha-

A L

B
UM _O =X, SAABC:S‘ TOI‘Z[a

BM
31 1 1 3
Sapkt = 535 =35, Saasm = 35, Sascm = 7S
_ 3 _ 3 _ 1 _
SaBok = 5 “X-Spapm = %XS: Sapor = §XSABCM = ZXS,
a Tak Kak
C
Sapkr = Sasok +Sasor
TO
1 3 1
L 2 =
Y 5 = 20x+ 4x.
A K B OTcrofa HaxOA¥M, 4YTO X = L

i.
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6.14. B TpeyrompHuke ABC, miomaZb KOTOPOrO paBHa 6, Ha CTO-
poHe AB B3dATa Touka K, gendimada aTy cTOpoHY B oTHoueHUU AK : BK =
=2:3, a Ha cropoHe AC B3ATa Touka L, genamas AC B OTHOILUEHUU
AL :LC=5:3. Touka Q nepeceuenua npambelx CK u BL OTCTOUT OT
npssmol AB Ha paccrossaue 1,5. Haiizure ctopony AB.

Omeem: 4.

Pewenue. ITonoxum AL =5a, LC = 3a, Toraa AC = 8a. Yepe3s Touky B
IIpoBeZAEM IIPAMYIO, IapaienbHyo AC, U IPOAOMKUM OTpe3oK CK no
mmepecevyeHuss ¢ 3TOM MpsAMOU B Touke T. M3 MoZOOUSA TPEyroJbHUKOB
BKT u AKC HaxoguM, 49TO

BK 3
= — - = = T 72 B
BT AR AC 5 8a =12a, J a o

a u3 mopobus TpeyrombHukoB BQT u
LQC —u4To

BQ _ BT _12a
QL LC = 3a
4

BQ
IIo3TOMY BL = 5"

Y TpeyronpuukoB ABL u ABC ofHa U Ta e BBICOTa, IPOBeEHHAA U3
BepUIMHbI B, 3HAYWT, OTHOIIEHUEe UX IUIOLIaZlell paBHO OTHOIIEHUIO OC-
SAaBL AL 5 SaaBQ _BQ_4

HOBaHUH, T.e€. = — = <. AHaJIOTUYHO = = —. CiezgoBa-
’ Saasc  AC ~ 8 Saas.  BL 5
TeJIbHO,

=4,

4 4.5 4 5
Saapq = 5SaapL = 5 gSampc =5 5 6=3.

[Tycte QH — BBICcOTa TpeyronbHuka ABQ. Torza
Saasq = 3AB-QH = 2AB-3=24B=3,

OrTcroza HaxoguM, yTo AB=4.

6.15. B Tpeyronpuuke ABC Ha ocHOBaHuu AC B3ATHI TOUYKU P U Q Tax,
uto AP < AQ. Ilpamble BP u BQ penatr Meauany AM Ha TpU paBHBIE 4aCTU.
M3BecTHO, uTOo PQ = 3. Haiiaute AC.

Omeem: 10.

Pewenue. TIpoBesém yepes BeplIMHY B npamyro, napaunenbHyo AC,
U TPOZOKUM MeguaHy AM [0 mepecedeHUs C 3TOH NpPAMON B TOY-
ke T. VI3 paBeHcTBa TpeyroibHUKOB BMT u CMA cnezyet, yro BT = AC
u MT=AM.

[Tycts F 1 H — TOYKM IepecedeHns MeauaHsl AM c¢ orpeskamu BP u
BQ cootBeTcTBeHHO. Torza

1 1
AF = gAT, AH = 3AT.



122 § 6. OTHOLIIEHNE OTPE3KOB

B T V3 nmopobus TpeyronbHuKoB AFP u TFB cie-
ZyeT, 4To
AP =BT = taAC
M 5 57
H a u3 mozo6wms TpeyroabHukoB AHQ v THB —
YRR l AQ= 3BT = 1AC.

[Tockombky AQ — AP =PQ =3, TO %AC - %AC = 3. OTcrola HaX0AUM, YTO
AC=10.

6.16. Jlan TpeyrombHUK ABC. V3BecTHO, uTo AB=4, AC=2u BC=3.
BuccekTtpuca yria BAC nepecekaet cTopoHy BC B Touke K. [Ipamas, ripo-
xXoZs1as Yepe3 ToUKy B mapasiensHo AC, iepeceKkaeT mpogobKeHue Orc-
cextpuchkl AK B Touke M. Haiizute KM.

Omeem: 2+/6.

Peutenue. ITo TeopeMe KOCUHYCOB U3 TpeyroabHuka ABC HaxoguM, 4TO

AC?>+BC*—AB*> 449-16 1

c0sLC="73CcBC ~ 223 - 4
[To CBOMCTBY OBUCCEKTPUCH TPEYTONTbHUKA
BK _AB_4_,
KC — AC 2
[TosTtomy BK =2.
M 4 B
4
K
7
C 2 A

[Tockonbky
/AMB = LCAM = ZMAB,

TpeyronbHUK ABM paBHOOezpeHHbI, BM = AB=4. Kpome ToTO,
ZKBM = ZKCA = ZLC.

CiiegoBaTebHO,

KM? = BK?+ BM? — 2BK -BM cos ZKBM = 4+16-2:24- (-7 ) = 24.
6.17. OK0/10 OKPY’KHOCTH OIMcaHa paBHOGeapeHHas Tpamenus ABCD.

Boxosele cTopoHbl AB 1 CD KacaroTcs OKPYKHOCTU B Toukax M u N, K —

cepeanHa AD. B kakoM OoTHoOlIeHUU npsaMas BK genut orpe3ok MN?
Omeem: 1:3.
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Pewenue. O6o3nauum x = AK, y = BF, rae F — cepeauna BC. IlycTb
Q — touka nepecedenusa KF u MN, a P —Touka nepeceyenus MN u BK.
Torgma

AM =AK=x, BM=BF =y

u Q —cepeauna MN.

[Tockonpky npsaAmMas MN mnapajielbHa OCHOBaHMWAM Tpaleluu, Tpe-
yronbHUK BMP miofiobeH TpeyronbHuKy BAK, a TpeyroibHUK KPQ mozo-
6en TpeyronbHuky KBF. [loaToMy

ByF ¢
M _ ¥y PQ_ _x y
x x4y’ y  x+y’
M ) a N
3HauuT, PM = PQ u PM = %MN. CrnezmoBarenpbHo,
PM _1 A x K D

PN 3

6.18. OKOJIO OKPY>KHOCTH OIKCcaHa paBHOGeApeHHas Tpamenus ABCD.
BokoBasa cropoHa AB KkacaeTca OKPYKHOCTU B TOuke M, a OCHOBaHue
AD —B Touke N. Otpesku MN u AC mepeceKaroTcsa B TOUKe P, mpudém
NP :PM =2. Hatizute orHomeHue AD : BC.

Omeem: 3.

Pewenue. ITycts K — TO4YKa KacaHUsA OKPY>KHOCTH ¢ ocHOBaHUeM BC.
[TpoBezném depe3 TouKy M HpaAMYylo, TapasienabHyo AD, 10 mepecedeHus
¢ nuaroHasnbio AC B Touke Q. O6o3uaunm AD =a, BC =b. Torza

AM=AN:%, BM=BK=%.

V3 omo6bus TpeyronbHuKoB MQP 1 NAP Haxo[uM, 4ToO

1 a
MQ = §AN =2
a u3 mogobus TpeyroabHUKoB AMQ u ABC — 4TO
AM _ MQ : _
AB ~ BC’ WH b

[ SRIS)
J’_
NS

CnepoBarenbHo, a = 3b.

6.19. Bo BniricaHHOM 4eThIpéxyronbHuke ABCD u3BeCTHBI OTHOIIEHUA
AB:DC=1:2u BD:AC=2:3. Hatizute DA :BC.

Omeem: 1:4.

Pewenue. Ilycts npamele AD u BC nepecekatorcs B Touke K (0HU He
MOTYT OBITh MTApaIEbHBIMU, TaK KaK AB# CD). [ToCKOJIbKY

/KCA = /BCA = /BDA = ZKDB,
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tpeyronbHuku KAC u KBD mozobHbI 10 AByM yriaMm. 3HauuT, KC : KD =
=AC:BD=3:2. Ilyctb KC=3a, KD = 2a. [TockonbKy

) /KAB = 180° — /BAD = /KCD,

A TpeyronbHuk KAB u KCD moZOGHBI TIO
ZByM yIjiaM. 3HQuuT,

KB:KD=KA:KC=AB:CD=1:2,

K B\/[ HO3TOMY
KB=%KD=a, KAz%KCzS—a

5

Torma
3a _a
BC =KC—-KB=2a, AD :KD—KA:2a—7 =3
CnenoBarenpHo, AD : BC=1:4.

6.20. B TpeyronbaUKe ABC mpoBezieHa BeicoTa AD. [IpsiMble, ofHA U3
KOTOPBIX COAEPKUT MeAiany BK, a BTopast — 6uccekTpucy BE, et aTy
BBICOTY Ha TPU paBHBIX OoTpe3Ka. [3BecTHO, yTo AB =4. Haiizure cTopo-
Hy AC.

Omeem: v/13.

Peuwenue. Ilycte M 1 N — Touku Iepecedenus npsamoeix BK u BE ¢ OT-
peskom AD, AM = MN = ND. IIpeAIonoXumM, 4To ToYKa N JIEXKUT MEXKAY
A u M. Torza mo CBOMCTBY 6HMCCEKTPUCH B IPIMOYTOIBHOM TPEYTOIbHH-
ke ABD cTtopoHbl AB 1 BD niponiopuyoHanbHel orpeskaM AN u DN u, Ta-
KuM obpasoMm, BD = 2AB, T.e. TUNIOTEeHy3a MeHbIIle KaTeTa, YTO HEeBO3-

MOxHO. CiezoBaTesnbHO, Touka N nexutr mexzay D u M. Torga, Tak Kak
BD DN _1
AB-NA 20 T°

BD=1AB=2, AD=AB?-BD?=16—4=2V3.

[Tockoneky M — cepeguna AN, a K — cepeauna AC, orpe3ok MK —
cpefHAA MUHUA TpeyronbHUKa ACN, 3Hauut, MK || CN, a Tak kak N —
cepeaua DM u CN || BM, To CN — cpeAHssa IUHUS TpeyroibHuKa DBM.

CneposarensHo, C — cepeaguna BD. Torga CD = %BD =1 u u3 npamo-
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YroJbHOTO TpeyrosbHuka ACD HaxoAuM, 4TO

AC = VAD2+CD?2 = /12+1 = v/13.

6.21. IIpu kakOM OTHOIIIEHUU OCHOBAHUU Tpareliuy CylleCcTBYeT Ipsi-
Masi, Ha KOTOPOH IIeCTb TOYEK MepeceyeHus ¢ JUaroHaasIiMu, 6OKOBHIMU
CTOPOHAaMM M NPOJIOKEHUAMU OCHOBAHWM Tpalelluy BbICEKAIOT IATh
PaBHBIX OTPE3KOB?

Omeem: 1:2.

Pewerue. IlycTh ykaszaHHad [paMada Iie-
pecekaeT IIpoZOKeHWe OcHOBaHuA AB Tpa-

neiuu ABCD B Touke E, GOKOBYIO CTOpPO- =

Hy AD —B Touke F, auaroHanb BD — B TOY- F H

ke G, nuaroHaiab AC —B Touke H, GOKOBYIO

cTOpoHy BC — B TOuKe I, IPOJOIKEHE OCHO- E A a B

BaHusa CD — B Touke J.

O6osnaunm AB =a, CD = b, CJ = x. VI3 mogobusi TPeyrolbHUKOB

IBE wu ICJ naxoauwm, yto BE=CJ - % =4x, a U3 oA006Us TPEYTONbHUKOB

HAE v HCJ —AE=CJ- g—i = %x. W3 paBeHcTBa

4x = BE = AE + AB = %x+a

10
cIeayeT, 4To a = — X.

3
U3 opobus TpeyronbuukoB GBE u GDJ ciefyet, 4To
GJ 2 8
X+b—DJ—BE-ﬁ —4X'§ =3X.

5
3HauuT, b= 3X. CiegoBaTebHO,

AB _a _ 3%
C_D = E = = = 2.

6.22. B Tpanenuu ABCD c 60koBbIMU cTopoHamu AB=9 u CD =5 6uc-
cexTpuca ymia D mepecekaeT 6ucceKTpuchl yioB A u C B Toukax M u N
COOTBETCTBEHHO, a OUCCEKTpYca YIyia B mepecekaer Te e JiBe OGUCCEKTPU-
col B Toukax L u K, npudém Ttouka K jeXXuT Ha ocHOBaHUU AD.

a) B kakom orHomeHuu mpsamas LN gemur cTOpoHy AB, a mpsmas
MK — ctopony BC?

6) Hatigute otHomenue MN : KL, eciu LM : KN =3:7.

Omeem:a) 1:1;5:9;6) 5:21.

Pewenue. [TockonbKy BK — 6uccekrpuca yrina ABC, a npsamsle BC u AD
napasutenbHsl, To ZABK = Z/KBC = ZAKB, noatomy TpeyronbHUK ABK
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A 9 K 5 D

paBHOGeapeHHbIN. 3HaunT, AK = AB =9 u 6uccekrpuca AL atoro Tpe-
YTOJMbHUKA ABJAETCA ero MeAnaHou U BbicoToM, T.e. BL=KL u AL 1 BK.
Ananoruyso gokaxeM, yTo DK =CD =5, CN=KN u DN 1 CK.

Takum obpazom, LN — cpeaHss JUHUS TpeyroabHuka BKC, moaToMy
npamas LN mapasienbHa OCHOBaHMAM TpalellnM, a Touka E mepece-
yeHuAaA npAMbeIXx LN u AB—cepesuHa cTopoHbl AB. CiezoBaTesbHO,
AE:BE=1:1.

[TycTps nmpsamaa MK mnepecekaercsa ¢ npAMbIMUA BC 1 LN B Toukax P u Q
cooTBeTCcTBeHHO. [Tockonbky LN || BC u LN || AD, To CP:PB=NQ:QL=
=DK:AK=5:9.

Otpe3ok MK BuzeH u3 To4dek L 1 N 110/ IPAMBIM yIJIOM, 3HAUYUT, TOYKU
L n N nexaT Ha OKpPY»KHOCTU ¢ guaMeTpoM MK, 103TOMy TpPeyroabHUKU

MQL u NQK momobub 1o AByM yrmiam. Torga MQ : NQ =LM : KN = %,

OTKyZa HaxoguM, 4To MQ =NQ - ;—% = % -NQ.
3 mogobus TpeyronmbHUKOB MQN u LQK cieayeT, 94To

3
MN _MQ _iNQe_3 NQ_35_ 5
KL QL QL 7 QL 7 9 2I°

6.23. 113 Touku A TIpOBeZIeHBl K OKPY>KHOCTHU /IBe KacarenbHble (M u
N — Touku KacaHUA) U ceKylasd, llepeceKalrolias 3Ty OKPY>KHOCTb B TOY-
kax B u C, a xopay MN —B Touke P. M3BecTHO, uTO AB:BC =2:3.
Haiigure AP : PC.

Omeem: 4: 3.

Pewierue. Tlycte O — LIEHTP OKpPY>KHO-
crtyu, a npamada AO nepecekaeT xopay MN
B Touke K. Torma AK 1 MN. V3 mpsamo-
YroJAbHOTO TpeyrosbHuka AOM Haxozuw,
yro AM?=A0-AK.

IIycte H — npoekuya Touku O Ha XOp-
Ay BC. Torpa H — cepeguna BC. Ilpsamo-

yTosbHbIe TpeyronbHUKU AKP 1 AHO Tof0OHBI TI0 IBYM yIJIaM, TIO3TOMY
AK AH
O B

Ap = Ao OTKyAa AO-AK=AH-AP.
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ITo TeopeMe 0 KacaTeJqbHOH U cekymeir AM?=AB-AC.
3 1To/Iy4eHHBIX PaBEHCTB CJIEYET, YTO

AB-AC = AM? = AO-AK = AH - AP.
O6o3uauum AB=2x, BC =3x. Torga
AC = AB+BC=5x, AH =7 (AB+AC) = Lx.
W3 paBenctBa AB-AC = AH - AP HaxoauM, 4To
AB-AC _ 2x-5x _ 20x

AP == = Zx 7
Torna PC=AC—AP:5x—¥=157x.
CiegoBaTebHO,
20x
AP 7 4
PC T L T 3¢

3aZla4y Ha J0Ka3aTeJbCTBO M BBIYHCICHHE

6.24.1. B napasuienorpamMmme ABCD Touka M — cepeanHa CTOpPOHEL AD,
P — Touka nepecedenus orpeska BM ¢ guaroHanbro AC.

a) Jlokaxxure, 9TO TipsAAMas DP MpoXoAuT Yepe3 cepeAiiHy CTOPOHHBI AB.

6) BuccekTpuca yria BAC niepecekaet oTpe3ok BM B Touke Q. Hatizu-
Te oTHoIeHrue PM : BQ, eciu AB: AC=1:3.

Omeem: 1:1.

Pewenue. a) Ilyctb O — ueHTp napasnenorpamma ABCD. Torza AO
u BM — mezpuansbl TpeyrosibHUKa ABD, a Tak KaKk MeZJiaHbl IEPEeCEKA0TCA
B OZHOI TouKe, TO IpaAMas DP cozep:XUT TpeTbio MeAuaHy. CiieZiloBaTesb-
HO, 9Ta NpsAMas IPOXOAUT Yepe3 cepeZiHy CTOPOHBI AB.

A M D

6) Ionoxum AB=a, AC =3a. Torza
23
3 2

3HAYUT, OrccekTprca AQ paBHOOEAPEHHOTO TpeyronibHUKa ABP sBIseTcs
ero MeJiiaHoOu U

2
AP = §AO—
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a Tak KaKk P — To4ka HepecequHH MezauaH TpeyronbHuka ABD, To PM =

1
= §BM . CiregoBaTtebHO, % =1.

6.25.1. Ha xatete BC IpAMOYTroJbHOIO TpeyroiabHuka ABC ¢ IpAMBIM
ymioM npu BepiminHe C u ¢ yioM 30° IIpu BepiiMHe A BHE TpeyrojbHUKA
IIOCTPOEH PAaBHOCTOPOHHUU TpeyrosbHUK BCD. Ilpsamas AD miepecekaeT
cropony BC B Touke K.

a) Jlokaxkute, yto CK : KB=1:2.

6) IIpsimast, mpoxozsias yepe3 Touky K mnepreHAUKyaApHO CD, mepe-
cekaeT runoteHy3y AB B Touke M. HaiizuTte oTHomeHue AM : MB.

Omeem: 5:1.

Pewenue. a) O6osuauum BC =a. Torma BD = CD =a, AB=2a, a Tak

kKak /BCD =60° = ZABC, To CD || AB. 3HauuT, TpeyroibHuk DKC mojo-

6eH TpeyronbHUKY AKB, npu4ém KoapduiueHT nogo6us paBeH i]; %
1

CiiegoBaTe/lbHO K _1
A "KB~ 2

D

6) ITockomnbKy mpsamble AB u CD mapasuiensHel, KM | AB. U3 npsamo-
YroJIbHOTO TpeyrosbHuka BMK Haxoaum, 4To

1 1 2 1 1
MB—EBK—§~§BC—§BC—§CL

Torgma
1 5
AM = AB—MB = 2a—§a = 3a
CiegoBaTebHO,
AM _ 3¢ _
MB ~— 15 7

w =

6.26.1. buccektpuca AD TpeyronpHuka ABC genut ero meanany BM
ITOITOJIaM.

a) JlokaxxuTe, YTO IUIOIIAb TpeyroabHuKa ACD BABOe 60JIbIlle IUIOIIa-
Ay TpeyroibHuKa ABD.

6) B KakoM OTHOIIIEHUU MeAraHa BM aenut 6uccekTpucy AD?
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Omeem: 3:1.

Pewenue. a) Ilycte P — Touka nepeceuenus AD u BM.
Torpga P — cepenuHa BM. Meguana AP tpeyronbHuka ABM
SIBJISIETCST €r0 OUCCEKTPUCOM, 3HAUMUT, TPEYTOIbHUK ABM
paBHOOeApeHHbIN, AB=AM. IToatomy AC =2AB. Tlo cBOU-
CTBY OMCCEKTPUCHI TPEYTOMbHUKA

BD AB 1

CD~ AC ~ 2"

CiegoBaTebHO,
Samsp _ BD _ 1
Saacp CD 2°
6) Yepe3 TOUKy A TPOBeAEM IPAMYIO, ITapaj-
genbHyto BC. IlycTh aTa mnpaAMmas IepeceKaeTcsa
¢ npsAaMoit BM B Touke Q. 13 paBeHCTBa TpeyTroJb-
HUKOB AMQ u CMB cunenyet, ytro AQ = BC, a us
moz06us TpeyrombHUKOB DPB 1 APQ — 4TO
PD BD BD 1
AP~ AQ _ BC ~ 3"
6.27.1. Ha ocHoBanuax AD u BC Tpaneuuu ABCD oTMe4YeHBI TOYKHU
M u N COOTBETCTBEHHO, a Ha GOKOBBIX cTOpoHaxX AB 1 CD — To4ku K u L
cooTBeTCTBeHHO. [Ipu sToM DM : AM =CN :BN=BK:AK=CL:LD=1:2.
a) Jlokaxkure, 9TO YeTHIPEXYTONbHUK KMLN — Tpanenus.
6) M3BecTHO, uTo AD =3BC. B KaKOM OTHOIIIEHUY AuaroHaab BD Tpa-
netiuu ABCD genut 60KOBbIe CTOPOHBI Tpanenuu KMLN?
Omeem: 2: 3.

Pewenue. a) IToCKOMBKY g—ll\;

CL
= Cp> 1pamas NL napasienpHa guaro-
Hamu BD. AnanoruuyHo npamada KM Taxxe napasienbHa BD. 3Hauwur,
NL||KM, a Tax xax NL= £BD 1 KM = 2BD, 1o NL #KM. Crezoatenso,

KMLN — tpanenys.

B Z2b NbC

A 2d M d D A 6b M 3 D

6) Touku L u K genar 6okoBbie cTopoHbl CD u AB Tpameuuu ABCD
B OJHOM UM TOM K€ OTHOIeHWH, 3Ha4uT, KL || AD. [Iycth P u F — TOuYKHU
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nepecevyeruss BD ¢ ML u KL cootBeTcTBeHHO. TpeyronbHuk FDL mogobeH
TpeyroabHUKY BDC ¢ K03dduIieHToM z, nosromy FL = %BC . Tpeyromnb-
HUK FPL nogobeH TpeyroibHUKy DPM, O3TOMY

2
p _ FL _ 3BC BC _

W‘W_%ADZZ'E_

>

1
2:3=

winN

a Tak Kak BD || KM, To mpsimast BD genut 60KoByio cTopoHy KN Tpare-
nuu KMLN B TOM Ke OTHOIIIEHUH.

6.28.1. Ha croponax AD u BC napasnenorpamMmma ABCD B3ATHI COOT-
BETCTBEHHO TOUkU M u N, npuuyém M — cepeanHa AD, a BN :NC=1:3.

a) Jokaxmure, yTo npsAMble AN u AC fenAar oTpe3ok BM Ha Tpu paBHBIe
YacTH.

6) HalizuTe IUIOIAZbh YETHIPEXYTOIBHUKA, 0OpPa30BAHHOTO Iiepece-
yeHUAMU NpAMBIX AN, AC, BD u BC, eciau mwiomazb lapajuienorpam-
Mma ABCD pasHa 40.

Omseem: 9.

Pewenue. a) Ilycts oTpe3ok BM mepecekaer
orpe3sku AN u AC B Toukax P 1 Q COOTBETCTBEH-
Ho. [Tonoxxum BN =a, NC=3a. Torna AD =BC =
=4a, AM =MD = 2a. Tpeyronbuuxku BPN u MPA

1oz 00HBI ¢ KO3 dUIIEHTOM BN _a _1
A I AM ~ 22 2’

BalkN Ja C

3TOMYy BP = %BM.
Tpeyronpuuku AQM u CQB nogo6HBbI ¢ K03¢-

A 2a M 2a D

AM  2a

1 1
BC = 4q — > T03TOMY QM= §BM. 3HayuT,

dunreHTOM

PQ = BM —BP—QM = BM — 1BM — 2BM = 3BM.

BaN 3a ¢ CrnenosartenvHo, BP=PQ=QM.

6) I[lycte O — 1leHTp mapasuienorpamMma, E —

< TOYKa IlepeceyeHUda guaroHanu BD c¢ otpes-
KoM AN. TpebGyeTcs HaWTH IUIOMIAZb YETBHIPEX-

o yronpHuKa COEN.
Tpeyronbuuk BEN 1of06eH TpPEYronbHU-
A 4a D BN _a _1
Ky DEA c ko3¢ dunmeHTOM AD = Zq = > O9TOMY
BE_1 Torga BE_1 a BE_2 3Ha4YuT
ED 4 @ BpT52B0 " 5 ’
Sapew _ BE BN _2 1 _ 1
Sapoc BO BC ~ 5 47 10
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(cm. 1. 241 npunoxenusd 2). CieZioBaTenbHO,

Scoen = SaBoc ~SaBEN = Sapoc ~ %SABOC =
= 1_90SABOC = % : %SABCD = 4% 40 =9.

6.29.1. Yepes Touky nepecedenua O guaroHasei Tpaneyy nposejeHa
mpsMas, apajulelbHasd OCHOBAHUIO U IlepeceKaromas G0KOBBIE CTOPOHBI
B TOoukax M u N.

a) Jlokaxure, uro O — cepesnHa oTpe3ka MN.

6) HafiznTe OCHOBAHUs, €CJIU U3BECTHO, YTO OZHO U3 HUX BTpPOe OOJIb-
1re gpyroro, a MN =6.

Omeem: 4 u 12.

Pewenue. a) Ilyctb guaronanu AC u BD Tpaneuuu ABCD c ocHOBa-
HuamMu AD u BC nepecekaroTca B Touke O, a IpAMasd, IpoXoJAllasa yepes
Touky O mapa’sieIbHO OCHOBaHUAM, IlepeceKa-
eT 60KoBBIE CTOPOHBI AB 1 CD B Toukax M u N
COOTBETCTBEHHO. M N

Tpeyronpuuk AMO mozo6eH TpeyronbHU-

B C

Ky ABC c x03$duIeHToM % 3Hayut, OM =

AO AD
=BC- ¢ =BC aprsc:

mofob6eH TpeyronbHUKY DCB ¢ K03puIimeHToM
DO DO AD

DB 3uauut, ON =BC - DB =BC- ADTBC
moBarenbHO, OM =ON.

6) ITonoxxum BC =a, AD =3a. Torna OM =
AD

TpeyronbHuk DNO

Cie-

a
= BC - ADLBC’ wm 3=a- 3a+a OTtcroza
HaxoauM, 4Tto a = 4. CnegoBaTenbHo, BC =4
u AD=12. A Ja D

6.30.1. Touka mepecevyeHUs GUCCEKTPUC YITIOB IIPU OOJIbIIEM OCHOBA-
HUY TPAIEeLH JIeKAT Ha MEHbIIEM OCHOBAHUMU.

a) JlokaxuTe, 9YTO MeHbIlee OCHOBaHMe PaBHO CyMMe OOKOBBIX CTO-
POH.

6) Haligure yryibl Tpamenyy, eCJIM OTHOLIEHNE OCHOBAHUN Tpamenuu
paBHO 3:2, a OTHOIIIeHHe BOKOBBIX CTOPOH PaBHO 5: 3.

Omeem: 90°, 90°, arcsin %, 180° — arcsin %
Pewenue. a) Ilyctb OucCeKTpUCHI yIIOB B M, C
npu BepmnHax A u D Tpamnenuu ABCD c oc-
HoBaHUusAMU AD u BC (AD>BC) niepecekaroT-

¢ B TOUuKe M, jexkalell Ha ocHoBaHuUM BC. A D
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Torpa ZAMB = ZDAM = /BAM, 3HauuT, TpeyroibHUK ABM paBHO-
Genpennsiii, BM = AB. Anamoruydo CM = CD. CnegoBarenbHo, BC =
=BM+CM=AB+CD.

6) ITycts BC =2x, AD =3x, AB =3y,

B~ M8y C CD = 5y. Torpa S5y + 3y = 2x. Otcrooza

Jyf ‘ - ) 5y HaxoauM, 4To X = 4y. 3Hauut, BC = 8y,
= AD=12y.

A 8y K 4y D Yepes Touky C npoBeAéM NpAMYO, Ia-

paieNbHyI0 60KOBOU cTOopoHe AB. IlycTb
ora npamad nepecekaetr AD B Touke K. ITomyuum tpeyronbHuk CKD co
CTOPOHAMU

CK =AB=3y, CD =35y,
DK =AD—-AK =AD—-BC =12y -8y =4y.

dtoT TpeyroabHUK CKD TPSMOYTONBHBIA C TPAMBIM yTJIOM TIPU Bep-
murHe K, Tak Kak

CD? = 25y? = 16y*+9y? = DK? + CK>.
CiiegjoBaTebHO,

Z/CDK = arcsin g—g = arcsin %, /BAD = ZCKD = 90°.

6.31.1. BHeBmUCaHHAA OKPYXHOCTh PaBHOOEJPEHHOr'O TPeyrolbHUKA
KacaeTcsl ero 60KOBOM CTOPOHBL.

a) JlokaxuTe, 4YTO paflyC 3TOU OKPY:KHOCTU paBeH BBICOTE TPEyToJb-
HUKa, OIyIlIeHHOU Ha OCHOBaHUeE.

6) V13BeCTHO, UTO paAUyC 3TOM OKPYKHOCTH B IISITh pa3 Oosblle paju-
yca BIIMCAaHHON OKPY>KHOCTU TpPeyroJbHUKA. B KaKOM OTHOLIEHUU TOYKa
KacaHHs BIIMCAHHOHN OKPYKHOCTH C 60KOBOI CTOPOHOM TPeyrolbHUKA Jle-
JIUT 3Ty CTOPOHY?

Omeem: 1:3.

Peutenue. a) IlycTh BnHMcaHHaA OKPYXKHOCTb ¢ IleHTpoMm O KacaeTcsd
60KOBOI cTOpOHBI AB 1 ocHoBaHUs BC paBHOOEIPEHHOTO TPEYTOIbHU-
ka ABC B Toukax M u H, a OKPY)KHOCTb ¢ IleHTpoM O; KacaeTcsi 60KOBOM
CTOPOHBI AB, IIpoAO/KeHUA oCcHOBaHUA BC B TOuke D U NPOAOLKEHUA
60KoBo# cTopoHb! AC B Touke E. Torma AH — BbIcoTa TpeyronbHuka ABC.

LleHTp OKPY)XHOCTH, BIIICAHHOM B YTOJI, JIEXKUT Ha €ro GUCCEKTPHCE,
moaToMy AO; — 6uccektpuca yrma BAE. B ueTbipéxyrombauke AHDO,
yron HAO; mpsaMo# Kak yroj MexAy OHUCCeKTpUCAaMU CMEXHBIX YIJIOB
BAC u BAE, a tak xak ZHDO; =/ZAHD =90°, To AHDO; — IpAMOYTOJb-
HUK, nnostomy O;D=AH.
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pa— »
C H B D

bj

C H B
6) IlycTs pagmyc oKpyxkHOCTU C ueHTpoMm O paBeH r. Torza paguyc
OKPY>KHOCTH ¢ LJleHTpoM O, paBeH 57,
AH =0,D=5r, OA=AH-OH =5r—r =4r.
W3 npaMoyrosbHOro TpeyronbHuka AOM HaxoguM, 4YTO
AM = VAO? —OM? = V16r2 —r2 = r+/15.
[IpssmoyronbHbIe TpeyronbHUKu AOM u ABH TOZOGHBI TIO JBYM yIJIaM,

AM _ AH
TIIO3TOMY oM = BH’ OTKyZa

OM-AH _ r-5r _ rv15
AM rv15 3
I[To Teopeme 06 OTpe3Kax KacaTelbHBIX, IIPOBEJEHHBIX K OKPY>KHOCTH U3

rv1
3

BH =

5
. CiiegoBaTebHO,

oxHOU Touku, BM =BH =
V15
BM _ "5 _ 1
AM ~ ;J/15 3"
6.32.1. [lana tpanerus ABCD c ocHoBarusimu AD u BC. buccekTpuca
yra ADC pOXOAUT Yepe3 cepeuHy G0KOBOM CTOPOHBI AB.
a) JlokakuTe, 4YTO CyMMa OCHOBaHHI Tpareluy paBHa GOKOBOH CTO-
poHe CD.
6) HatizuTe tiomaap Tpanenuu ABCD, ecii AB=8, BC=2u CD =10.
Omeem: 40.
Pewenue. a) Ilyctb M — cepeauna AB. IIpogomkum 6uccektpucy DM
yrna ADC fo nepecedyeHus C IpofomkeHrneM ocHoBaHuA BC B Touke K.
[Tockonbky

/CKD = LADK = ZCDK,
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TpeyronbHUK KCD paBHOGeapeHHEbIH, KC = CD. 113 paBeHCTBa TPEYTOJb-
HUKOB AMD u BMK cnegyet, uto BK = AD. CiiefoBaTe/NbHO,

CD =KC =BK+BC=AD+BC.
K B C B2cC

A D AZP 6 D

6) ITpoBeZéM yepe3 BepiuHy C MPSMYI0, MapaielbHyI0 CTOPOHe AB.
ITycTh 5Ta npaMasn nepecexkaeT ocHoBaHue AD B Touke P. Torza

CP=AB=8, AD=BK=CK-BC=CD-BC=10-2=38,
DP =AD—-AP=AD—-BC=8-2=6.
Tpeyronbuuk CPD mpsIMOYTONMBHBIN, TaK KaK
CD? = 10* = 6°+ 82 = DP?+PC>.
[TosTtomy CP — BrICcOTa Tpanenuu. CiefoBaTelbHO,

Sasco = 3 (AD+BC)CP = 2CD-CP = £-10-8 = 40.

6.33.1. B tpeyronmpHuke ABC Touka D fgenuT cTOpoHY AB momosnaw,
a Touka E nexut Ha ctopoHe BC, mpuuém oTpe3ok BE B 3 pasa MeHblIe
croponsl BC. Otpesku AE u CD nepecekaroTcsa B Touke O, AE =35, OC=4.
a) Jokaxure, uro CD = AE.
6) Haiigute cropony AB, eciu ZAOC =120°.
Omeem: 2v/7.
Pewenue. a) ITpoegém depe3 Touky C TIPSMYIO, MapajienbHy0 AB,
U TIPOZIOXUM OTpe3oK AE /lo IepecedyeHus ¢ 3ToM npsAMoi B Touke T. U3
mozo6us TpeyronbHuKoB CET u BEA cnenyet, uto CT = 2AB =4AD. V3
mozo6us TpeyronbHuKoB COT u DOA HaxoAuM, YTO
co_10_CI_,
OD OA AD ’
CiiegoBaTebHO,
CD=0C+0D =4+1=5=AE.

6) V3 ToTO ke oMo TIoIyYaeM, YTo

AO = %AT - %(AE—I—ET) - %(AE+2AE) - %-BAE =

yll=
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ITo Teopeme KOCUHYCOB U3 TpeyroabHuka AOD HaxoguM, 4TO

AD? = AO?>+D0O?—-2A0-DOcos ZAOD =9+4+1—-2-3-1-cos60° = 7.

CrnenoBarenbHo, AB=2AD =2+/7.

6.34.1. Ha otpe3ke BD Basita Touka C. Buccekrpuca BL paBHOGe/peH-
HOTO TpeyronbHuka ABC ¢ ocHoBaHueM BC sBsgeTcss 60KOBOM CTOPOHOM
paBHObGeApeHHOTO TpeyronbHuKa BLD ¢ ocHoBaHueM BD.

a) Jlokaxkute, 4yTo TpeyroabHUK DCL paBHOGEIPEHHBIM.

6) MsBecTHO, yTO c0S LABC = % B xakowm oTHoleHuu npsamas DL fe-
JIUT CTOPOHY AB?

Omesem: 9:16.

Pewenue. Ilepsbiii cnoco6. a) Obosuaunm LABL = /CBL = a. Torga

/ACB = Z/ABC =2a, /BDL=/DBL =a,
a Tak kak ACB — BHenTHu# yroi TpeyronbHuka DCL, To
/ZDLC = LACB—ZCDL =2a—a = a.

3uauuT, ZDLC = ZCDL. CnefoBaTenbHO, TpeyroabHUK DCL paBHOGEApEH-
HBIH.
6) Ilycte AH — BbIcOTa paBHOOeApeHHOro TpeyroibHuka ABC. Torza

H — cepepyna BC. bucceKTprca TpeyroJabHUKA JEJIUT €r0 CTOPOHY Ha OT-

Pe3KH, IPOINOopIHOHAIbHbIE ABYM JPYTUM CTOPOHAM, IIO3TOMY % = %,

a TaK KakK

BH
B = = cos LZABC = cos2a =

w wlr—l

o BC ZBH_g CL_2
OB~ AR — . 3HAYUT, ——+ AL 3,r[osTOMyAL— —AC= AB

[Tycth HpHMaH DL nepecexkaeT cTopoHy AB B Touke M. Toma
ZAML = 180° — ZMAL — ZALM = 180° — (180° — 4a) — o = 3.
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o
B
[TpuMeHUB TeopeMy CUHYCOB K TPeYroJbHUKY AML, OMy4ruM, YTO e
= sin3a’ OTKyZa
AM = ALsina _ ALsina ALsina _
~ sin3a ~ sin(a+2a) = sinacos2a-+cosasin2a
_ ALsina _ AL _
" sina(cos2a+2cosa) ~ cos2a+1+4cos2a
_ AL _ AL _3, 33,5, 9
T 2cos2a+1 T 2.l+1 - SAL ~5 SAB - 25AB'
AM 9
3HauutT, MB=AB - AM ——AB CiegoBaTenlbHO, —— VB = 16"
Bmopotl cnocob. 6) HOJ‘IO}KI/IM BC =2x. Torga
3 3 9
CH=x, AB=AC=3x, AL= gAng-Sx: =X,
CD=CL=32AC=23x=2x, BD=BC+CD=2x+32x="1x

- M AM BD CL_,
O TeopeMe VieHenasa - — MB DC AL~ , CJIeJOBaTEeJIbHO,
6 9
AM _ CD AL _ X 5% _ 9
MB ~ BD CL~ 1, %~ 16
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IToaroroBUuTeAbHBIE 3a4a4YU

7.1. Hatigute miomazp TpeyroJbHUKA, BePIINHBI
KOTOPOTO — CEpPeIUHbl CTOPOH TPEeYyrolbHUKA ILIO-
maau 4.

Omegem: 1.

Pewenue. CpefiHue JTUHUU Pa3OUBAIOT TPEYTOJb-
HMK Ha 4YeThIpe PaBHBIX TPEyroJbHUKA.

7.2. Touku M n N pacnonoxeHbl Ha cTopoHe BC TpeyronbHuka ABC,
a Touka K — Ha ctopone AC, mpuuéM BM:MN:NC=1:1:2u CK: AK =
=1:4. V3BecTHO, YTO IUIOImaZAb TpeyroabHuKa ABC paBHa 1. Haiizute
IUTOIIa/b YeThlpéxyronbHuka AMNK.

Omsem: %
Pewenue. Y TpeyronbaukoB AMB u ABC o611ast Bbl-
COTa, IPOBe/IEHHAsA U3 BEPIIMHEBL A, IO3TOMY UX ILIOIIA- B
1 OTHOCATCA KaK OCHOBaAHUSA, 3HAYUT, y
BM 1 1
SAAMB:R'SAABC:Z'1:Z~ N
AHaJIOTUYHO Q
1 CK 1 A K C

11
Saanc = 9> Sacnk = AC “Saanc = 592 770"
CiiegoBaTebHO,

1 1 7 13
SAMNK:SAABC_SAAMB_SACNK:1_Z_E :1—% = 950"

7.3. Ha cropone AB TpeyronbHuUKa ABC B3ATHl TOUku M u N, Ipudém
AM :MN :NB=2:2:1, a Ha cTropoHe AC — Touka K, npuuém AK : KC =
=1:2. Hatigure mwiomazap TpeyroibHuka MNK, eciu mwiomazb Tpeyroab-
Huka ABC pasHa 1.

2
Omeem: 15 B
Pewenue. Coenqunum K u B. Torza N
1 2
Saaks = 35aaBc;  Samnk = $Saaks- M
[TosTomy
2 1 2
Samnk = T §SAABC =15 A K C
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7.4. Yepes Touku M u N, pendamye ctopoHy AB TpeyronbHuka ABC
Ha TP paBHBIE YacCTH, [IPOBEeJEHEl IIpAMBIe, ITapajulesibHble CTOpoHe BC.
Haiigute momazb 4acTH TpEYTONbHUKA, 3aKJIIOYEHHOU MeEXJYy 3TUMU
NIPAMBIMY, €CIU IUIoIab TpeyronbHuKa ABC paBHa 1.

Omeem: l.

Peuwienue. Ilyctb AM = MN = NB, touku K u L ne-
’)kat Ha ctopoHe AC u MK || NL || BC. Torga Tpeyroib-
HUK AMK mogobeHn TpeyrombHuky ABC ¢ koabduim-

1
EHTOM 3, a TPEYTONbHUK ANL momobeH TpeyroabHH-
Ky ABC c xo3dduUlieHTOM =, CIeJ0OBaTEThHO,

4 1 1 1
SMkLN = Saant —Saamk = §SAABC - §SAABC = §SAABC =3

7.5. Ha croponax AB, BC u AC tpeyronbHuka ABC B3ATHl TOYKU C7,
A, 11 B; COOTBETCTBEHHO, IPUYEM
AC, _ B, 1
C,B~ AC BA 2
Haiigute twromazs TpeyrombHUKa A;B,C;, €ciu IJIOMAAb TPEYrOJIbHU-
ka ABC pasHa 1.

CB, 1

1
Omeem: 3
PeweHue. 3amMeTHUM, YTO
_ BC, BA _ 21 2
ACEA, = Ba " BC Saasc = 3 35aBC = §-

AHaJIOTUYHO
2

SABlAcl = SA31CA1 =9
CiiegoBaTebHO,

A

1

2
SAAB,C, :1—3'5 =3

7.6. CtopoHa TpeyrosbHUKa paBHa 36. [IpAmas, napasiienabHas 3TOH
CTOpOHE, ZIe/IUT IUIOIaLb TPeyTroabHUKA HononaM. HaliauTe AnuHy oTpes-
Ka 3TOM NMpAMOU, 3aKII0YEHHOTO MeX/ly CTOPOHAMHU TPeyTroJIbHUKA.

Omeem: 18+/2.

Peutenue. YkasaHHaad IpAMasd OTCeKaeT OT JaH-
HOTO TpEYroJbHUKA TOAOOHBI €My TpeyroabHUK,
IJIONIA/lb KOTOPOT'O OTHOCUTCA K IUIOWAJU JaHHOTO
kak 1 : 2. T[ostomy ko3dduileHT Mmomobus paBeH

. CJIeLLOBaTeJIbHO, AJINHA UCKOMOI'O OTpE3Ka paBHA

36 -36=18v2.

i)
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7.7. VI3 cepeiHBI OCHOBAHUA TPEYTOJbHUKA IUIOMAANA S MPOBEJEHEBI
mpsIMble, TTapaiiesbHble OOKOBBIM CTOpOHaM. HaiiauTe IIoIiazgpb Moy-
YeHHOI'0 TaKUM 00pa3oM MapasuiesorpaMmma.

Omeem: lS. C
Pewierue. Ilycte M — cepesuHa cTOpOHBEL AB Tpe-
yronbHUKa ABC; P 1 Q — BepIIMHBI NTapajulesorpaM-
mMa MPCQ, npuHaziexamuye croponam AC u BC. Torma P a
P u Q — cepepunnl ctopoH AC u BC. CiieoBaTeNbHO,

Swupcq = CQ-CPsin/C = 1BC-SACSINZC = 3Spmc. A M B

TpeHupoBOYHBIE 3a4a4U

7.8. I3 TOUKM Ha OCHOBAHWUM TPEYIroJIbHUKA IIPOBEJEHEl IIpAMEBIe, IIa-
pasutenibHble 6G0KOBBIM cTopoHaM. OHM pa3bUBAIOT TPEYTrOAbHUK Ha Tia-
pasLesiorpaMM U ZiBa TPeyroJbHUKA C IUIomaaMu S, U S,. Hatigure mwio-
azb napajienorpaMma.

Omegem: 24/ 5,S,.

Pewenue. Ilycte E —Touka Ha cropoHe AC TpeyronbHuka ABC, D
u F —Touku Ha ctopoHax AB u BC cootBeTcTBeHHO, Tpu4éM DE || BC u

EF || AB, SAADE :Sl n SACFE :Sz. O603Han/IM SBDEF :S TOIZ[a SABDE = %S
Tpeyronbuuku ADE v EFC niofo6HBI, TIPUYEM KO3b-
¢burmeHT Mozo6us paBeH KBaZpaTHOMY KOPHIO M3 OTHO-
IIeHUA UX II U, T EE _ ﬁn TOM
e Toma/en, T. €. 7 = S, 03TOMY F
1
35 _ Saw _BD _ EF _ [ DQ
S, Samr  AD — AD — \'S;°
A E C

OTcroza HaxoAuM, 4To S=2v/51S,.

7.9. B TpeyronbauKe ABC poBezeHsl buccekTpuckl CF u AD. Haiigure
OTHOIIleHNe Iolazeil TpeyronbHUKOB AFD 1 ABC, ecnu AB: AC : BC =
=21:28:20.

Omeem: %
Pewenue. TIo cBOWUCTBY OGMCCEKTPHUCHI TPEYTOIbHUKA
BD AB 21 3 B

DC ~— AC ~ 28 4

3
HOSTOMY SAABD = 7SAABC7 a TaK KakK

AF _AC _28 _7
FB~ CB ~ 20 5’
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TO
7 7 3 3 1
Saarp = ESAABD 12 7SAABC = ESAABC = ZSAABC-

7.10. TpeyroJbHUK M BIHCAHHBIA B HEro poMO MMEIOT OOIIWI yToJl.
CTOpOHEI TPEYTONbHUKA, 3aK/II0Yalollie 3TOT YroJl, OTHOCATCA KakK m : 1.

HatizuTe oTHOIIEHUE TUTOIAAU poMba K TUIOIIaAUu TPEYTOIbHUKA.
2mn
(m+n)?’
Pewenue. JluaroHanb pomba, mpoBeAéHHAA U3 OOIIeH C TPEyTOMbHU-
KOM BepIIUHBI, ABJIAeTCs GUCCEKTPUCON TpeyronbHUKa. [103TOMY OHa Jie-

Omsem:

m
JIUT CTOPOHY B OTHOIIECHWU F
CTOpOHLI p0M6a OTCEKAlOT OT TPEYTOJIbHUKA HO,Z[O6HI)I€ €My TPEYyroJib-

m
m+n Tm+n Io-

n m? S
(m+n)? 1 (m+n)2 >’
rge S—IUIOIMIAAb JAHHOTO TPEYTrOAbHUKA. 3HAYWT,
wIomazas pomM6a paBHa

HUKU ¢ KoadpduimeHTaMu mogo6us
2

9TOMY HUX IIOINAAXl PaBHBI

2 2

n m _ 2mn
- (m+n)2'5_ (m+n)2'5_ (m+n)? 5

S

7.11. /IBe nipAMBIe, apajljie/ibHble OCHOBAHUAM TPAIELUU, JeIAT KaX-
Zyio 13 OOKOBBIX CTOPOH Ha TPU PaBHBIE YacTU. Besa Tpamerus pasgere-
Ha UMU Ha Tpu YacTu. HaiifuTe miomazab cpefiHell YacTy, eciy IUIomaaun
KpaWHUX PaBHBI S; U S.

S,+S
Omgem: ——=—2.

Peuwienue. Ilycte MN u KL — yka3aHHbIE [IpAMBIE, ITapaUIeJIbHBIE OC-
HoBauusM AD u BC Tpamnenuu ABCD (M u K nexar Ha AB, N u L —
Ha CD); npsamas, mpoxozAmiasa yepe3 BepiinHy C MeHbIIIEro OCHOBAaHUA
mapajuienibHo 60KOBO# cTopoHe AB, mepecekaeT MN, KL u AD B TouKax
P, Q 1 R cOOTBETCTBEHHO.

O603HauUMM IUIOMAAYM PaBHBIX MapasuienorpamMmoB MBCP, KMPQ u
AKQR 4epes a, a wiomazb Tpeyroibauka CPN

8 o yepes b. Torzga

a
M A N SQPNL = 4b—b = 3b, SRQLD = 9b—4b = Sb,

a 3b
/;[ a ][a 5b < S1=Supey = a+b, Sy =Suxp = a+5b.
R

A p CregosaTenbHO,

2a+6b a+b+a+5bS1+S,

SBZSKMNL:a+3b: 2 2 2
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7.12. UeTHIpEXYTONbHUK pasZie/iéH JUaroHalAMU Ha YeTbIpe TPEeYyroJib-
HuKa. [Inomazy Tpéx u3 Hux pasHel 10, 20 u 30, 1 Kaxjasa MeHbIIe ILUI0-
aZi YeTBEPTOTO TpeyroibHUKA. HaliiuTe miomazab JaHHOTO YeTBhIPEX-

YroJabHUKA.
Omeem: 120.
Pewerue. Ilycte M — TOYKa IepeceyeHUsa Aua- A D
roHaneil AC u BD 4getsIpéxyronpHuka ABCD. Eciu v
Saamp =30, Saamp =10,  Sacmp = 20, M
TO
B C

BM_SAAMB_l _1 _ 20
MD ~ Spump 3 Sasmc = 3SACMD =73 < 10.

CJIeZ[OBaTeJIbHO, ITOT CJIY‘IafI HEBO3MOKEH. Pa36I/IpaH OCTaJIbHBIE ClIydau,
Y6e)K,Z[aeMCH, YTO BO3MOXKHBI TOJIBKO JBa M3 HUX:

Saame =20,  Spamp =10,  Sacup =30

WIN
Saame =30,  Saamp =10,  Sacup = 20.

B KaXX10M 13 BO3MO)XHBIX CIIy4aeB S pppc = 60.
CrnezoBaTenbHO, S pop =104+204 304 60=120.

7.13. Tlnomazu TpeyrolbHUKOB, 06pa30BaHHBIX OTPE3KaMH JAMaroHa-
Jieli Tpanelnyy U e€ OCHOBaHUAMY, PaBHEL S U S,. HalizuTe miomazs Tpa-
MIeIUN.

Omsem: (VS; ++v/S,)2.

Peuwenue. ITycth K — TOuka nepecedeHus guaroHaneit AC u BD Tpa-
metuu ABCD U Sppkec = S1, Saaxp = So. VI3 momobust TpeyroabHUKOB
BKC u DKA cnepyert, 4To

CK _ VS
IIO3TOMY
VS,
SAnBK = \/—S—Z 81 = V58,
1
AHaJOTUYHO S;
VS,
Sapkc = J—S—Z 51 =V5:5,. A D
1
CiiegoBaTebHO,

SABCD = Sl +Sz+2\/ 5152 = (\/S_1+ '\/S_z)z
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7.14. Tlnomazap Tpaneuuu ABCD pasHa 30. Touka P — cepeauta 60Ko-
Boi1 cropoHbl AB. Touka R Ha ctopoHe CD BrIOpaHa Tak, yto 2CD =3RD.
[Tpsamele AR u PD nepecekatoTcs B Touke Q. HaliuTe momjaib Tpeyroab-
HuKa APQ, ectu AD =2BC.

Omsem: %

Pewenue. Tlyctb BC =a, AD = 2a; h — BbicoTa faHHOU Tpameluu. To-
raa
_ AD+BC

SABCD = T h = %ah = 30.

Orcroza HaxoauM, uTo ah = 20.
[Tyctb T — TOuKa mepecedeHus npambix AR u BC. V3 nopobus Tpe-

yronbHUKOB CRT u DRA HaxoguM, 4TO
B a C a

» SR ap_lip_
CT = RD AD = 2AD—a.
h [Tostomy BT = AD, a ABTD — napaJie-
p JIOTpaMM.
a V3 momobusa TpeyronbHUKoB APQ u
TDQ HaxoauM, YTO
- PQ _ AP _ AP _ 1
A Za D QD — TD ~ AB — 2°
CiegoBaTebHO,
1 11 h 1 1 1 10
SAAPQ — §SAAPD — §§AD§ — EADh — gah — 620 — ?

7.15. /laH BBIIYKJIBIN 4YeTBHIPDEXYTONBHUK Iowazu S. Habizure mio-
jaZb YeTHIPEXYTIOIbHMKA C BEPIIMHAMU B cepefiMHax CTOPOH JaHHOTO.

Omeem: %S.

Pewenue. Iepswtii cnocob. Iycth dq v dy —
[IMaTOHAJIM TaHHOTO YeTHIPEXYTOIbHUKA, o —
YTOJ MEXAYy HUMU. YeThIPEXYTOIHHUK C BEp-
IIMHAMU B CepeJuHax CTOPOH ZaHHOI0 — Ia-

1 1
pajIIesIorpaMm co CTOpOHaAMU §d1 u Edz U yTI-
JIOM a MexJy HUMHU. Ero mwiomazs paBHa

1 1 . 1/1 . 1
§d1 . §d2 sina = 5 (§d1d2 s1na) = ES‘

Bmopoii cnoco6. IlycTh S—IUtoliaZib AAHHOTO YeTHIPEXYTOIbHUKA
ABCD, s—rmomaZpb 4eTHIPEXYroJbHUKA, BEPIIMHBI KOTOPOI'O — cepe-
Zunbl K, L, M u N ctopon AB, BC, CD u AD cOOTBETCTBEHHO.
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[Tockonbky KL u MN — cpegnue tuHUN TpeyronbHUKoB ABC u ADC,
TO

1 1
SakBL = ZSAABC: Sampn = ZSAADC'

[TosTomy

1 1 1 1
SaksLtSampn = 75aasct 7Saapc = Z(SAABC+SAApc) =3S.
AHaJIOTUYHO .
Sakan +Samer = ZS-

CiiegjoBaTebHO,

1 1 1
§ =S5—SakBL~SampN ~Sakan ~Samc, =S =78 25=35.

7.16. [laH BBITYKJIBIM 4eTHIPEXYTOJbHUK IUIOLWAAY S. BHYTpHU Hero BbI-
6upaeTca TOYKa ¥ OTOOpa)kaeTcd CUMMMETPUYHO OTHOCHUTENBHO Cepe/VH
ero cTopoH. ITomy4aroTca 4eTelpe BepPIIMHBI HOBOI'O 4eTBIPEXYTOIbHUKA.
HaiizuTe ero miomaze.

Omeem: 2S.

Pewenue. Ilyctb M, N, K 1 L — cepeIUHBI CTOPOH COOTBETCTBEHHO AB,
BC, CD u AD detpipéxyronbHuka ABCD, P — To4Ka BHYTPU 3TOT'O YETHI-
péxyrombuuka; X, Y, Z u T — ob6passl
TOYKHM P NPA CUMMETPHUU OTHOCUTEIBHO
ToyeKk M, N, K 1 L COOTBETCTBEHHO.

Torma MN —cpeaHaa JMHUA Tpe-
yronbHUKa XPY . [ToaToMmy

Saxpy = 4Samnp-

3anucaB aHaJIOTUYHBIE paBEHCTBA JJIA
TpeyroabHukoB YPZ, ZPT u TPX, nony-
YUM, YTO

Sxvzr = 4(Samnp +Sankp +Sakip +Sarmp) = 4Sunkis

a Tak Kak Ivowazp napaurenorpamMmma MNKL BABOe MeHbIle ILIOIIAU
yeTpIpéxyronbHuKa ABCD, TO

1
SXYZT = 4SMNKL =4. ES = 28S.

7.17. B tpanernuu ABCD (BC || AD) amaroHaiu IepeceKalTcs B TOY-
ke M, BC =b, AD =a. HaiifuTe OTHOIIIEHHE TUIOMIAAN TpeyronbHuka ABM
K Iowmazy tpanenuu ABCD.

. ab
Omeem: @ b2
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Pewenue. V3 mogobus TpeyronbHukoB BMC 1 DMA cienyeT, 4To

BM _ BC _b
MD — AD — a’
MIO3TOMY

BM b BM b

BD ~ a+b’ Saasm = BD “Saagp = a+b “SAABD-

[Tyctb h — BBICOTa Tpamnenuu. Torga

B b C _a+b, _1 Sassp _ _a
Sapco = 5 h, Saasp =3ah, FE =0
h CnezmoBaTesibHO,
- Sansm __b Saap __b _a _ _ab
A a D Sapecp a+b Sagep  a+b a+b  (a+b)?’

7.18. B paBHOGegpeHHOM TpeyronbHuKe ABC GOKOBBEIE CTOPOHBI BC
u AC B iBa pasa 60J1bllle OCHOBaHUS AB. BUCCEKTPHUCH YIJIOB MTPU OCHOBA-
HUU IlepecekaroTca B Touke M. Kakyro gacTb TpeyroabHuka ABC cocTas-
JiAeT IUIolaz b TpeyronbHuka AMB?

1
Omeem: T

Pewenue. Ilyctb AA; 1 BB, — GUCCEKTPUCH YIJIOB PU OCHOBaHUU AB
TpeyroabHuka ABC. [I0CKOIBbKY
BA, AB

1 1
AC - AC — 20 BAI=3BC

C

TO

1
Saapa, = §SAABC-
[MockonbKy BM — GucceKkTpuca TpeyroibHuka BAA, TO

AM BA, 2 3
AM — aB — 3 AM=3AA.

CienoBaTebHO,

3 1
Saamp = gSAABA1 = gSAABC-

7.19. B TpeyronsHuke ABC, 1olazb KOTOPOro paBHa S, IPOBEAEHbBI
6uccektpuca CE u MeaunaHa BD, mepecekarinuecs B Touke O. Halizaute
IWIoMaAb YeThipéxyrombuuka ADOE, 3Has1, uto BC=a, AC =b.

Omeem: —2Batbs

" 2(a+b)(2a+b)”
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Pewenrue. TIo CBOHCTBY OUCCEKTPUCHI TPEYrONbHU-

Ka BO _BC _2a [ToaTomy BO _ _2a AHaJIOTMYHO
oD CD b~ BD  2a+b’
@:9 HOBTOMY@:L Torza
EA b’ AB a+b’
BO BE 2a a 1

SABOE - @'QSAABD ~ 2a+b ' a+b 'QS =

=S

(2a+b)(a+b)’
S _15_ a’s _15 (1_ 2a? ) __ b@Ba+b)s
ADOE — 9 (2a+b)(a+b) — 2 (2a+b)(a+b) ) ~ 2(2a+b)(a+b)’

7.20. B IpAMOYTOJIbHOM TPEYTI'OJIbHUKE CUHYC MEHBIIETro yIJIa PaBeH %

[leprieHAUKYIAPHO TUIIOTEHY3€e MPOBe/eHA TpsiMasi, pa3buBarolias Tpe-
YrOJbHUK Ha /IBe PaBHOBEJIMKME 4aCTU. B KaKOM OTHOIIEHUN 3Ta NpAMast
JleJIUT TUIIOTEHY3Y?
Omeem: 2:1.
Pewerue. Ilycte M —TOuka Ha TrunoTeHyse AB IPAMOYI'OJbHOT'O
. 1
TpeyronbHuka ABC, sin /A = 3 N —Touka Ha kKartetre AC, MN 1 AB
1
U Spamn = ESAABC-
O6o3HauumM BC =t. Torga

BC
sin/A

AB = = 3t.

Wli—llr‘f

TpeyronpHuk ANM mozmo6eH TpeyroabHUKy ABC ¢ ko30-

(1)I/II_II/ICHTOMJ PaBHBIM KBaZpaTHOMY KOPHIO M3 OTHOLIEHUA
t

IUIOIIAZen, T. €. —=, 3Ha4uT, VN = —.
an V2 V2
W3 npAMOyroibHOro TpeyroibHuka ANM Haxo4uM, 4TO
__MN _ _ 3t _ JANTOWINZ = /28 2 _
AN_sinAA_SMN_ﬁ’ AM = VAN“—-MN*+* = 5 2—2t,
nosroMy MB=AB — AM =3t — 2t =t. Ciie0BaTeNbHO,
AM 2t
MB~ =%

7.21. Ha ctoponax AB u AD mnapanenorpamMmma ABCD B3ATH TOYKUA
M u N Tak, yto npsmbie MC u NC pa36GuBaioT mapaiiesorpaMM Ha TPU
paBHOBenuKue yactu. Hatizute MN, eciu BD =d.

Omeem: %d.

Peuwerue. TTockonbky

2
SaaBc = Sacpas  Samc = §SAABC’
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TO AM 1 AHaJIOTUYHO AN _ 1 CiemoBaTenb-
B £ MB ~ 2° ND — 2 €A

HO, TpeyroabHUK AMN 10o706€eH TpeyroabHUKy ABD

AM 1
M ¢ KO3pPUITIEHTOM g = 3- [loaTomy
_lpp_ 1y
by I MN = 3BD = zd.

7.22. B tpeyronmpHuke ABC yron A paBeH 45°, a yron C ocTpsiii. 13
cepeZrHEI CTOPOHBI BC onyleH nepneHguKyaap NM Ha ctopony AC. ITino-
mazu TpeyronbHUKoB NMC u ABC oTHocATca kak 1: 8. Haligure yribl
TpeyroabHuka ABC.

Omeem: 45°, 90°, 45°.
Peuterue. TTockonbKy

Sanmc _ CN CM

CN M _ 1 CM
2

1
Saasc  BC AC c 8

IIycte BK —BBICOTA TpeyronbHuka ABC. Torpa
NM — cpepuaa nunua tpeyronbHuka BKC. Tlostomy KM = MC u AK =
=KC, 1. e. TpeyronbHuK ABC paBHOGeApeHHbIN. Clie0BaTENbHO,

ZC =45°, /B =90°.
7.23. B TpeyronbHuKe ABC 13 Touku E cTOpoHBI BC IpoBe/ieHa IIps-

Masd, napasulesbHas BbicoTe BD u nepecekatrouas cTopoHy AC B Touke F.
Otpesok EF penut TpeyroanI/IK ABC Ha /iBe paBHOBeJUKHE (GUTYDHI.

2
Hatigute EF, ecntu BD = 6, DC =5
Omaeem: 9\/;.
Pewernue. 3ameTHM, 4TO
Sacer _ CE CF _ 1
5 Sacsa CB AC — 2’
E a Tak kak AC = %CD, TO
CE CF _ 1
6 CB %cp ~ 2
OTcioga HaX0AWM, YTO
A D IF C CE CF _ 9
CB CD ~ 14°

V3 opobus TpeyronbHukoB CEF u CBD ciefyet, 4To glb; gD [TosTomy
9 CE_ .3 EF_BD~CE_6__£_9ﬁ
14> CB ™~ /1%’ CB J14 ~ /14 7

(Q)Z _ 9 CE
CB



TpeHHpPOBOYHBIE 3a/a4U 147

7.24. Yepe3 HEKOTOPYIO TOUKY, B3ATYI0 BHYTPU TPEYTrOJIbHUKA, IIPOBE-
JeHBbl TPU TPsIMble, TTapaIieJibHble CTOPOHAM. DTU TpsMble pa3bUBaIOT
TPeyroJbHUK Ha 1IeCTh YacTel, TPU M3 KOTOPBIX — TPEYTOJbHUKHU C ILJIO-
mazsaMu Sy, Sy, Ss. HaliinmTe miomaaps JaHHOTO TPEYTOIbHUKA.

Omeem: (V/S;+ VS, + vS3)>.

Pewenue. Ka)KZ[I:IfI 13 IIOJIYYUBIINXCA TPEYT'OJIbBHUKOB HOZ[O6€H JaHHO-

M CKOB(i)(i)I/IHI/IeHTOM COOTBETCTBEHHO E @ @ rae S HCKOMasA
y \/E 3 \/E 3 \/E b

IUIOLIA/b JAHHOT'O TpeyronbHuKa ABC.
O603HaYNM CTOPOHBI STUX TPEYTOIBHUKOB, apajulebHble CTOpoHe BC
TpeyrombHuKa ABC, dyepes a, b u ¢ cooTBeTcTBeHHO. Torma a+b+c=BC,

VS a5 b V5«

JS BC Js BC’ J5  BC
CJIO}KUB MOYWIEHHO ImocjiegHuE TpyU paBE€HCTBA, IIOJTYyYrUM

\/5_1+\/S_2+\/S_3:a+b+c:1 A
/S BC :
OTcrofa HaxoIuM, 4YTO A A
VS = ‘/S_1+ ‘/S_2+ ‘/S_s a c
CiiejoBaTebHO, S
SZ(\/S_1+\/S_2+\/S_3)2. B a b c C

7.25. B paBHOGenpeHHOM TpeyrombHuKe ABC (AB = BC) mpoBefeHa
6uccektpuca AD. ITnomazu TpeyronbHUKOB ABD u ADC paBHBI COOTBET-
CTBEHHO S; u S,. Hatigure AC.

24/5,(5,+55)
(/457 - 52

Pewenue. O6o3naunm AB=BC =y, AC =x. [Iyctb BK — BBICOTa Tpe-
yronpHUKa ABC. Torza

_1 _1 o x> S1_BD _AB _ Yy
Sy+81 = 3ACBK = yxyfy2 =%, FL=22-48-%

BrIpa3uM y u3 BTOPOTO PABEHCTBA U MOZACTABUM B ITEPBOE.
[Tocsie BO3BeZeHUs 00enx YacTell B KBaZpaT MOMyIUM

x*(48% —52)
452

OTcroza HaXoAuM, YTO

Omsem:

= 4(51 +Sz)2.

4s2-s2

X =
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7.26. [luaroHanu BBIIYKJIOrO 4YeThIpéxyronbHuka ABCD mepeceka-
I0TCA B TOuKe E. M3BeCTHO, 4TO IUIOINAAb KaXXJOI'0 U3 TPEYyroJbHUKOB
ABE u DCE paBHa 1, mwiomazb BCero 4eThIPEXYroJbHUKA He IIPEeBOCXO-
ouT 4, AD = 3. Hatizute ctopony BC.

Omeem: 3.

Peuwienue. Tpeyronbuuku ABD u ACD paBHOBEJIUKY, TaK Kak

Saasp = SaaBe +Saarp = Sapce +Saaep = Saacp-
Torga ux BBICOTHI, OMyIIIeHHbIE Ha 00Ilee ocHoBaHue AD, paBHbL Cieno-
BareynbHO, BC || AD.
[Tyctb BC = x. V13 mojobus TpeyronbHUKoB BEC 1 DEA
B x [ CIeayer, 4YTo

BE _ BC _x
ED — AD 3’
TIO3TOMY
A 3 D BE X DE 3
SaBEC = ED “Sapce = 3> SapEa = BE “SpaBe = X

ITo ycyoButo 3aza4u S 4pcp < 4, IO3TOMY
x 3
= - <
3T S 2.

C ,Z[pyTOﬁ CTOPOHBI, CyMMa /ZByX B3aUMHO O6paTHI)IX ITOJIOXKHUTEJIbHBIX Y-
CeJI HE MEHbIIIE 2, HpI/I‘-IéM PaBE€HCTBO AOCTUT'a€TCA TOrZ4a 1 TOJbKO TOrJa,
KOTZa KaXKZA0€ 13 9TUX YUCET PaBHO 1. CJIeL[OBaTeJIbHO,

x , 3 x 3
§+;—2, 5—;—1, x = 3.

7.27. V13 Touku P, pacrnonoxeHHOU BHYTPU OCTPOYT'OJIbHOT'O TPEYTolb-
Huka ABC, omnylieHbl IIepleHJUKYIAphl Ha ero CTOPOHBI. JIJIMHBEI CTOPOH
U OIyIIeHHBIX HA HUX IEePIEeHANKYIIPOB COOTBETCTBEHHO PaBHH d U Kk,
b u m, ¢ u n. HalijuTe OTHOIIIEHHe IIOMAZU TpeyroabHuKa ABC K IuIo-
jaZii TPEYroJbHUKA, BEpIIMHAMU KOTOPOTO C/Iy>KaT OCHOBAaHUsA IepIIeH-

A JUKYJIAPOB.

abc
Omsem:

kmc+nma+knb”
Pewierue. Ilycte K, M 1 N — ocHOBaHUA IIep-

TIeHIUKY/IIPOB, OIYIIeHHbIX U3 TOYKU P Ha CcTOpO-
bl BC=a, AC=b, AB=c cooTBeTcTBeHHO; PK =k,
PM =m, PN =n. Torza

Sakmn = Sampn +Saken T Sampk =

- %mn sin(180° — ZA) + %kn sin(180° — /B) + %km sin(180° — ZC) =

= %(mn sinZA+knsin ZB+kmsinZC).



TpeHHpPOBOYHBIE 3a/a4U 149

CiiegoBaTebHO,

% (mnsinZA+knsin ZB+kmsin ZC)

Sansc % bcsinZA

SakuMN

. sinZB . sinZC b L
mn +kn- G570 +km- 570 _ mn+kn- o +km- _ mna+knb+kmc

bc bc abc
sin/B b sinZC ¢
(sin AT a’ snZA— g 1O Teopeme CHHYCOB).

7.28. V13 Touku P, pacnosioxxeHHON BHYTPHU OCTPOYT'OJLHOTO TPEYTolb-
HuKa ABC, omnyleHsl IIeplIeH uKyaaApel Ha cTOPOHBL AB, BC u CA. Ilep-
MEHUKYIAPEl COOTBETCTBEHHO PABHEI [, m, n. Beraucivre mwiomazs Tpe-
yronpHUKa ABC, ecnu yrisl BAC, ABC 1 ACB COOTBETCTBEHHO PaBHHI Q,
Bury.

Omeem

_ (Isiny +msina+nsin )*
2sinasinfsiny
Pewenue. IIpoBesiéM dyepes TOUKY P IpsAMBble, TapajiielbHble CTOPOHAM
TpeyrombHuKka ABC. OHU pa3obbioT TpeyronbHUK ABC Ha IecThb JacTel,
TPU U3 KOTOPHIX — TPEYTONbHUKYU C yIJIaM# a, 3, v ¥ BbICOTaMU [, m, n.
Ecin momazy sTUX TPeyroJbHUKOB PaBHBI COOTBETCTBEHHO Sq, Sy U Ss,
TO Spapc = (VS; + VS, +vS3)? (em. 3azady 7.24). TIocKoNbKy

_ PP(ctga+ctgB)  Psin(a+p)  [*sin(180°—y)

S = - - = - -

1 2 2sinasin f3 2sinasin f3

[?siny sin®y
" 2sinasinf ~ 2sinasinfsiny’
. . . . 2
S, — m?sina_ m?sin*a _ n%sinf n%sin’p
27 2sinysinB ~ 2sinysinfBsina’ 3 2sinasiny ~ 2sinasinysinf’

TO

Saasc = (VS;+ VS, + \/5_3)2 — (Isiny +msin a+nsin 3)?

2sinasinfsiny




150 § 7. OTHoOLIEeHME IUIOIIAZEN

7.29. [lan napainenorpamm ABCD. IlpaMast, IpoxozAlas yepes Bep-
muHy C, nepecekaet npamele AB u AD B Toukax K u L. Ilnomazu Tpe-
yroabHUKOB KBC u CDL paBHBHI p U q. HalizuTe 1iomazb napasieaorpaM-
ma ABCD.

Omeem: 2.,/pq.

Pewerue. PaccMOTpUM CiTydai, Korzia Touka L jleXXuT Ha cTopoHe AD.
[lycts S — wiomazp TpeyroabHuka AKL. Torga kosbdUIMeHT moAo6us

D ¢ TpeyronbHukoB AKL 1 BKC paBeH %, a Tpe-
yronbHUKOB AKL u DCL — _V5 . IToaTomy
- VP8
p
. oo Y
K A B N p-vs)

OTcroza HaxXoAUM, 4TO
1= (/P-V9? VS=yp-/q.
CiiejoBaTebHO,
Spapcp =P—S+q=p—-(/P—vyD*+q=2/pq.
AHanOrnM4YHO 1A caydasd, KOTZa TOYKa L JIeXXUT Ha MPOAOIKEHUHN CTO-
poHBI AD.
7.30. Ha 6oxoBbix cropoHax AD u BC tpaneuuu ABCD B3ATbI TOYKU
P u Q coorBetcTBeHHO, npuuéM AP : PD = 3: 2. OTpe3ok PQ pa3buBaer
TpameIuio Ha YacTH, OZHA U3 KOTOPBIX IO IUIOIA/Y BABOE GOJbIIIe IPYTOM.
Haiigure otHomenue CQ : QB, eciu AB:CD =3:2.
K Omeem: 13:23.
Pewenue. TTpogomKuM GOKOBBIE CTOPOHBI TPa-
nenuu o nepecedeHus B Touke K. Tpeyromsb-
HUK KDC mozmo6eH TpeyronbHUKy KAB ¢ Ko3¢-

2x ¢ _ 2 KD _ 2
¢dunreHTOM Ap = 30 SHAUMT, 7 =3. [Tomoxxum

KD = 2x, AK = 3x. Torma AD = x, a TakK Kak
AP:PD=3:2,TO
L 2 2 12

Zx PD=2AD=2x, KP=KD+PD=2x+2 x=Tx.
= 5 5 5

3, [IpeamonoKuM, 4TO ILIOIIAAb ‘{eTpreXYI‘OJIbHI/I-

5 ‘B ka PDCQ BABOE GObIIIe TIONAHN YETHIPEXYTOIb-
A @ puxa APQB. O603HaunM S rkpc =S. Torga

3 9 9 5
SaKkAB= (5) “Sakpc=75,  Sapep=75-5=75,
5
25

_3 —gySe o Sawc_ S _ 6
=28, Sakpq=S+3S=%S, Sarre ~ D5 =11

WIN
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a Tak Kak
Sakoc _ KD KC _ 2 KC _5 KC _ 6
Sawq  KP KQ ~ Z'KQ T 6 KQ 11’
KC _ 36
° Xq =55 Torza Touka Q JIEXKUT Ha NPOAO/LKEHWM CTOPOHBI BC 3a

KC 2 _ 36
TOUYKY B, Tak Kak —5 XB—3 55"

[TycTe Teneps 1Iomazb 4eTepéxyroabHuka PDCQ BABOE MEHbIIIE II0-
mazau yetblpéxyronbHuka APQB. Torga

Sppcq = 3548 = 3735 = 135

S
K
S akpC S 12
Saws =S5 135, S =I5~ 17
a TaK KakK ,
X
Saxoc _ KD KC _ 2 KC _5 KC _ 12
SAKPQ KP KQ — 1_52 KQ 6 KQ ~ 17’
D
2
ﬁg 25 Torza TouKa Q JeXHT Ha cTOpoHe BC,  Zx C
rax kak ¢ =2 < 72 oouem F a
kB~ 3 85 P 3
A B
€Q _ KQ-KC _ KQ(1-%) _ 85-72 13

QB ~ KB—KQ — KQ (@—1) ~ 108—-85 23"
85

7.31. Ha ctoponax AB, AC u BC mpaBuwibHOro TpeyroibHuka ABC
pacIonoXeHbl COOTBETCTBEHHO TOUKU Cq, By U A; Tak, 4TO TPEYrOJIbHUK
A,B,C; mpaBuibHbIl. OTpe3ok BB, nepecekaeT cTropoHy C;A; B Touke O,

IpU4YEM % = k. HaliiuTe OTHOIIEHWE IUIOMAZMN TpeyroabHuKa ABC
1

K IIIOIaAu TpeyroabHuka A;BC;.

Omeem: 1+ 3k.

Peuwenue. OnycTuM 13 Touek B u B; nep-
neHgukyaapsl BM v B1N Ha nipamyio A;C;.
Torza TpeyronpHuku BMO u B;NO 1oz06-
HBI,

BM _ BO _
B,N _ 0B, _©
HOSTOMY SAAlclB = kSAAlBlcl . AHaJIOTUYHO
TIOJIYyYUM PpaBEHCTBA

SABlclA = kSAAlB]C]s SAA]BIC = kSAAlB]C]-
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3HayuT,
Saasc = San,,c, +3kSanp,c, = (1+3k)Spn5,c,-
CiiegoBaTebHO,

Semc _gp 49

SaaBic

7.32. Ha ctoponax AB, BC u AC tpeyronbHuka ABC B3ATHI COOTBET-

. AC, BA, CB, 2 .

CTBEHHO TOuku Cq, A; u B, npuuém CB-AC BA_1° Havigure 1uio-
maZb TPEYroJbHUKA, BEPIINHBI KOTOPOTO — IIOTIIapHbIE IIepeceYeHns OT-

peskoB AA,, BB, CCy, eciu miomazas TpeyroabHruka ABC pasHa 1.

1
Omsem: =

Pewenue. ITyctb K — TO4Ka nepecedyeHus oTpe3koB AA; u BB;. Yepes
TOYKY B IpoBezéM IpAMYyI0, napaienbHyo AC, U IpoAomkuM AA; 0
niepeceueHus ¢ 3Tol npsAmMoli B Touke T. TpeyrompHuku BA; T u CA; A no-
Io6OHBI ¢ kKoadouirmenToM 2. [Toatomy BT =2AC = 6AB;. V3 mogobus Tpe-
yronbHUKOB BKT u B; KA Haxogum, 4TO

BK _ BT

K_BI_AB1:6‘

[TosTomy
1 11 1
SAABlK = 75AABB1 =7 §SAABC =91

AHa/JIOTUYHO HaxoguM, 4TO

1
SABMC1 = SACNAl =971
rae M — touka nepecedeHusa BB, u CC;, a N — AA; u CC;. CnezoBaresb-
HO,

Samnk = Saasc —Saass, —Sascc, — Sacaa, T Saaks, +Sapmc, T Sacna, =
1 1 1 1 1 1 3 1
=l-3-373tartartaTaT7
B T

a pos
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3aZlayy Ha J0Ka3aTeJbCTBO M BBIYHCICHHE

7.33.1. Ha kaxzoi CTOpOHE PaBHOCTOPOHHEI'O TPEYroJbHUKA B3ATO
110 Touke. CTOPOHBI TPEYTONbHUKA C BEPIIMHAMU B 3TUX TOYKAX COOTBET-
CTBEHHO IepIeHAUKYIAPHBL CTOPOHAM UCXOAHOT'O TPEeyroJbHUKA.

a) JlokaxkuTe, YTO TPEYTOJbHUK C BepUIMHAMU B YKa3aHHBIX TOUKaX
TaKKe paBHOCTOPOHHUI.

6) HaiizuTe OTHOIIIEHYE IUIOMIAAN 3TOTO TPEYTOIbHUKA K IUIOIIALU HC-
XOZHOTO.

Omeem: 1:3.

Pewenue. a) Ilycts Touku K, L, M
JIe)KaT Ha CTOPOHAX COOTBETCTBEHHO AB,
BC n AC paBHOCTOPOHHEI'O TPEYI'OJIbHU-
ka ABC, mpuuém KL | BC, LM 1 AC,
MK 1 AB. Torza

/ZMKL = 180° — ZAKM — /LKB =
= 180°—-90° —30° = 60°.

Ananornuno ZKML = 60°. 3Ha4uT, Tpe-
yroibHUK KLM Take paBHOCTOPOHHUH.
6) IIpsimoyrosnbHble TpeyronbHUKU AKM, BLK v CML paBHBI TIO THTIO-

TEHy3€ U OCTPOMY yIy, a Tak kKak CM = AK = %AM, T0 CM:AM=1:2.
Ananoruuno AK : KB=BL:LC=1:2. Torga (cM. I. 24/ TpWIOXeHU 2)

AK AM 1 2

2
SacmL = SaBkL = Saakm = AB AC Saapc = 3 §SAABC = 9SAABCs
2 1
Sakm = Saasc = 3Saakm = Saapc — §SAABC = §SAABC-

CiiegjoBaTebHO, Saam = 1.
SAABC 3

7.34.1. Touku B; u C; J1eXaT Ha CTOPOHAX COOTBETCTBEHHO AC U AB
TpeyronbHuka ABC, nipuuém AB; : B;C = AC; : C1B. Ilpamsie BB u CCy
repecekaroTcsa B Touke O.

a) Jlokaxure, uto npsamas AO JenuT rornosam cTopoHy BC.

6) HaiizinuTe OTHOIIIEHHE TUTOIIAAU YeThIpEXyronbHUKa AB;OC; K IUIO-
wazau TpeyroabHuka ABC, ecnu AB,:B;C=AC;:C;B=1:2.

Omeem: 1:6.

Pewenue. a) Touku B; u C; genart cropoHbl AC u AB TpeyroibHU-
ka ABC B OZHOM W TOM e OTHOIIEHWH, modtomy B;C; || BC. 3Hauur,
BC,B,C — tpanenus. [To 3ameyaTebHOMY CBOUCTBY Tparneruu (cM. 1. 16a
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npuwioxeHus 2) npsamas AO IPOXOAUT Yyepes cepesu-
Hy M cropoHsl BC.

6) Yepe3 TOYKy A NpOBeAEM IPAMYIO, Mapas-
nenbHyro BC. IlycTh 3Ta npamad INepeceKkaeT IIpo-
JnokeHre oTpe3ka BBy B Touke K. KoadduimeHT

nogobus TpeyronibHUKOB AB;K u CB;B paBeH 3>
nosroMy AK = %BC = BM. 3Ha4uT, TPEyrOJbHUKHU
AOK u MOB paBHHI II0 CTOPOHE U [BYM IIpHJIEXa-
MM K Helt yrmam. Torma O — cepeaiHa oTpe3ka AM.

[Iycty mnomazb TpeyronbHuka ABC paBHa S.
Torza

1 1 1
Saacm = §S: Sanoc = QSAACM = ZS,

AB, 1

1 1 1
Snaaos, = AC “Sasoc = §SAAOC =3 ZS = ES-

1 1
AHAJIOTUYIHO Spapoc, = ES’ 3HAYUT, Sap oc, = 65'

Sap,0c, _1

> Saasc 6

7.35.1. Ha cropone BC TtpeyronpHuka ABC kak Ha guaMmerpe IIO-
CTpO€Ha OKPY>KHOCTbD, IepeceKkarouiasa oTpe3ok AB B Touke D. Ilpu sTom
/ABC=/ZACD.

a) Jlokaxute, uTo mpsiMass CD pa36uBaeT TpeyroibHUK ABC Ha ZBa
MOZOOHBIX TPEYTOTbHUKA.

6) HaiiguTe oTHOILIEHME IUIOAAEH 3TUX II07,00-
HBIX TPEYTONIbHUKOB, eciu AC =15, BC =20.

Omeem: 9:16.

Pewenue. a) Touka D JeXUT HA OKPYKHOCTHU
- ¢ auamerpom BC, snauut, ZADC = ZBDC = 90°.
CrneznoBaTenbHO, TpeyronbHuku ADC u CDB nozpo6-

A
‘ D
B
A
HBI 110 ABYM YyTJIaM.
D
B 20

CliemoBaTeabHO

6) Tpeyrompuuk ADC mozobeH TpeyronbHU-

AC 15 3
Ky CDB c xo3ddunrieHToM BC = 20 = 4 Creziosa-

5

3)2 9
C TEJbHO, UX IUIOIIAaAX OTHOCATCA KaK (4) =16

7.36.1. Ha guaronanu BD nmapasienorpamMmma ABCD oTMe4YeHBl TOUKU
P u Q, npuuém BP=PQ=QD.

a) Jlokaxure, 4TO npsAMble AP 1 AQ IpoXoJAT depe3 cepeAnHsl M u N
cTopoH BC 1 CD COOTBETCTBEHHO.
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6) HatiguTe oTHOIIEHNE TUTOIAAN MATHYToNbHUKAa CMPQN K IUIoIa-
Ay napasuiesnorpamMmma ABCD.

Omeem: 1:3.

Pewenue. a) Ilycts O — 1eHTp mapasie-
sorpamma ABCD. Torza

1 1 2
BP = §BD =3 -2BO = §BO

Touka P nexut Ha MeauaHe BO Tpeyronb-
Huka ABC U JeJIUT e€ B OTHoIleHuu 2 : 1,
cyuTasdg OT BEpUIMHBI B, 3HauuT, P — To4Ka
IiepecedyeHusa MeJVaH dTOr0 TPEYroJbHUKA,
a Torza mMezuaHa AM TNpoxoauT 4depe3 Touky P. CiefoBaTesbHO, IpA-
Mas AP nipoxoaut depes cepesuHy BC. AramoruyHo npamasa AQ NpoxoAuT
yepes cepeauny CD.

6) ILmomazns TpeyroabHuka POC B Tpu pa3a MeHbIIE IJIOMAZU Tpe-
yrompHUKa BOC, Tak KaK y 3TUX TPEYTrOoIbHUKOB OOIIas BBICOTA, IIPOBe-
A€éHHadA u3 BepummHbBl C, a ocHoBaHue OP
IIePBOr0 TPEYroJIbHUKA B TPU pasa MeHblIe
ocHoBaHuA OB BTOpOro. AHaJOIrMYHO ILIO-
mazas TpeyroabHuka PMC BTpoe MeHbIle
wrIowaay rpeyroabHuka AMC.

Tpeyronbuuku BOC u AMC paBHOBe-
JIUKU, TaK Kak IUIOIAJb KaXXJOro U3 HUX
COCTaBJIAET YEeTBEPTh IUIOLIAAU Mapaliesio-
rpaMma. 3HauyWT, CyMMa IUIomaZied Tpe-
yronbHUKOB POC u PMC, T. e. omap yeTeIpéxyroabauka CMPO, BTpoe
MEeHbIIIe IUIOMaAu TpeyroabHuka ABC. AHaJOTMYHO IUIOMIAAb YeTHIPEX-
yroabHUKa CNQO BTpoe MeHbllle IIoaau TpeyroibHrka ADC. CiezfoBa-
TEJIbHO, IUIOIaAb NATUyroibHruKa CMPQN BTpoe MeHblle ILIOIajy Ia-
pamnenorpamma ABCD.

7.37.1. Ha ctoponax AB, BC, CD u AD napannenorpamMmma ABCD oTMme-

4yeHbl TOUYKU K, L, M 1 N COOTBETCTBEHHO, IPUUYEM AR _BL_ M _DN
> Lo B » TP KB LC MD NA'
a) Jlokaxure, 4yTO 4eThIpEXyronbHUK KLMN — napajuiesorpaMm, a
€ro LIeHTP COBIIAZAET C LIEHTPOM IapasuienorpamMmma ABCD.

6) HaiimuTe OTHOIIEeHWe IUTOIAJEel mapasiesorpaMmoB KLMN wu

AK
ABCD, ecniu XB =2.

Omeem: 5:9.

Peuwenue. a) Ilycts suaronane NL yeTeipéxyronbauka KLMN u guaro-
Hanb AC napannenorpamMmma ABCD nepecekatorcd B Touke O. TpeyrojabHu-
k1 AON u COL paBsas! 1o ctopoHe (AN = CL, Tak KaK 3T OTPE3KHU COCTaB-



156 § 7. OTHOLIEHUe TLIOLA el

JIAIOT OJHY U TY XK€ 4aCTb OT PaBHBIX OTPE3KOB
AD u BC) u AByM IpWIeXal¥M K Hel yriam.
3Hauut, OL =0N u AO = OC. Iloatomy O —
LeHTp napasinenorpamma ABCD. AHaloOru4Ho
JOKaXeM, 4To AuaroHanb KM 4eTBIpEXyTOsb-
Huka KLMN npoxogut yepe3 Touky O u fJe-
auTcsa ero nononaM. CnemoBarenbHo, KLMN —
napaJuiesorpamMmm c neHtpom O.

6) O603HauUM S 5op =S. Torma (cM. 1. 24/ TPUIOKEHUS 2)

1 BK BL 121 1
Saasc = 55, SaBkL = Bz BCOsABC = 373735 = gS-

AHaJIOTUYHO
o___ M L 1 1 1
S S/9 SAamDN = 55, Samcr, = 55, SAkan = 55-
g
L 3nauwr,
1 5
5/9 g S s
A K B CnezmoBartesibHO, “KIMN _ 2
SABCD 9

7.38.1. Bepuiutbl pomba pacrnonoxeHbl (10 OAHOM) Ha CTOPOHAX Ma-
pastenorpamMmMa.

a) JlokaskuTe, YTO IIEHTPHI poMba U MmapasiiesorpaMMa COBIaaoT.

6) HaiiguTe oTHOIIEHME TUIONAZe poMba U TapajiesiorpaMMa, eciiu
CTOPOHBI poMba MapasuiebHbI AUaroOHAIAM MTapajuleJiorpaMMa, a Auaro-
HaJIY MapaJijieiorpaMMa OTHOCATCA Kak 2 : 3.

Omeem: 12:25.

Pewerue. a) VI3BeCTHO, YTO eC/IV BEPIITMHBI OHOTO MTapasuieiorpaMma
JIeXaT Ha CTOPOHAX /Jpyroro mapasienorpamMma (1o OfHO#), TO LeHTPHI
napajuiesIorpaMMoB coBniazaoT (cMm. [2], c. 26).

6) Ilyctb ABCD — faHHBIN NapaiiesorpaMM, B KOTOPOM % = %,
a Bepmunbl K, L, M, N pom6a KLMN nexar Ha oTpe3kax AB, BC, CD, AD
cooTBeTCTBEHHO. lleHTp O mapasienorpaMma fBJAAETCA TAaKXKe IEHTPOM
pomba, a TaK KaK CTOPOHEI poMba MapasuielbHbI AUaroHasIM ITapajuieso-
rpamma u LO — 6uccekTpuca Tpeyroabuuka KLM, To OL — 6uccekTpuca

TpeyrombHuka BOC. 1o CBOHCTBY OUCCEKTPUCH TPEYTOMbHUKA

1
BL _ 0B _ ;5P
LC~ 0C ~ Ixc

2
3

3maunt, Sk =BL_2, M _CL_3
>AB~ BC~ 57 CD ™ BC ™ 5°
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[IycTh mromazae napauienorpamma pasHa S. TpeyronbHuk BKL 1ofo-

6eH TpeyronbHUKY BAC ¢ ko3bduiineHTOM z, TTO3TOMY

22 4 1._ 2
Sapmn = SaksL = (g) Sapac = 55" ES = 2_55_
AHaJIOTUYHO
3)?2 9 1 9
Saakn = Sacmr = (g) Sacp = 25" §S = %S.
3Ha4UT,
= 2¢ 5. 9._12
Skimn =S =258 =255 = 5&S.
Sgmy 12
CinegoBaTelbHO, = = +—.
: Suscp 25

7.39.1. OKOJI0 OKPYKHOCTHU OTMiCaHa paBHOOeAPeHHas Tpamneus.

a) Jlokaxkute, 4yTO €€ AUaroHaub IPOXOAUT uepe3 cepefuHy OTpe3Ka,
KOHIIBI KOTOPOT'O — TOYKY KacaHWUA OKPY>KHOCTH ¢ OOKOBEIMU CTOPOHAMMU
Tpamnenuu.

6) Halizure OTHOIIEHHE OCHOBAHUN TpAIEINH, €CIH IUIOIA/lb YEThI-
PEXyTONBHUKA C BepIIMHAMU B TOYKaX KacaHWA OKPY>KHOCTU CO CTOPOHa-

MU TpallelJuy COCTaBIIAET % IUIOIAY TPaIlelHn.

Omeem: 3:1.

Pewenue. a) IlycTp BnHMcaHHas OKPY>XKHOCTb KacaeTcsl OCHOBaHUH
AD=au BC=Db (a>b) tpanenuu ABCD B Toukax N u [ COOTBETCTBEHHO,
a 60KOBBIX cTOPOH AB 1 CD — cOOTBeTCTBEHHO B Toukax K u M. Toraa

BK:BLzLC:CMzg, AK = AN = ND =DM =

>

NI

IIo3TOMY

AK _AK 3 a DM _ DM ___ 5 _ a
AB = AK+KB ~ <4+L _ a+b’ CD ~ DM+MC _ 4  a+b’

N
N
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3uayuT, KM || AD. Eciu O — Touka nepecedenus AC u KM, To U3 mofo6ust
TpeyroibHUKoB AKO u ABC HaXOZ[I/IM 4To

ab
KO =BC- 35 =b- a+b T a+b
Ananornyno MO = %. [Tostomy MO =0OK, T.e. O — cepeauna KM.
) b b
B2 L 2C B2 L2 C
b b
z 7
a
o _ab_ | _ab M
a+b | a+b
a a
z h z
A a N a D A a N a D
Z z 2 z
6) IlycTh BhicOTa Tpamenuu paBHa h. Torga
SABCD = %(AD +BC)h = %(a‘i‘b)h,
a Tak kak NL. L. KM, To
1 2ab __abh
Samn = KM LN =5 h=a5p

Ilo ycioButo 3aga4u Sgy iy = §SABCD: 150071

at _3 1 w _3.1 - 2
pra yla+bh, —= 5(a+b), 3a*—10ab+3b* =
a)? a _
3(5) ~10-$+3=0,
OTKy/Zla HaXOAUM, UTO 7 —3 Win b 3, a Tak kak a>Db, TO =3.

7.40.1. Opr>KHOCTb c geHTpoM O BIIMcaHa B paBHo6eapeHHy10 Tpamne-
nuio ABCD c ocHoBanusaMu AD > BC.

a) Jlokaxkute, 4To npsAMas BO genuT miomapb Tparnelyy mMomnoaaM.

6) [lycts M 1 N — TOYKM KacaHUs OKPY>KHOCTU CO OOKOBBIMH CTOPO-
HaMM Tpanenuu. B xakom oTHomeHuu npamad MN genuT iomazab Tpa-
neuuu, eciua AD =2BC?

Omeem: 7:20.

Pewenue. a) TlycTh OKPY?>KHOCTB KacaeTcst ocHoBaHui BC u AD B ToY-
kax P u Q coorBercTBeHHO. Torga Touka O — cepeauHa oTpeska PQ. Ilo-
CKOJIbKY Tparenus paBHOOeApeHHast, TOUYKU P 1 Q — cepeArHBI OCHOBa-
HUM.



3a/1auM Ha [0Ka3aTeIbCTBO M BHIYMCIEHNE 159

[Iycte mpsamaa BO mnepecekaeT OCHOBa- B P C
Hue AD B Touke E. IlpAamoyronbHblE Tpe-
yronbHUKA OPB u OQE paBHBl IIO Kare-
Ty W IpUIeXalleMy OCTPOMY YIVy, IIO3TO-
MY Saops =Saoqe- [IPAMOYTOIBHbBIE TPATIEIVH
ABPQ u PCDQ paBHOBENUKH, TaK KaK y HUX
COOTBETCTBEHHO paBHbIE OCHOBAHUA M OZHA ul
U Ta e BbIcoTa PQ. Cles0oBaTeNbHO, A @ £ D

1
SaaBe = SABPQ —SaopB +SAOQE = SABPQ = SPCDQ = ESABCD'

6) IIycth Touku M u N JexxaT Ha GOKOBBIX cTOpoHax AB u CD cooT-
BeTCcTBeHHO. [Tonoxxum BP =a, AQ =2a. Toraa

BC=2a, AD=4a, CN=CP=BP=BM=a, AM=AQ=DQ=DN=2aq,

BM CN
BHAYHT, —or = v - [loaTomy mpamas MN mapasiebHa OCHOBAHMAM
Tparenuy.
IIycts guaronanp AC IepecekaeT oOTpe- B g P al

30Kk MN B Touke F. TpeyrombHuk AMF 110-

nobeH TpeyroabHUKY ABC ¢ K03bduiieHTOM
AM _2a _2 2,0 4
AB " 33-3 [ToaTtomy MF = 3BC— 34 Ana
jgorugHo NF = %a. 3Hauut, MN = MF + NF =
_8a

3
Ilyctb hy w h,—BBICOTHl TpamNenui

hy BM a 1
MBCN u AMND cootBeTcTBeHHO. Torza h_z =AM 22" 3 CnezoBa-
TeJIbHO,
Swsow _ 3MN+BOhy  J(Ga+20h,  Hahy 7 1 5
Samnp %(MN+AD)h2 o %(§a+4a)h2 B 23_0ah2 10 2 20°

7.41.1. /luaronanu AC u BD yeTspéxyronbHuka ABCD IepeceKaroTcs
B Touke O. TpeyronbHUku AOB 1 COD paBHOBEJIVKU.

a) Jlokaxure, uto BC || AD.

6) Haiizure mioimagyu TPEYrOJbHUKOB, Ha KOTOPHIE JUArOHAIU pas-
6uBaroT YeThIpéXyronbHUK ABCD, eciu ero miomazib pasHa 27, BC =8,
AD=16.

Omsem: 3, 12, 6, 6.

Pewenue. a) Tpeyronbauku ABD u ACD paBHOBEJIMKH, TaK KaK

Saasp = Saaos+Sasop = Sacop +Sasop = Saacp-
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[TockonbKy AD — o6i111asi CTOPOHA 3TUX TPEYTOJbHUKOB, TO BBICOTHI, OITY-
IIeHHbIe HA 3TY CTOPOHY, paBHBL. CilenoBarenbHO, psaMble BC u AD ma-
pajuiebHBIL.

B C

A D

6) 0603HAYUM S0 = Sacop =S- Tpeyrompuuk BOC mozobeH Tpe-

yronbHUKY DOA ¢ KoabduiineHTOM %, CJIel0BaTEbHO,
0C _ 1 Sapoc _ (1)2 1
OA ~ 2° Spmop  \2 4

Sapoc _ OC 1

Sanos  OA — 2

3HaAYMUT,

1
Saoc = 55, Sanop = 4Sapoc = 25,
a Tak Kak 2S + %S +25=27, T0o S=6. ClemoBaTeIbHO,

Sanaos =Sacop =6, Sapoc =3, Saasop =12.

B g
s 522 S
28
A 16 D

7.42.1. BepmnHbl A 1 D 4yeThIpéxyronbHuka ABCD coeMHEHEI ¢ cepe-
AuHOM M cropoHsl BC, a BepiiuHbI B u C — ¢ cepeaiHOil N cTopoHbI AD.

a) JlokaxkuTe, 4YTO eCiau cepeAuHbl OTpe3koB AM, DM, BN, CN He se-
’KaT Ha OJJHOU IpPSAMOM, TO 4eTHIPEXYTOJIbHUK C BeplIMHAMU B 3TUX Cepe-
AVHAaX — [lapajuleIorpaMM.

6) HafizuTe 1uiomazp 3TOro mapauiesorpaMma, ecid U3BECTHO, YTO
AD =6, BC =8, a yron mexzay npsaMmbeiMu BC u AD pasen 30°.

Omeem: 3.

Pewenue. a) [ycts E, F, G, H — cepeaunsl oTpe3koB AM, DM, BN, CN
cooTBeTcTBeHHO. OTpe3ok MN — obmuias MeAnaHa TPeyroabHUKOB AMD
u BNC. Otpesok EF —cpenHada JUHUA TpeyroibHUKa AMD, 1mo3TOMY
EF mpoxoauT 4epe3 cepefuHy meguaHbl MN U JeIUTCA €0 IIOIIoJIaM.
Ananorndso orpe3ok HG Takxke poxoAuT uyepes cepeauny MN u genurcsa
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€0 rormnosnaMm. 3HauuT, AuaroHanau EF u GH deTwelpéxyronbHuka EGFH
IIPOXOJAT 4Yepe3 cepeAuHy MN u AenATcA 3TOU cepefMHOU IIOIOJIaM.
CreposartenbHo, EGFH — napaJuiesorpaMm.

D D

30°
B M C B 6 M 6 C

6) /luaroHanu mapayienorpamMma EGFH mapasienbHbl CTOPOHAM
AD u BC yeTpipéxyronbHuka ABCD U paBHBI UX IIOJIOBUHAM. YTOJI MEXIY
3THUMHU JiMaroHalIaMu Takxke paBeH 30°. CiefoBaTeIbHO,

SEGFH = %EFGHSIDBOO = %34% =3,

7.43.1. luaroHanu BHITYKJIOT'O YeThIpEXyTronbHIKa ABCD mepeceKaroT-
¢ B Touke P. B tpeyronpuuku APB, BPC, CPD u APD BnuCaHbl OKPY>KHO-
ctu ¢ geHrpamu O, O,, O3 1 O, COOTBETCTBEHHO.

a) Jokaxwure, uTo npamele 0,05 u 0,0, NepneHUKYIAPHEL.

6) ITycts npsimas O, O3 nepecekaeT cTopoHbl AB 1 CD B Toukax M u N
cooTBeTCTBeHHO. HaliuTe oTHOILIeHue IuIouaZeil TpeyronbHUKoB CPN 1
DPN, ecny OKOJIO 4eThIp€xyronbHuKka ABCD MOXHO OIIUCATh OKPY>KHOCTD
uAM:MB=1:2.

Omeem: 2:1.

Peutenue. a) IIeHTp OKPY>KHOCTH, BIINCAHHOX B TPEYTOJIbHUK, €CTh TOU-
Ka [epecevyeHus ero OUCCEKTPUC, a TaK KaK OMCCEKTPUCHI BEPTUKATbHBIX
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VIJIOB JieXXaT Ha OZHOM IpAMOH, To npsamele O;0; u 0,0, NepecekaroT-
cA B TouKe P. BuCCeKTpUCH CMEXHBIX YIJIOB MePIeHJUKYIAPHbI, TIO3TOMY
£07P0,=90°. CnepoBarenbHO, IpsaMble O, 05 u 0,0, NepleHuKyIsapHBL.

6) I[To CBOMCTBY OMCCEKTPUCHI TPEYTOJIbHUKA AM _ PA u DN _ 2D
y P peyr MB~ PB Y CN T PC
[Io Teopeme O IpOU3BEAEHUAX OTPE3KOB lepeceKkaromuxca xop PA-PC =

=PB-PD, nosToMy % = % 3HayuT,

DN _ AM _ 1
CN ~ MB 2
CiiegoBaTebHO,

Sacen _ CN
Sapen ND




§ 8. KacaTesnbHasa K OKPYKHOCTH

IToagroroBuTebHBIE 3a4a4U

8.1. B okpyxHOCTU IIpoBeAEH AuameTp AB. Ilpsa-

Masi, IPOXoJAIlada yepes TOUKy A, IepeceKaeT B TOU- C
ke C KacaTeJbHYI0 K OKPY:KHOCTU, IPOBEEHHYIO Ue-

pe3 Touky B. OTpe3ok AC AennTCs OKPY>KHOCTBIO I10-

nonam. Hatigure yron BAC. D

Omeem: 45°.

Pewenue. TlycTb OKpPY>XHOCTB IIepeCeKaeT OTpe-
30k AC B Touke D. B IpAMOYroibHOM TpeyrombHu- A B
Ke ABC BvIcOTa BD gBiA€TCS MeAWaHOM, 3HAYMUT,

ATOT TPEYTOJIbHUK paBHOOeApeHHbIN. Cle0BaTENb-
Ho, /BAC = /BAD =45°.

8.2. IBe npsAMBIE KacalOTCA OKPY>KHOCTHU ¢ LieHTpoM O B Toukax A u B
U repecekatoTcs B Touke C. HaliuTe yrom Mexzay STUMU IPSIMBIMHU, €CJTA
ZABO =40°.

Omeem: 80°.

Pewenue. Tlockombky CO — GucceKTpurca
yria ACB, a TpeyronbHUK ABC paBHOGeApeH-
HbIiA, T0 CO L AB. Y1t ABO n BCO paBHBHI,
TaK KakK KaXXJblil U3 HUX B cymMMe ¢ yriioM BOC
coctasisier 90°. CinegoBatenbHo, ZACB =
=2/BCO=2-40°=80°.

8.3. B Gosbliieil U3 AByX KOHIIEHTPUYECKUX OKPY)KHOCTEM (MMEoUrX
obImuii 1eHTp) MpOBeAeHA XopAa, paBHas 32 M Kacarllascs MeHbIIei
OKpYXKHOCTU. HalizimTe pazmyc KaXXZOoW M3 OKPYKHOCTEN, eCyIi MMPUHA
ob6pa3oBaBIIerocs Koiblia paBHa 8.

Omeem: 12 u 20.

Pewenue. ITycth O — IIEHTP OKPY)KHOCTeM, AB — faHHas xopaa 60Jb-
el OKpy>KHOCTH, M — e€ TOyka KacaHUA C MeHb-

el OKPY>KHOCTBIO, ' — PaZiyC MEHbIIEH OKPYKHO- W
cru. Torna M — cepeauna AB (Tak kak OM | AB).
ITepswlii cnocob. TTo Teopeme [Mudaropa B mpsaMo- i N
YroJbHOM TpeyroibHuke AMO nmeeM 0
r
0A? = OM?+MA?, wm (r+8)%=r2+16°. >
W3 5TOr0 ypaBHEHUA HAXOAUM, 4TO =12, D
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Bmopoii cnoco6. TlpoBeaém auamerp CD, copep:kaumuii TOuky M
(M nexxut mexzay C u O). Torza o Teopeme 0 IIpOM3BeJEHUAX OTPE3KOB
IepeceKarolluXcs X0p/,

CM-MD = AM-MB, wm 8(2r+8)=16>.

W3 5TOr0 ypaBHEeHUA HaXOAUM, 4TO r=12.

8.4. /Ise npsAMBble, IPOXOAALIYE Yepe3 TOUKY M, jiexKallylo BHe OKPYX-
HOCTH ¢ LleHTpoM O, KacaroTca OKPY>XKHOCTU B ToYKax A 1 B. Otrpesok OM
ZleJINTCA OKPY>XKHOCTBIO IIOII0NIaM. B KaKoM OoTHoIlleHUU oTpe3ok OM fe-
nuaTcs npsiMod AB?

Omeem: 1:3, cuuras oT Touyku O.

Pewenue. BuccekTpuca paBHOOEIPEHHOTO TpeyroibHUKa AMB, Mpo-
BeZIEHHAaA U3 BeplIuHbl M, ABngeTrcsa BeicoTol. [TosTomy AB L MO. Ilycth
OKDY>XKHOCTB IlepecekaeT oTpe3ok OM B Touke K. B mpAMOyroibHOM
TpeyronbHuKe AMO kateT OA paBeH IIOJIOBMHE TUIIOTeHYy3bl MO, 3Ha-
yut, ZAMO = 30°, a ZAOM = 60°. TIoCKOIBKY yTOJ MEXJy PaBHBIMU
cropoHamMmu OA u OK paBHOOEApPEHHOTO Tpe-
yronbHUKa AOK paBeH 60°, TpeyrolbHUK paB-
HocTopoHHUM. Ero BeicoTa AP sBifeTca MeJua-
HOW, II03TOMY

1 1
OP =KP = EOK_ ZOM'

CnepgoBarenbHo, OP: MP=1:3.

8.5. VI3 ozHOI TOYKU NPOBeZEHbl K OKPY>KHOCTU /[Be KacaTesJbHBIE.
JUinHa KaXZOl KacaTelbHOU paBHa 12, a paccTogHUe MeXAy TOYKaMu
KacaHus paBHO 14,4. HaiizuTe pazyyc OKpy>KHOCTH.

Omeem: 9.

Pewenue. Ilycte A — pganHada Toyka, B u C— Touyku KacaHus, O —
LIEHTP OKPY>KHOCTU. IlockonbKy mnpsamMasa OA NepneHJUKY/IApHa OTpe3-
Ky BC u npoxozut 4yepes ero cepeguny M, 1o

/0CB = ZOAC,
: _CM _72_3
sin ZOAC = C=12-%

[Toatomy cos ZOAC = % W3 TpeyronbHU-
ka OCM HaxoauM, 4TO

cM
cosZOCM ~—

ocC = 9.
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8.6. Ilpsamas, mpoxogdamas yepe3 TOUKy M, yAaaéHHYIO OT LieHTpa
OKpYy>XHOCTHU paguyca 10 Ha paccTosHUe, paBHOe 26, KacaeTcs OKPY:KHO-
cTU B Touke A. Hatizute AM.

Omsem: 24.

Pewierue. Ilycte O — peHTp OKpy:KHOcTU. KacartenbHada IeplieH -
KyJfpHa pajuycy, IpOBeEHHOMY B TOUYKY Ka-

caHMs, TO3TOMY TpPeyrolbHUK AMO mpsMo- A
yrosnbHbIiA. [To Teopeme ITudaropa r
AM = VOMZ—0AZ = V262 — 102 = b %

= /(26 —-10)(26+10) = V16-36 = 24.

8.7. OxpyxHOCTH pazuycoB R u r (R >r) KacaroTcsa HEKOTOPOM Ips-
MoM. JIMHUA [EeHTPOB IMepeceKaeT 3Ty npaAMyo noz yriaom 30°. Haiaute
paccTogHue MeX/y IleHTpaMU OKpPYKHOCTel.

Omeem: 2(Rxr).

Pewenue. ITyctb O; 1 O, — LIEHTPHI OKPY>KHOCTEH paJuycoB r 4 R coot-
BETCTBEHHO, A; U A, — HX TOYKU KacaHUA C JaHHOU mpsAMol, M — Touka
nepeceyeHus NpaAMbIX A; A, U 010,.

B mpamoyrospHeIX TpeyronbHuUkax A;O1M u A,O0,M yriel A{MO;
u A,MO, paBabl 30°, mo3TOMy

OlM == 201A1 = 2r, OzM = 2A202 == 2R

CrezioBaTe/NbHO, €CIU LIeHTPhI OKPYKHOCTe! pacIoNoKeHH! 110 OZHY CTO-
POHYy OT ZlaHHOU IpsIMOU (CM. PHCYHOK cjieBa), TO

0102 = OzM_OlM = Z(R_r),

a ecjy 1o pas3Hble (CM. PUCYHOK CIIpaBa), TO

0102 == 02M+01M = 2(R+r)
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8.8. 13 Touku M nposezeHbl KacaTeabHble MA 1 MB K OKPY>KHOCTU
(A u B— Touku kacaHusd). Halizure paguyc okpy>xxHocty, ecnu ZAMB=a
u AB=a.

Omsem: =.
2cos 5
Pewenue. LleHTp O OKPYKHOCTH, BIIMCAHHOMH B YTOJI, JIEKUT Ha OUCCEK-
A Tpuce 3TOro ymia, moatomy ZAMO = %.
N Otpe3ok OM mnepneHAUKYIApeH xopae AB,
lﬂa npoxoauT yepes eé cepeauny K, a ZOAK =
M % ] = /AMO = %. M3 1npAMOYrosbHOI'O Tpe-
\‘ yrosbHUKa AOK Haxozum, 4To
a
AK 2 a
B OA:COSZOAK:COS% :2Cos%'

8.9. Oxpy>xHOCTB € IIleHTpoM O KacaeTcs AByX apasulebHbIX IPAMBIX.
[TpoBeseHa KacaTenbHas K OKPY)KHOCTH, IepeceKarolnasd 3TH IpsMbIe
B TouKax A u B. Hatiaure yron AOB.

Omeem: 90°.

Peuwernue. ITycTb OKPY>KHOCTD € IIeHTPOM O KacaeTcs JaHHBIX NIPAMBIX B
Toukax M u N. Torga AO — 6uccekTpuca yria BAM, a BO — 6ucceKkTpuca

y M yria ABN. Ilockonbky Z/BAM +/ZABN=180°, To

/BAO + ZABO = %ABAM + %AABN -

- %(LBAM+4ABN) - %-180° —90°.

CiiegoBaTebHO,

ZAOB = 180° — (£/BAO + ZABO) = 90°.

8.10. Ha OKpy’KHOCTH pajuyca r BHIOpaHbI TPU TOUYKH TaKUM 06pa3oM,
YTO OKPY>XHOCTb OKa3ajiach pa3fiéJieHHOM Ha TpU AYTH, I'paJlyCHble Mephl
KOTOPBIX OTHOCATCA Kak 3 :4:5. B ToYkax fieJleHUs K OKPY>KHOCTU IIPO-
Be/IeHbI KacaTenbHble. HaliuTe miomaib TpeyroJbHUKa, 06pa30BaHHOTO
STHMU KacaTeJIbHBIMU.

rv3

r L1/150°
r Q"
. 0

r(3+3)
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Omeem: r*(2v/3 +3).
Peuwterue. YTIOBbIe BeTMYUHEI IOMYYeHHBIX YT PaBHBI

3 o __ o i o __ o i o __ o
E-360 =90°, 12 360° = 120°, 13 360° = 150°,

[I03TOMY YIVIBI TpeyroabHuKa paBHBI 90°, 60° 1 30°. Torza MeHbIINHI KaTeT
pases r(v3+1), a 6ombmmit — r(v3 +3).

8.11. PaccTosHUA OT KOHI[OB AaMeTpa OKPY>KHOCTH /10 HEKOTOPO Ka-
caTeJbHOH paBHH a U b. Haliiure pajuyc OKpy>KHOCTH.

Omeem: #.
Pewenue. IlycTb mpAMana KacaeTcsa OKPY>KHOCTHU C LieHTpoM O B TOY-
ke M. Onyctyum neprneHAuKyaaApsl AA; u BB; U3 KOHLOB AuamMeTrpa AB
Ha 3Ty npamyw, AA; = a, BB; = b. IlockonbKy
OM 1 AB;, To AA, ||OM || BB;, a Tak kaKk O — cepe-
AuHa AB, To OM — cpeaHasa muHuda Tpanenyuu AA; BB

(wu MpsAMOYTObHUKA, ecu a =b). CieZiloBaTeNbHO,

a+b
5

OM = 3 (AA, +BB;) =

8.12. B mpAMOyroJbHOM TpeyroJbHUKe TOYKa KacaHWA BIHWCAHHOU
OKPY>KHOCTH JIeJIUT TUIIOTEHy3y Ha OTpe3KH, paBHble 5 u 12. Haligute
KaTeThl TPEYTroNbHUKA.

Omeem: 8 u 15.

Pewerue. O603HAUNM paZNyC BIIKMCAH-
HOM OKpyxHocTH d4epe3 r. Torza KarTeTel
TPeyroJbHUKA paBHHL 5+1 U 12+ 1. Tlo Teo-
peme [Tudaropa

G+r?+1241)* = (5+12)%

W3 sToro YpaBHEHUA HAXOAUM, YTO I' = 3.

TpeHUPOBOYHBIE 3a/ja49U

8.13. U3 Touku M, nexareii BHe OKPY)KHOCTH pazuyca 1, TpoBeieHbI
K OKPY>XHOCTH /IBE€ B3aUMHO II€PIIEHAUKY/IAPHBIE KacaTenbHble MA u MB.
Mexay ToukaMu KacaHusi A v B Ha MeHbIel ayre AB B3siTa MIPOU3BOJb-
Had Touyka C, U yepe3 Heé NpOBe/ieHa TpeTha KacaTenbHas KL, o6pasyro-
mas c xacareabHbIMu MA u MB tpeyronbHuk KLM. Haligute nepumeTp
9TOr'0 TPEYroJIbHUKA.
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Omeem: 2.
Pewerue. TTockonbky KA=KC u BL=LC, TO

ML+ LK +KM = ML+ (LC+CK) +KM =
= (ML+LC) + (CK+KM) = (ML+LB) + (AK+KM) =
=MB+AM =1+1=2.

8.14. Ha ocHoBaHUU pPaBHOOEAPEHHOIO TPEYTOJIbHKKA, PaBHOM 8,
KaK Ha XOpZe IIOCTPOEHA OKPYXKHOCTb, KacaoIasacs OOKOBBIX CTOPOH
TpeyroiabHUKa. HaiiiuTe paguyc OKpy»KHOCTH, €CJIM BBICOTA, OIyIleHHAad
Ha OCHOBaHUe TpeyrolbHUKa, paBHa 3.

Omsem: %

Pewenue. Ilycte BC — OCHOBaHUE /JAaHHOTO pPaBHOOEJPEHHOrO Tpe-
yronbHuKa ABC, O — 1eHTp okpyxHoctu. Torza AO L BC u BM = MC,
rae M — touka nepeceueHus orpeskos AO u BC.

B npamoyronbHOM TpeyronbHuKe AMC us-
BecTHO, 4To AM =3 u MC = 4. TloaTomy
AC=5.

V3 opobus TpeyroabHukoB MCO u MAC

oc _MC .
CIeayeT, 9To AC _ AM® JIEAOBATEJ/IBHO,
_ AC-MC _5:4 _ 20
oc = AM ~— 3 7 3°

8.15. Pasuychl ABYX OKpY»KHOCTe!H paBHEL 27 U 13, a paccTosHNE MEXAY
1eHTpamu paBHO 50. HaliziuTe AJMHBI OOGIIMX KacaTeIbHBIX K 9TUM OKPYXK-
HOCTAM.

Omseem: 48 u 30.
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Pewenue. Ilyctb O; — LIEGHTP OKPY>KHOCTU pazuyca 27, O, — IeHTp
OKPY>KHOCTHU pazuyca 13, A 1 B COOTBETCTBEHHO — TOYKHU KacaHUsA OKPYXK-
HOCTeH ¢ uX oOuiei BHelrHel kacarenbHON, C U D COOTBETCTBEHHO —
C BHyTpeHHeH, P — OCHOBaHUWeE TepPIeHANKYJAPA, OylleHHoro u3 O, Ha
0,A. V3 npamoyronbHOro tpeyroiabHuka O;0,P HaxoauMm, 4To

0,P = /0,02 -0,P% = /502 — (27 — 13)2 = 48,

a Tak kaKk APO,B — npAMOYToJIbHUK, TO AB=0,P =48.

[Tycte Q — ocHOBaHUe IEepIeHAUKYJIAPA, ONylLeHHoro U3 O; Ha Ipo-
Jomkenue paguyca O,D. Torza

0,Q = /0,02-0,Q2 = /502 — (27+13)2 = 30,

a Tak kak DQO;C — npamoyroiabHUK, To CD =0,;Q = 30.

8.16. /IBe OKpy>XHOCTU paZnycoB 4 u 3 ¢ LieHTpaMu B Toukax O, u O,
KacaloTcsa HeKOTOPOU ImpsAMOM B Toukax M; U M, COOTBETCTBEHHO U JieXKaT
II0 pasHble CTOPOHEI OT 3ToM IpsAMoi. OTHomeHue otpe3ka 0,0, K OTpes-

Ky M;M, paBHO % Haiizute O,0,.

Omeem: 14.
Pewenue. Omyctum nepreHAuKynasap O, F u3 neHTpa 1mepBoii OKPy>KHO-
CTU Ha TIpogomkeHue paauyca O,M, BTOpoi okpy:kHOCTH. Torga

OlF == Mle, MzF = OlMl = 4, OzF = OzMz +M2F = 3+4 = 7
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W3 npamoyronbHoOro TpeyronsHuka 0OFO, HaxoguMm, 4To

OF MM, V3

0,0, _ 0,0,  2°
3Ha4ymuT, LFO,0,=30°. CnegoBarenbHo, O;0,=20,F =2-7=14.

8.17. [IBe OKPY>KHOCTU pasuycoB 12 1 7 ¢ ueHTpaMu B Toukax O; U O,
KacaroTcsd HEKOTOPOU MpAMOH B Toukax M; u M, COOTBETCTBEHHO U JIesKaT
II0 OZIHY CTOPOHY OT 3Toi npaMoi. OTHomeHue oTpe3koB MM, u 0,0,

c0s LFO,0, =

paBHO 25—\/3 Haiianre M, M,.

Omeem: 10.
Pewenue. ITyctb P — npoeknusa Touku O, Ha
npsamyto O,M;. O6o3nauum £0,0,P =a. Torga

0P _ MiM, _ 2/5

csa=50,~ 0,0, 5’

. V5 cosa

sina= -, cga=_— =
simna

B npamoyronbHOM TpeyronbHuke O PO,
Olp = OlMl —PMl = OlMl —OzMz =12—- 7 = 5,
clefoBaTeNabHO,

MIMZ = Ozp = OIPCtga =5-2=10.

8.18. B npsamoyronpHOM TpeyronbHUKe ABC kaTeT AC paBeH 16 u Ka-
TeT BC paseH 12. [TocTpoeHa OKpPY>XHOCTB C LIeHTpPOM B u paauycom BC,
U K Hell IpoBe/ZieHa KacaTesbHas, NapajienabHas runoTeHyse. Katet BC
IIPOZIOJDKEH JI0 IlepecedeHus ¢ MpoBeJEHHON KacaTelbHOU. OmpezenuTe,
Ha CKOJIbKO IIPOZIO/KEH KaTeT.

Omeem: 15 wm 3.

Peutenue. Ilycte M — To4uka kacaHud, K — ToYyka IepecedyeHUda Kaca-
TeJIbHOU C npojomkeHreM Kareta CB. I1o Teopeme [Tudaropa

AB = VCB2 +CA2 = /144 + 256 = 20.
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PaccmoTpuM ciydaii, korga Touka K JIeXXuT Ha IpofoKkeHun kaTeta BC
3a TOuKy B (cM. pucyHoOK cieBa). [IpaMoyronabHble TpeyronbHUKU BMK

BK AB 20-12
1 ACB 11006HBI, TIOSTOMY BM = AC CnepoBarenbHO, BK = 6 = 15.
A A
16 M 16 >
<O
p K \ 12
12 B N Kk X\ B
A\l
M

Ecnmu e Ttouka K sexuT Ha npozgomxeHun karera BC 3a Touky C
(cm. pucyHOK crpaBa), TO aHAJIOTUYHO moixyanM, uto BK =15. CrnegoBa-
TeJIbHO,

CK=BK—-BC=15-12=3.

8.19. B npsAMoyronpHOM Tpanelnun MeHblllee OCHOBaHHE PaBHO BHICO-
Te, a Oosblilee OCHOBaHME PaBHO a. HaiiguTe GOKOBBIE CTOPOHBI Tparle-
IIUY, €CJIM U3BECTHO, YTO OZHA 13 HUX KacaeTCcsa OKPYKHOCTH, IPOXOZAIIe

Yepe3 KOHIIBI MEHbIIIEr0 OCHOBAHUA U Kacarolekics 60IblIero OCHOBaHUs.

Omeem: 22, 24

777

Pewenue. O603HAUUM MeEHbIEE OCHOBA-
Hue BC U MeHbIIyI0 OOKOBYIO CTOPOHY Tpare- T
uuu ABCD uyepes x. ITycTb M — TO4Ka KacaHUA o
OKPY)KHOCTH € 60bIIIMM ocHOBaHueM AD. Torza X X o
TOYKa M JIEKUT Ha CEpeIMHHOM IePIeHANKYIIsA-

pe k oTpesky BC, mosToMmy

g, CD:MD:AD—AM:a—g.

[MTycts K — npoexkuusa BepunHel C Ha AD. Toraa KD =a — x, CK =x. Ilo
TeopeMe [Tudaropa

1
AM—iBC—

5)2 =x24(a—x)2

CD? = CK?>+KD?, wm (a— 3

4a
OTcroga HaxXoAUM, UYTO X = 7 Toraa

X 2a 5a
CD—a—E—a—7—7.
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8.20. B TpeyronbHuke ABC usBecTHO, yto BC =a, ZA=a, /B= .
Haiizute pasuyc oKpy:XKHOCTH, Kacatolelicsa cTopoHbl AC B ToOuke A U Ka-
carottieiics cropossl BC.

. a+p
asinf ctg 2P
Omeem: Taz'
Pewenue. Tlycte O — 11eHTp OoKpykHOCTHU. Torga OA — eé paguyc,

OA = ACtg ZACO = ACtg(5ZACB).

B
AN
V3 JaHHOT'O TPEYTONbHUKA 10 TEOPEME CUHYCOB Ha-
\g xoauM, 9To AC = as.l—nﬁ.
’b I /ACB=180° — a— B, To
OCKOJIbKY = —a—p,
Y
i A
A OA

i asinfitg (90°—#) asinf ctg%

A
sina sina

8.21. /laH TpeyronbHUK co cTopoHamu 10, 24 u 26. /[Be MeHbIIME CTO-
POHBI ABJIAIOTCA KacaTeTbHBIMHU K OKPY>KHOCTH, IIEHTP KOTOPOM JIEXKUT Ha
Gosnblieil cropoHe. Hatizure pasnyc OKPy>KHOCTH.

120

Omeem: 17
PeweHue. 3aMeTUM, YTO JIaHHBIA TPEYTOMbHUK TPAMOYTOMbHBIN (242 +

+10%2=26?). ITycTh I — UCKOMBIA paJuyc.

OTpe30K, COeAUHAIONUI BEPIINHY IPAMOrO yIVIa C EHTPOM JaHHOU
OKDY)KHOCTH, pa3bMBaeT TPEYrOJbHUK Ha /Ba TPeyroJbHUKA. Pasuychl
OKPY>KHOCTH, IIpOBEJEHHbIe B TOYKU Ka-
CaHWsA, ABJIAIOTCA BBICOTAMU 3TUX Tpe-
N X yroapHuUKOB. CyMMa IUIomiazeil IOMy4uB-
IIUXCA TPEYTrOJbHUKOB paBHAa IUIOIIAAU

U JIAHHOTO TPEYTOMbHUKA (% -10-24 =120),
T.e. 5r + 12r = 120. OTcioga HaxoAuM, YTO
p— 120
17

8.22. Hatiziute AMHY XOPZABI, €CJIU AaH paju-
YC 1 OKPY>KHOCTU U PACCTOAHUE d OT OLHOT'0 KOHIIA
XOpZBI /10 KacaTeJIbHOW, TPOBEEHHON yepe3 Apy-
roii eé KoHell.

Omeem: +2ar.

Pewenue. Tlyctb O — TIEHTP ZJAHHOU OKPYKHO-
cTH, M — OoCcHOBaHUe INepleHANKYIApa, ONyIleH-
HOro U3 KOHLla B xopzabl AB Ha KacaTelbHYIO
K OKPY>KHOCTH, IIPOBEJEHHYIO yepe3 TOUKy A, K —
cepeaguHa AB.
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[TockonbKy TpeyronbHuku AKO 1 BMA 110706HBL,

AK _MB . AB_ a
AO ~ AB’ 2r ~ AB°

CnepgoBatenbHo, AB =+ 2ar.

8.23. OzfvH U3 CMEXHBIX YIJIOB C BepPIIMHOU A BABOe GOJbllle Apyro-
ro. B aTu yriel BorucaHbl OKPYKHOCTH ¢ IleHTpamu O, u O,. Haligure yr-
Jel TpeyronbHUKa O AO,, eciiy OTHOLIEHNEe PaZluyCcoB OKPYKHOCTe! paB-
HO /3.

Omeem: 90°, 45°, 45° wiu 90°, arctg 3, arcctg 3.

Peuwerue. OfuH U3 CMEXHBIX yIVIOB paBeH 60°, a BTopoit — 120°.

[TycTb OKpyXHOCTB ¢ LjeHTpoM O; pazuyca r BIMCaHa B yroJ, pas-
HBIH 60°, a OKpYXHOCTb C IieHTpoM O, paauyca rv/3 —B yroa, pas-
b 120°, MpUUéM OKPYKHOCTU KacaroT-
cs TIpAMOM, cozep:Kalleil AONIOMHUTENb-
HbIe CTOPOHBI 3TUX YIJIOB, B TOUKax B u C
COOTBETCTBEHHO.

LleHTp  OKpPY>XHOCTH,  BIIHCAHHOM
B YTOJ, JIEXKUT Ha OWCCEKTpHCe VI,
II03TOMY

Z0,AB =30°, ZO,AC =60°,

ZOlAOZ = 900.
W3 IpAMOYTO/IBHBIX TPEYroNbHUKOB O1AB 1 O,AC HaxoauM, 4To
_ _ 0, rv3
AO; =20,B=2r, AO,= Sn60° — 4 2r.
2

TpeyronbHUK 01 AO, MPIMOYTONbHBIN U PaBHOOEAPEHHBIH, CIeI0BATENb-
HO, €ro OCTphle YIVIBI PaBHBI 45°.

[TycTpb Tenmepb OKPY>KHOCTB ¢ LleHTpoM O; pajuyca r BIIMCaHA B yTOI,
paBHBIH 120°, a OKPYXKHOCTB ¢ LleHTpoM O, paguyca /'3 — B yroi, pas-
HbIM 60°, IpUYEM OKPYKHOCTHU KacaroTcs IPsMOMU, cozepkaileil Jomnoi-
HUTENbHbIE CTOPOHBI 3TUX YIVIOB, B TOYKax B u C cooTBeTCTBeHHO. U3
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NIPAMOYTOJIBHBIX TPeYroNbHUKOB O1AB u O, AC HaxoguMm, 4To

OlB _ 2r

AO1 = Sne0° — ﬁ’ A02 = 202C = 2rv/3.
CiiegjoBaTebHO,
AO
tg LAO, 0, = A_02 = 2r2\r/§ =3, tg/LAO,0; = %
! V3

8.24. B paBHOG€eIpeHHOI! TpATIEINH C OCTPHIM YIJIOM ¢ TIPY OCHOBAHUH
OKPY>KHOCTB, TIOCTPOEHHast Ha GOKOBOM CTOPOHE KaK Ha AuaMeTpe, Kaca-
€TCs IPYToii GOKOBOM CTOPOHBI. B KAKOM OTHOIIIEHUY OHA JIEJTUT OoJbIiiee
OCHOBaHUe Tpamnenuun?

Omeem: sin 2a.

Pewenue. Ilycth O — LIEHTP OKPY)KHOCTH (cepeinHa 6G0OKOBOI CTOPO-
HbI AB Tpaneuuu ABCD), OP — cpennss 1uHUA Tpanenuu, K — Touka 1e-
pecevyeHUsT yKa3aHHON OKPY)XHOCTU ¢ GoibIUM ocHOBaHueM AD. Torga

BK — nepneHaukynap k AD u KD = %(AD + BC) =O0P. Ectu M — Touka
KacaHUs OKPY)XHOCTH ¢ G0KOBOI cTOpoHOH CD,

B TO
9 OM = AB, /MPO = /KAB=a,
o
P kp=op=M _ 4B " Ax_ ABcosa.
sina 2sina
CiiegoBaTebHO,
=Ll AK  AB
A K D K—D=%=25inacosa=sin2a.

2sina

8.25. B okpyxHOCTU paauyca 4 nposeZieHbl xopga AB u guametp AK,
06pasyIoIuii ¢ XOpAoH yroi %
PYKHOCTH, TIepeceKaromas npogomkenue auamerpa AK B Touke C. Haii-

aute meauany AM tpeyronbHuka ABC.
Omeem: 2V 9+ 6+/2.

. B Touke B mpoBezieHa KacaTeJbHadA K OK-
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Pewenue. [Tyctb O — LIeHTp OKpykHOCTH. Torza
ZBOC = 2/BAO = 45°.

13 IpAMOyTOIbHOTO TpeyronbHuka OBC HaxozuM, uTo BC=4 1 0C=4+/2.
TTosTomy AC = AO + OC =4+ 4+/2. Meauany AM HaXof¥M IO TeopeMe
KOCHHYCOB U3 TpeyrosibHuka AMC:

AM? = AC?+ CM? —2AC -CM cos45° =
=(4+4V2)*+4-2-2-(4+4V2)- == _4(9+6f)

8.26. Ha mpamoii, npoxogaiieil yepe3 1eHTp O OKPY:KHOCTU pasiuy-
ca 12, B3aTbl TOuku A U B, npuuém OA =15, AB=5 U A JIeKUT MEXIY
O u B. I3 Touek A ¥ B IpoOBe/leHbl KacaTeJbHble K OKPY>KHOCTH, TOY-
KU KacaHWs KOTOPBIX JIEXAT IO OJHY CTOPOHY OT mpsimMout OB. Haiinute
wrowmazas rpeyroibHuka ABC, rae C — TOUKa IepeceyeHn 3TUX KacaTesb-
HBIX.

150
Omeem: -
Pewenrue. O603HauuM yepe3 M v N TOYKU KacaHUA OKPY>KHOCTH C TIPsi-

MBIMH, TTPOXOZASIIMMU Yepe3 TOYKu A U B coorBeTcTBeHHO, LZOAM = a,
ZOBN = f3. Torza

OM . ON .
ZACB =a—f3, OA —Ssina, Gp = sin 3.
[TosTomy
na=2 spg=2 _3 _4
sina = ¢, sinf3 = T, Cosa=g, cosf3 = 5
n BC sin(180°—a)
0 TEOpeMe CUHYCOB Jp = =& ' —55= B IIO3TOMY
4
BC — ABsina_ _ ABsina S5 100
“ sin(a—pB) ~ sinacosf —cosasinff g.g_g.g -7
CiiegjoBaTebHO,
1 100 3 150
SAABC = AB BCsin ZABC = 3" 575 = T
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8.27. B yron c BepmMHON A, paBHBIHM 60°, BIlCaHa OKPYXHOCTD C IIeH-
TpoM O. K 3TOl OKpYy)XHOCTU IIpOBe/leHa KacaTesjbHasd, llepecekarouas
CTOpPOHBI ymia B Toukax B u C. Orpe3ok BC mepecekaeTrca C OTpes-
koM AO B Touke M. HaliimTe paZlyc OKPY)XKHOCTH, BIIMICAHHOU B Tpe-
yronbHUK ABC, eciu AM :MO=2:3uBC=7.

7
Omeem: ——=.
33

Peuwenue. ITycTs R — pazuyc faHHON OKPY)XKHOCTH, P 1 Q — e€ Touku
KacaHuA ¢ npAMbIMU BC 1 AB cOOTBeTCTBEHHO, AH — BBICOTa TPEYTOb-
Huka ABC, r — paZiniyc BIMCAaHHOU B TpeYroabHUK ABC OKPYXHOCTH, P —
nonynepumetrp TpeyronbHuka ABC. Torza

p = AQ = 0Qctg ZOAQ = Rctg30° = R+/3.
3 nopobus HpHMoyTOJIbeIX TpeyroanHKOB AHM n OPM cuepyert, 4TO

AH _AM _

OP = MO 3, nosromy AH = —PO = —R Torza

Spnpc = BC AH =

C Zpyroii CTOPOHHI,
Saapc =Pr =RV3:r =Rrv3.

13 paBeHCTBa %R:Rr\/g HAXOJMM, 9TO I =

7
33"

8.28. Uepes TouKy A OKpy:KHOCTU pazuyca 10 mpoBeZieHbl /jBe B3auM-
HO IIepIeHANKYIAPHbIE XOpAbl AB 1 AC. BerunciuTe paguyc OKpy>KHOCTH,
Kacaroleiica JaHHOW OKPY:KHOCTU U ITOCTPOEHHBIX XopZ, ecnu AB=16.
Omeem: 8.
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Pewenue. Ilycte O; — LIEHTP MCKOMOM OKDYXXHOCTH, X — €€ pajuyc,
M u N — Touku kacanus ¢ xopgaMu AB u AC, O — LIeHTp JaHHOM OKpYX-

HocTH, K — cepesyiHa AB (CM. pUCYHOK CJIeBa).

¢ c
-\,
o o
N o N 0,
N 10-x \0'
X ;0 70
-
N paT A A K B

VI3 mpssMoyTonbHOTO TpeyronbHuKa ABC HaxozuMm, uto AC =12. O6o-
3HauuM AM = AN = x. Torza cTopoHsI mpaMoyroabHOU Tpanenyuu OO0, MK

TaKOBBI.
MO, =AN=x, OK=31AC=6,

MK = |AM — AK| = |x—8|, 00, =10—x.

Mo Teopeme ITudaropa
(6=x)2+(B8-x)%=(10-x)2.

OTcioga HaxXoAUM, 4TO X = 8.
VctHHaA KOHQUTYpalysa MoKa3aHa Ha PUCYHKe CIIpaBa.

3aZla4y Ha J0Ka3aTeJbCTBO M BBIYHCICHHE

8.29.1. O6mue BHYTpeHHHUE KacaTeJbHBIE K ABYM OKPYXKHOCTSIM IEp-
meHAUKYAApHbL. OfiHa U3 HUX KacaeTcs OKpy:kHocTel B Toukax A u C,
BTOpasg — B Toukax B u D (Touku A u B jekaT Ha OZHOU OKPYKHOCTH).

a) Jlokaxkure, 4To OTpe30K AC paBeH CyMMe PaZinyCoB OKPYKHOCTEM.

6) HatizuTe rronjazb 4eThipéxyronbauka ABCD, eciu AB=6, CD =8.

Omeem: 49.

Pewenue. a) Ilycts meprieHAUKYAApHBIE TTpsiMble AC 1 BD mepeceka-

IOTCA B TOUKe M UM KacaroTca OKPYKHOCTHU ¢ LeHTpoM O; B TouKax A u B,
a OKPYXKHOCTU C UeHTpoM O, —B Toukax C u D. YeThIpEXYyroIbHUKU

AMBO; u CMDO, —kBajparsl, noatoMmy AM = 0B u CM = O,D. Cne-
posarenbHo, AC=AM +CM =0,B+0,D.
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6) VI3 IpsIMOYTOJMbHBIX paBHOOEPEHHBIX TPEYTOIbHUKOB AMB 11 CMD
HaxXoJ¥M, 4TO

AB 6 CD 8
AM=2-2 ===
V2 V2 V2 V2
3HAYUT,
8 6 14
BD=AC=AM+CM = >~ + -2 = 22 _7./3.
+ AN

JuaroHamu AC u BD deTblpéxyronbHuka ABCD mnepleHAUKY/IAPHEI, Cle-
ZI0OBaTEeJIbHO,

Sasco = SAC-BD = £-7v/Z-74/2 = 49.

8.30.1. OxpyxHOCTb c neHTpoM O, BIIMCaHHasA B TpeyroiabHUK ABC,
KacaeTca cTOpoH AB u BC B Toukax P u Q COOTBETCTBEHHO.

a) JlJokaxkuTe, 9TO B YETHIPEXYTOMbHUK BPOQ MOXKHO BIIUCATh OKPYXK-
HOCTb.

6) Hatigute yron ABC, eciu paguyc 3TOM OKPY>KHOCTU BZIBOE€ MEHbIIIE
pazuyca BIIMCAaHHOM OKPY>KHOCTU TpeyroiabHuKa ABC.

Omeem: 90°.

Peutenue. a) OTpe3ku KacaTeabHbIX, IPOBEeJEHHBIX K OKPYXKHOCTU U3
OZTHOU TOYKM, paBHBI, T03TOMY BP = BQ, a Tak kak OP =0Q (kak paauy-
CBI OZIHOM OKpy»HOCTU), TO BP +0Q =BQ + OP. CyMMBI IIPOTUBOIIONOX-
HBIX CTOPOH BBIIYKJIOTO YeThIpEXyronmbHUuKa BPOQ paBHBI, Cef0BaTeb-
HO, B HETO MOXXHO BITMCATb OKPY>KHOCTb.

c
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6) [lycte O; — LIEHTP 3TOM OKPYXKHOCTH, I' — eé paguyc, M — To4ka
KacaHusA co CTOopoHOU AB, D —Touka KacaHua ¢ orpeskoM OP. Ye-
TeIpEXyronbHUK DPMO; — kBagpat, nostoMy DP = OM = r. 3Hauur,
OD =OP — DP =2r —r =r. /I3 IpsIMOYTOJbHOTO paBHOOEAPEHHOTO Tpe-
yroimpHuKa OO0, D Haxoaum, yto /00D =45°, a tak kak AB||O,D u BO —
6uccekTpuca yrina ABC, To

ZABC = 2/ABO = 2/00,D = 90°.

8.31.1. Xopaa AB OKpYXKHOCTH TapaJiyielbHa KacaTeTbHOW, TTPOXO/s-
meii yepe3 Touky C, JeKallylo Ha OKPYKHOCTH.

a) Jlokaxxure, 4yTO TpeyroabHUK ABC paBHOOEPEHHBIM.

6) Halizure pasinyc OKPY>KHOCTH, €CJIM PACCTOSHHE MEXAY KacaTesb-
HOI u npsAMod AB paBHo 1 u ZACB=150°.

Omeem: 2(2+ v/3).

Pewenue. a) Ilycte O — 11eHTP OKpykHOCTH. Pasnyc OC meprieHanKy-
JIIpeH JaHHOM KacaTeJIbHOM, I03TOMY OH IleplIeHAVKYIAPeH U Mapasiieb-
HOU el xopze AB, a 3HauuT, JenuT eé momosnaM. Ilycte M — cepearna
xopabl AB. Torja CM — BeICOTa U MeAuaHa TpeyronbHuka ABC. Crezo-
BaTeJIbHO, 3TOT TPEYTOIbHUK PAaBHOOEIPEHHBIH.

L L
120°
A i B A [30° J B
; M 30°
R-1\gpe %
0

6) V13 paBHOOeZipeHHOTO TpeyronbHuKa ABC HaxoauMm, 4to Z/BAC=15°.
Brimcaususiil yron BAC paBeH MOJIOBUHE COOTBETCTBYIOIIETO IIEHTPATbHO-
ro yrina BOC, sHauut, ZBOC =30°.

[Tycte paauyc okpyxHoctu paBeH R. Tormza OB=0OC =R, CM =1,
OM =0C - CM =R - 1. B npaMoyrosbHOM TpeyroabHruke OMB U3BeCTHO,

yro OM = OBcos30°, wit R — 1= % OTcioma HaxoAuM, 4YTO R =

2
=2(2+V3).
8.32.1. B paBHOOenpeHHbIN TpeyronbHUK ABC (AB = BC) Bmuca-
Ha OKPYXHOCTb. [IpsAmas [ xacaeTcs 3TOH OKPYKHOCTH U IapajliesbHa
npsaMoii AC. PaccTosgHue OT TOUYKHU B 710 IpsiMO¥ [ paBHO pafiyCy OKPYX-
HOCTH.
a) Jlokaxxure, 9TO TpeyroibHUK ABC paBHOCTOPOHHUM.
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6) HatiznTe paccTosiHME MEXIY TOYKaMH, B KOTOPBIX JaHHAsA OKPYX-
HOCTBb KacaeTcsa cTopoH AB u BC, eciu pafiliyC OKPY>KHOCTH paBeH 3.

Omeem: 3+/3.

Peutenue. a) IlycTb OKpY>KHOCTb pajuyca r, BIU-
caHHad B TpeyronbHUK ABC, KacaeTca OCHOBa-
m Hust AC B Touke M, a 60KOBBIX cTOpOH AB u BC —
P r a B Toukax P u Q coorBeTcTBeHHO. Torga M — cepe-

"o auHa AC, BM — BBIcOTa U GUCCEKTpHUCA TPEYTONb-
Huka ABC, a neHTp O BIHWCAaHHOW OKPYKHOCTH
v Touka N KacaHUs NPsIMOH | ¥ OKPY)KHOCTH JIeXKaT
Ha oTpeske BM, npuuém BN =r u MN =2r.

B npamoyroneHOM TpeyronbHuke BOP karteT OP =r paBeH IIOJIOBUHE
runoteny3sl OB = 2r, sHauut, ZABM = /PBO =30°, a ZABC=2/ABM =
=60°. CrieoBaTeNbHO, paBHOOEAPEHHBIN TpeYronbHUK ABC — paBHOCTO-

~
RS
~

POHHUH.
B 6) V3 mpssMOyTOMBbHOTO TpeyroabHuKa AMB Ha-
30° XOJYIM, YTO
{
9

AM = BMtg ZABM = 3r-tg30° = — = 3+/3.

oL NN\ g retg 7 V3
'5 [Tockonmbky TpeyronbHUK ABC pPaBHOCTOPOHHUM,
Touku P u Q — cepesuHbl ero ctopoH AB u BC,

A 33 M 33 [ 3Haumt, PQ — cpeAHAA JMHUA TpeyroabHuka ABC.
CnezmoBarenbHO, PQ = %AC =AM =3V3.

8.33.1. Yepes uenTp O OKPYKHOCTH, BIMCAHHOU B TpeyroabHuk ABC,
nposesiy npAMyto MN napasienbHo ctopoHe AB (M nexut Ha BC, N Je-
SKUT Ha AC).

a) JlokaxuTe, 4TO IUIOIIAAN TpeyronbHUKOB AON u BOM mponopuu-
OHaJIbHEL oTpe3kam AN u BM.

6) Haiizure nepumetp 4eTbipéxyronbuuka ABMN, et AB=5, MN =3.

Omeem: 11.

Peuwsenue. a) ITycTh BrMcaHHasi OKPY>XHOCTb TpeyronbHuka ABC kaca-
eTca ero cropod AC v BC B Toukax Q u P cOOTBETCTBEHHO. Torza pasuychl
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OQ u OP — BrICcOTH TpeyroabHUKOB AON 1 BOM, a tak kak OQ =OP, To
OTHOILIIeHUe IUIoIaZlell 3TUX TPeyroJbHUKOB PaBHO OTHOIIEHUIO MX CTO-
poH AN u BM.

6) LIeHTp OKpY>KHOCTH, BIIMCAHHON B TPEYTOIbHUK, — TOYKA Ilepece-
YeHUsI GUCCEKTPUC TPEYTONbHUKA, TToaToMy AO — 6uccekTpuca yria BAC.
[Tpsimere ON u AB mapasenbhsl, 3HaunT, ZAON = ZBAO = /NAO. Tlo-
aToMy TpeyrombHUK AON paBHOOeznpeHHBIH, AN = ON. AHaJIOrHYHO
BM =OM. CnenoBartenbHO, IEPUMETP YeThIpEXyTronbHUKa ABMN paBeH

AN +MN +MB+AB = (AN +MB)+NM +AB =
=MN+MN+AB=2MN+AB=6+5=11.

8.34.1. OkoJ10 OKpYKHOCTH ONKMCaHa paBHOOeApeHHas Tpamnerys ABCD;
E v K—TOYKM KacaHWs 3TOM OKPYKHOCTHU C OGOKOBBHIMH CTOPOHAMU
AD u BC COOTBETCTBEHHO.

a) Jokaxwure, uyto EK || AB.

6) Hatigute mwiomazasb Tpanenyu ABKE, ecy paguyc OKPy>KHOCTU pa-
BeH R, a /BAD =60°.
9R*v/3

Omeem:

Pewenue. a) Ilyctb M 1 N — TOukHu Kaca-
HUA OKPYXKHOCTU € OcHoBaHUAMU AB u CD
COOTBETCTBEHHO. [TOCKONIBKY Tpanenys paBHO-
6enpennas, Touku M 1 N — cepeAnHBI OCHO-
BaHUN. OTpe3Ku KacaTeJbHBIX, IIPOBEJEHHBIX
K OKPY)KHOCTH M3 OZHOW TOYKU, PaBHBI, I103-
TOMY
DE=DN=NC=CK, AE=AM=MB=BK,

E CK
> AF — BK’

6) ITpomomxkuM GOKOBBIE CTOPOHEI TPa-
neuuu Ao nepeceyeHusa B Touke P. To-
ra TPeyroabHUK ABP paBHOCTOPOHHUM,
a OKpYKHOCTb pazuyca R, BIOucaHHaa
B Tpanenuto ABCD, — BIIMCaHHas OKPYX-
HOCTBb TpeyrojibHuka ABC. 3Ha4UT, TOYKU
E n K — cepeynbl cTOpoH AP 1 BP 3TOr0
TpeyronbHuka. Torza EK —ero cpeznaa

3HAYUT npu4ém AB || CD. CnegoBatenvHo, EK || AB.

1
JIUHUSA, [I0O3TOMY S Appx = ZSAABP'

[Iycte O —1eHTp OKpy>XHOCTHU. To-
rma AO — buccexktpuca ymia BAP, paB-




182 § 8. KacaresnpHast K OKPY>KHOCTH

Horo 60°. M3 mpsAMmoyrosbHOTO TpeyroibHuka AOM HaxoAuM, 4YTO
AM = OM ctg ZOAM = R ctg 30° = R+/3, moaTomy

2 2
AB4¢§ _ 12R4\/§ — 3R2/3.

AP =BP =AB=2RV3, Syup=

CiegoBaTebHO,
_ 9R*V/3
==

8.35.1. OkpyKHOCTb c leHTpoM O KacaeTcsi 60KOBOM CTOPOHBI AB pas-
HOGepeHHOro TpeyronbHuka ABC, nmpogomkeHusa 60KoBoi cTopoHbl AC
U npogokeHusa ocHoBaHuA BC B Touke N. Touka M — cepeAnHa OCHOBa-
Huda BC.

a) Jokaxute, 4To AN =OM.

6) Hatizmte OM, eciu CTOpOHBI TpeyroiabHUkKa ABC paBHbI 10, 10
u 12.

3 3
SaBKE = ZSAAPB =2 -3R*V3

Omeem: 2v/41.

Pewenue. a) Ilyctb L —ToOuYKa Kaca-
HUS JJAHHOW OKPYKHOCTHU C mpamoin AC.
LleHTp OKpY)KHOCTH, BIMCAaHHOH B yTOI,
0 4 JIEKUT Ha ero OWCCEeKTPHUCe, IMOITOMY
AO — 6uccektpuca ymia BAL. Meaua-
Ha AM paBHOOEJPEHHOTO TPEYTOIbHU-
ka ABC sABeTCA ero BBICOTOM U OUCCeK-
Tpucou. 3uaunt, ZOAM = 90° Kak yrona
MeXAy OMCCEKTpUCAMU CMEXXHBIX YIJIOB.
Kpowme toro, ZAMN =90° u ZMNO =90°
(pagyiyc  OKpY:KHOCTH, IIPOBEJEHHBIN
/ B TOYKY KacaHWA, NepHeHJUKY/IAPEH Ka-
carenbHOU), mo3aToMy AMNO — mpsamo-
YTONBbHUK. /lMaroHaju NpAMOYTOJbHUKA
paBHBEL, ciefoBaTesnbHO, AN =OM.

6) Ilo Teopeme I[ludaropa us Tpe-
g \& yronbHUKa AMB HaxoguMm, 4To AM =
= 8. Ilycts D — TOuKa KacaHUA AaHHOU
OKPY)KHOCTH ¢ OOKOBOW CTOpOHON AB
N 4B 6 M 6 ([ TpeyromHuka ABC. Torma BD = BN

u AD = AL, 3Ha4wmT,

CN+CL = (CB+BN)+ (CA+AL) = (CB+BD)+(CA+AD) =
=CB+CA+(BD+AD) =CB+CA+AB=10+12+410 = 32,

a Tak kak CN =CL, To CN:%-32:16. Torza MN=CN —-CM=16—6=10.
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W3 npAMOyronbHOro TpeyroabHuka AMN HaxoAyM, 4TO

AN = VAM?2 + MN? = /64 +100 = 2/41.

CnemoBarenbHo, OM = AN =2+/41.

8.36.1. OxpyxHOCTB ¢ 1leHTpoM O, BIMcaHHasA B TpeyroiabHUK ABC,
kacaeTcsa cTopoHbl BC B Touke M. OKpy:XHOCTB ¢ IleHTpoM O; KacaeTcs
cropons! BC B Touke N, a Tak)ke KacaeTcs IPOoAoIKeHUH cTopoH AC u AB.

a) JlokaxuTe, 9YTO OKOJIO YeTHIPEXyToNbHUKA BOCO; MOXXHO OIMHCATh
OKPY>KHOCTb.

6) Haiizure miomazud 4eThIpéXyronbHUKOB BOCO, u NOMO,, eciu
AC=6,BC=8, AB=10.

Omeem: 32 u 16.

Peutenue. a) IlycTb OKPYKHOCTB € IleHTpoM O; KacaeTcs IIPOJo/KEeHNUA
croposs! AC B Touke K. LIeHTp OKPYKHOCTH, BITUCAHHOM B YTOJI, JIEXKUT HA
ero 6uccektpuce, moaromy CO u CO,; — 6uccektpucsl yrioB ACB u KCB.
3Hauut, Z0CO, =90° KaK yron Mexay OHUCCeKTpUCAaMU CMEXHBIX YIJIOB.
Ananornuno ZOBO; =90°. 113 Touek C u B oTpe3ox OO; BUZeH NoZ nps-
MBIM YIJIOM, CJIEJOBATENbHO, 3TU TOUKH JIEXKAT Ha OKPY>KHOCTH C [HUaMeT-
pom OO;.

B
0
N 7
T

S Y
T
o/ r !

M

r 2

=

A 4 L 2 C 6 K

6) TpeyronbHuK ABC MpAMOYTONbHBIH, Tak Kak AB2=100=36+ 64 =
= AC? + BC?. TlycTb r U r; — paZiiyChl pacCMaTPUBAEMBIX OKPYXHOCTEH
ceHTpaMu O 1 O; COOTBETCTBEHHO, & OKPY>KHOCTB C ITeHTpoM O KacaeTcs
kareta AC B Touke L. Torza OMCL n O;KCN — KBazpaTsl CO CTOPOHAMU
I ¥ 17 COOTBETCTBEHHO. 3HAUUT,

r=O0OM=CL=p—-AB=12-10=2,
rn=AK—-AC=p—-6=6,
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AB+BC+AC _ 10+8+6

rge p = = 12 —nonynepuMeTp TPEYroabHU-

2
ka ABC. CnemoBaTenbHO,
1 1
SBocol = SABOC +SA301C = EBC OM+ EBC . OlN =

= %BC(OM—FOlN) = %'8-8 = 392.
[Tockombky
BN=p—-AB=12-10=2, MN =8-2-2=4,
AQHAJIOTUYHO HaXOJWM, YTO
Snomo, = %MN(T'FH) = %-4-8 = 16.

8.37.1. Cropona CD mpsamoyronbHuka ABCD kacaeTcsi HEKOTOPOH
OKpy>XHOCTU B Touke M. IlpomomxeHue cTOpoHBl AD 1ociaefoBaTelbHO
IepeceKaeT OKPYKHOCTb B Toukax P u Q, npamada BC kacaeTcsa OKpy»KHO-
CTH, a Touka Q JIeXXUT Ha IpaAMoi BM.

a) Joxkaxwurte, yto ZDMP = /CBM.

6) M3BecTHO, uTo CM =5 u CD = 8. Haiigute cTopoHy AD.

Omeem: 15.

Pewenue. a) Ilockonbky DMP — yron Mexy KacatenbHoit MD u xop-
zioit MP, a MQP — yros, BIMCaHHBIN B OKPY>KHOCTD, TO

/DMP = /MQP = /MQD

(kaxZABIN M3 3TUX YIVIOB paBeH II0JIOBUHE MeHbIlel ayru MP), a Tak Kak
/MQD = ZCBM (110 CBOWCTBY MapauIeJIbHbIX MPsMbIX), TO ZDMP=/CBM.

B C 5 £
»
5 5
1 5 o
M
JR N
[] ul
A D

P~_4 H 4.1

6) IIycTh OKpY>KHOCTD ¢ leHTpoM O KacaeTcs npsimoii BC B Touke E, a
H — ocHOBaHue nepreHauKyisapa, onyleHHoro us Touku O Ha PQ. Torza
H — cepepyna xopzs!l PQ. 13 npaMoyronbHOro TpeyronbHuka OHQ Haxo-
JUM, YTO

HQ = +/0Q?-0H?=+/0Q?—DM? = /52— (8 =5)2 = /25— 9 = 4.

[Mockonpky OE | PQ, Touku O, E u H nexaT Ha ogHoM npsimoii u CDHE —
IIpAMOYTOJNbHUK, a TaKk kak CE=CM =35, 1o

DQ=DH+HQ=CE+HQ=CM+HQ=5+4=09.
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TpeyronsHuk BCM mnozpobeH TpeyrombHUKY QDM ¢ koadduimieHTOM
CM

W = §, cJeg0BaTeJIbHO,

_BC=32p0=2.9—
AD =BC=3DQ=3-9=15.

8.38.1. Touku M u N — cepeJHBl CTOPOH COOTBETCTBEHHO AB u AC
TpeyroabHuka ABC. [Ipamas, npoxojdAiias yepes BepIInHy A, lepeceKaeT
orpe3ku MN u BC B Toukax K 1 L COOTBETCTBEHHO, IIPUYEM B UYETHIPEX-
yrosbHUK BMKL MOXXHO BIIUCAaTh OKPY>KHOCTb.

a) Jlokakute, 4TO TepuMeTp TpeyronbHuka AMK BABoe 60Jbliie OT-
peska BL.

6) Hatigute AL, ecntu AB=12, BC=16, AC =20.

Omeem: 15.

Peuwenue. a) Ilycts nepumetp TpeyronbHuka AMK paBeH P. OTpe3ok

MK — cpepHada nvHuA TpeyronbHuka ABL, moatoMmy MK = %BL. B ueTrI-
péxyrompHuK BMKL MOXXHO BOHCaThb OKPY>KHOCTb, 3HAYUT,
BM +KL =BL+MK = BL+ %BL = %BL,

NiIn
P—%BL —P—MK = AM +AK = BM +KL = %BL.

CnepgoBarenbHo, P =2BL.

! A

6 vz
K

M N M4— N
;’/‘/L"r 7>
R

—‘\
B L\ c B 3 6 L 7

6) TpeyronbHUK ABC TPSIMOYTOJBHBIM C TPSIMBIM YIJIOM IIPH BEp-
muHe B. IlycTh r — pasnyc BIMCAHHOU OKPY)XKHOCTH YeThIPEXYTOJTbHUKA
BMKL (npsamoyroibHOM Tpamnenuu ¢ ocHoBaHusaAMU BL u MK). Toraa r =

1
= ZAB =3.
[TycTh 3Ta OKPY>KHOCTH KacaeTcsa cTopoHbl BM B Touke X. Torza
MX=r=3, AX=AM+MX=6+3=09,
a Tak Kak oTpe3ok AX paBeH moiynepuMerpy TpeyronbHuka AMK (cwm.
1. 9B IpUIOXKEeHUSA 2), TO TI0 fIoKkazaHHOMY BL = AX =9. CiefjoBaTenbHO,

AL = VAB2+BL2 = v/122+92 = 15.
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IIoaroroBUTE/ABHBIE 3a/la4U

9.1. Tpu paBHBIE OKPY>KHOCTH pazuyca R kacaroTcsa ApyT Apyra BHeEII-
HUM o6pa3oM. HaliiuTe CTOPOHBI U YIJIBI
TpeyroJbHHUKa, BepIIMHAMU KOTOPOTO CIIy-
J)KaT TOYKU KacaHusd.

Omsem: R, 60°, 60°, 60°.

Peuwienue. PaccMOTpUM  TPEYTOJIBbHUK
C BepIIMHAMH B LIEHTpax OKPYKHOCTEM.
[TocKkOnMbKy JIMHUA LEHTPOB KacCaroluxca
OKPY’KHOCTEM IIPOXOAUT uepe3 TOUKYy Ka-
CaHWA, ero CTOpoHbl paBHBEl 2R. CTOPOHBEI
HWCKOMOTO TpEYTOoJbHUKA SABJAIOTCA €ro
CpeZHUMHU JINHUAMU, IO3TOMY paBHHI R.

9.2. /IBe paBHBbIe OKPY>KHOCTU KacaroTCsA U3HYTPU TPeThel U KacarmTca
Mexzay coboii. CoeIMHUB TPU LEHTPA, MIOIYIUM TPEYTOIbHUK C IEPUMET-
powm, paBHbIM 18. HatiziuTe pazuyc 60sbIeis OKpy>KHOCTH.

Omeem: 9.
Peuterue. TlycTh pasuychl ZAaHHBIX OKPYKHO-
creit paBHBL 1, r U R (r < R). JIUHUA LIEHTPOB
KacamwIIUXcs OKPY:KHOCTeHN IIPOXOAUT Yyepe3 TOY-
Ky KacaHWA, 3HAUYUT, CTOPOHBI YKa3aHHOTO Tpe-
"‘ yrosibHUKa paBHbl R—r, R—r u 2r. [loaTomy

0‘ R—r+R—r+2r=2R=18.

CnepgoBartenbHO, R=09.

9.3. Tpu OKpyXHOCTHU pajuycoB 6, 7 u 8 IonapHo KacaioTcd ApyT Apy-
ra BHeIIHUM obpasoM. HaiiuTe miomazib TpeyroJbHUKA C BEPUIMHAMU
B LIEHTPaX 3TUX OKPY>KHOCTEM.

Omeem: 84.

Peuierue. JluHMA LIEHTPOB /JBYyX Kacaro-
IIUXCA OKPY)KHOCTEH IIPOXOAUT 4Yepe3 HUX
TOYKYy KacaHUs, II0O3TOMY CTOPOHBI Tpe-
YIOJIbHYKA C BEPIIMHAMU B LJeHTPaX OKPYX-
HocTeli paBHHI 13, 14 u 15. IlycTs S — 1mio-
maZb TPEYrolbHUKA, D — IOMyIePUMETP.

Torga p = %(13 +14+15) =21. ITo dpopmy-
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se 'epoHa

S=+/p(p-13)(p—14)(p—15) = 1/21(21-13)(21 - 14) (21— 15) =
=+21-8:7-6=7-3-4=84.

9.4. OKpPY)XHOCTH PaZinycoB 8 M 3 KacaroTCsi BHYTPEHHUM 06pasoM.
V3 meHTpa Gosbllell OKPYKHOCTH IIPOBeZe€HA KacaTeJbHas K MeHbIIeH
OKpyKHOCTHU. HaliuTe paccTossHIE OT TOYKY KacaHWUs JI0 IleHTpa 6obieit
OKPY>KHOCTH.

Omeem: 4.

Pewenue. Ilyctb O u O — LIEHTPHI
OKpy)KHOCTeH pazuycoB 8 u 3 COOTBeT-

CTBEHHO, A — TOYKa KacaHUs OKPY)KHOCTEH, .‘

OM — uckomas KacarejbHas. Toraa 1‘ A
00, =0A-0;A=8-3=5.

CiegoBaTebHO,

OM*=007?-0,M*=25-9=16, OM=4.

9.5. /IBe OKpYKHOCTHU paZuiyca r KacawTca ApyT Apyra. Kpome Toro,
KakZasd U3 HUX KacaeTcd U3BHe TpeTbel OKPY)KHOCTHU paziuyca R B TOUKax
A u B cooTBeTcTBeHHO. Haligure paauyc r, eciu AB=12, R=8.

Omeem: 24.

Pewenue. Tlyctb O; u O, —IIeHTPBI OKPYyXXHOCTed paguyca r, O —
LIEHTp OKpy>kHOCTU pazuyca R. Torga tpeyronpHuku OAB u 00,0, 10-
IoOHBI. TToaTOMY

oA _ AB 8 _12
00, ~ 0,0,> ™M iy T o

OTcroza HaxXoAuM, 4YTO 1 = 24.

@
AN



188 §9. Kacarommyecs OKpy>XKHOCTH

9.6. /lBe OKpPYKHOCTU paZuiyca r KacaroTcs JApyr
Zpyra. Kpome Toro, xaxxjasd U3 HUX KacaeTcd U3HYT-
pu TpeTbel OKPY:KHOCTH pazuyca R B Toukax A u B
cooTBeTcTBeHHO. Haiizamre paguyc R, eciu AB =11,
r=>.

Omeem: 55.

Pewenue. Ilycte O; 1 Oy — LIEHTPBI OKPYKHOCTEN
paauyca r, O — 1JeHTp OKpy>XHocTU pazuyca R. Torga
TpeyroabHUKU OAB 1 00,0, 1of06HEL. [ToaTOMYy

A _ AB . R _11
00, ~ 0,0, R—5 10°

OTcroga HaxoAuM,uyTo R =155.

9.7. JlaHa OKpYy>XHOCTb pazuyca R. UeTbIpe OKPYKHOCTU PaBHBIX pa-
[IUYCOB KacaloTCs AaHHOM BHEIIHUM OOpa3oM, U Kakgas U3 ITUX UYETHI-
PEx OKpy»KHOCTe KacaeTcs ABYX Apyrux. HaiizuTe paguycsl 3TUX YeThIPEX
OKPY>KHOCTeU.

Omegem: R(V2+1).

Peutenue. ITycTh R — pazuyc ZaHHOM OKPY:KHOCTH, X — PaZUyC OCTasIb-
HBIX OKPY)KHOCTel. O603HaUYMM MX IeHTPhI cOOoTBeTCTBEHHO O, 07, O,,
O3, Oy4.

YeTeipéxyronbHuK 0;0,050, —pomb co ctopoHoii 2x. I[lockoib-
Ky ero BepIIMHBI PaCHOJOXKEHBl Ha OAWHAKOBOM pACCTOSHUU OT TOY-
ku O, aTo kBazpar. [loatomy 2x = (R + Xx) V2. OTcroza HaxXOAWM, YTO

R _
ﬁ_l—R(«/ﬁ+1).

xXx=
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9.8. TpH OKPY>KHOCTH Pa3HbIX PaZNyCOB IIONIAPHO KacaloTCsa APYT Apyra
BHEIIHUM 06pa3oM. OTpe3KH, COeJUHSAIOINE UX [IEHTPHI, 06pa3yloT Hps-
MOYTONBHBIN TpeyronbHUK. Haliute paauyc MeHblel OKpY>KHOCTH, €CIN
paauycel GONbIEN U cpefiHel paBHEL 6 U 4.

Omeem: 2.

Peuwterue. ITycTs X — pazuyc MeHblIel OKpy:KHOCTH. CTOPOHBI IIOJY-
YUBIIErocs TpeyroJabHUKa paBHHI 10, 6+ x u 4+ x.

()

Y

[TockonbKy 10 — HaubosbIIass CTOPOHA, 3TO TUIOTeHy3a. [1o Teopeme
[Mudaropa
(x+6)*+ (x+4)? = 100.

OTcioga HaXoAUM, UTO X = 2.

9.9. Ha nmpsamoii, mpoxozAieii yepes 1ieHTp O OKpy»KHOCTH pajuyca R,
B3fiTa TOYKa A Ha pacCTOAHMU a OT LieHTpa. HaiiguTe pajuyc BTOpOU
OKPY>KHOCTH, KOTopas KacaeTcs npsaMmont OA B Touke A, a TakKe KacaeTcs
JIAaHHOM OKPYKHOCTH.

IR? —a?|
2R

Pewenue. ITycts O 1 O; — LEHTPHI JAHHBIX OKPY>KHOCTEH, X — UCKO-
MBI paguyc. Ilpeamonoxkum, uyTo a < R. Torza oxpy>KHOCTU KacaroTcs
BHYTPEHHUM 06pa3oM (CM. PUCYHOK CJIeBa). B MpsSMOyTOIBHOM TPEyTomib-
Huke OO A U3BeCTHO, 4TO

OA=a, O0O0O;=R-x, 0O;A=x.

Omeem:
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[To Teopeme ITudaropa
00? = 0A*+A0?, wm (R—-x)*=x*+d>

2 a2

2
Eciu ke a > R, TO OKPY)XHOCTH KacaroTcs BHEITHUM o6pa3oM (cM. pu-

CYHOK cmpaBa). B atom ciydyae OO; =R + x. U3 ypaBHenusa (R + x)? =
a’—R?
2R
9.10. [laHbI OKpPY)XHOCTH paauycoB 1 u 3 ¢ obmum entpom O. Tpe-
ThsI OKPY)XHOCTb KacaeTcs ux obenx. Haliiure yron Mexxay KacaTelbHbBIMU
K TpeTbell OKPY>XHOCTH, IIPOBEeAEHHBIMU U3 TOYKU O.
Omeem: 60°.
Pewenue. Ilyctb O; —TIeHTP TpeThel
okpyxkHOCTH, OA 1 OB — KacareybHble K Hell
(A u B—rTouku kacanus). Torgza OO; —

'O‘ 6uccexkTpuca yria AOB,
3 a0, =32 =1, 00o,=1+1=2,
Z0AO; = 90°.

OTcrofa HaX0AUM, YTO X =

=x? 4+ a? HaxXoAMM, UTO X =

[TosTomy ZAOO; =30°, a ZAOB=60°.

9.11. B yros, paBHBIM 60°, BIMCaHB [iBe OKPY>KHOCTH, Kacaroluecs
ZpYyT Apyra BHEIIHUM o6pa3oM. Pasnyc MeHbIIEH OKPYKHOCTH PaBEH .
HatizuTe paguyc 6OIbIIEH OKPYKHOCTH.

Omeem: 3r.

Pewenue. [Tycts R — paauyc 60sbliieit OKpyKHOCTH. OTyCTUM TIepIIeH-
JVIKYJISIp U3 IIeHTpa MeHbIIEH OKPYKHOCTU Ha pajuyc OOJbIIeH OKPYK-
HOCTHU, IPOBEJEHHBIN B TOUKY KacaHUsA C OZHOU M3 CTOPOH JAHHOTO YT-
na. TIoayduM MpsIMOYTOBHBIN TPEYTONBbHUK C THIOTEHY30U R + r, Kare-
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TOM R —r 1 ocTpbIM yrvioM B 30°, IpOTHUBOJIEXAIIUM 3TOMY KaTeTy. Torza
R+r=2(R—r). OTcroza HaxoguM, 4TO R=3r.

9.12. /IBe OKPY>KHOCTU KacCaroTCs APYyT Apyra BHYTPeHHUM 06pa3oM.
VI3BecTHO, YTO ABa paguyca OoIbIIel OKPYKHOCTH, YTOJI MEXAY KOTODHI-
M¥ paBeH 60°, KacaroTcs MeHbIEH OKPYKHOCTU. HaliziuTe oTHOIIEHNE pa-
JIyCOB OKPY>KHOCTEH.

Omeem: 1:3.

Pewenue. Ilyctb oxpyxHOCTH ¢ LeHTpaMu O u O; u paguycaMu R u r
(R>r) COOTBETCTBEHHO KacaloTCsI BHYTPEHHUM 00pa3oM B TOUKe A, a pa-
nuycel OB 1 OC 6oJbIliel OKPY>KHOCTH KacaloTCsI MEHBIIEH COOTBETCTBEH-
HO B Toukax M u N, npuuém ZBOC =60°.

ITocKOo/IbKY II€EHTP OKpPY>KHOCTH, BIIMCAaHHOM
B yTOJI, JIEXKUT Ha GucceKTpuce atoro yria, ZAOB =
=30°, a Tak KakK JIMHUA [JeHTPOB JIBYX Kacarol[Huxca
OKPY’KHOCTeH NPOXOAUT yepe3 TOUKY MX KacaHUf,
TO

00; =0A-0,A=R-r.
W3 npamoyronpHOro tpeyroibHuka OO.M Haxo-
VM, 9TO

00, =20,M, wmwm R-r=2r,

OTK ai—l

9.13. B paBHOCTOPOHHUM TPEeyroJbHUK BIMCAHA OKPYKHOCTb. DTOU
OKPY>KHOCTA U CTOPOH TPEYroJIbHMKA KacaloTCsd TPU MaJble OKPY>KHO-
ctu. Haliziute CTOPOHY TpeyrojbHUKA, €CIU PaZuyC MajJold OKPY>KHOCTU
paBseH r.

Omeem: 6r+/3.

Peutenue. ITycTs R — paznuyc OKpy:KHOCTH, BIMCAHHOH B JJaHHBIN Tpe-
yrosbHUK. OMyCTUM IepIeHAUKY/IAP U3 LeHTpa MeHblIel OKPYKHOCTU Ha
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pazuyc 6osbliiell OKPYy>KHOCTHU, TPOBEAEHHBIN B TOUKY KacaHUsS CO CTO-
PpOHOM paccMaTpHBaeMoro yria. [loayduM npsaMoyroabHbBIN TPeyTrolbHUK
¢ TUnoTeHy3oil R +r, kareToM R —r u ymioM B 30°, MpOTHUBOJIEKALIUM
aromy Karety. [ToaTomy R+r=2(R —r). Otctoga HaxogauM, 9To R =23r.
[TycTh cTOpOHaA TpeyrolibHUKA paBHA a. Torza a = 2RV3=6rV3.

9.14. B KpyroBo# CeKTOP C IleHTpaJbHbIM yIiioM 120° BIiMcaHa OKpyX-
HocTb. HaiizuTe e€ paguyc, eciu paguyc JaHHON OKPY:KHOCTHU paBeH R.

Omgem: RV3(2—V3).

Peutenue. ITycTb X — pazuyc UCKOMOM OKpyxHOCTH, O — eé IeHTp,
OA u OB —paguychl JaHHOTO CeKTopa, M — TouKa KacaHWUs OKPY>KHO-
crell, K — To4ka KacaHUA MCKOMOU OKpy»XHOCTH ¢ paguycoM OB. Torza

OOl = R—X, KOl =X, LKOOl = 600,

(R—x)V3

KO; = 00,s5in ZKOO,, wumm x = 5

OTcIoza HaXoAuM, YTO

x= BB _p/Ee-vI.

2+V3

9.15. /IBe OKPY:KHOCTHU KacaroTcsl BHENTHUM ob6pa3oM B Touke K. OgHa
IpsAMas KacaeTcs 3TUX OKPY)KHOCTEW B pa3JIMYHBIX TOUKax A U B, a BTO-
pas — COOTBETCTBEHHO B pa3uyHbIX Toukax C u D. Ob6uias kacareabHast
K OKPY>XHOCTAM, IIPOXOZsAIasA yepes ToUKy K, mepecekaeTcsa ¢ 3TUMHU IIps-

MBIMHU B Toukax M u N. Harigure MN, eciiu AC=a, BD =b.

Omeem: aT-'-b.
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Pewenue. ITycts ipaMble AB 1 CD nepecekaroTca B TOUKe P. YIVIBI IIpU
OCHOBaHMUAX PaBHOOEPEHHBIX TPeYToNbHUKOB PAC 1 PBD paBHBI, [103TO-
My AC || BD. 3nauut, ABDC — paBHOGeapeHHas Tpamnenusa. [I0CKoIbKy
MA = MK = MB, To M — cepeaiiHa 60KOBOU CTOpOHBI AB. AHaJOTHMYHO
monyvyaeM, 4To N — cepeauHa OOKOBOHW cTOpoHBI CD, 3Hauut, MN —
cpezanaa muHuu Tpanenuu ABDC. CienoBaTenbHO,

MN = 3 (AC+BD) = aT”’

Ecnmu AB||CD, To ABDC — nipAMoyToibHUK. B aTom ciryuae MN = AC =BD.

TpeHUPOBOYHBIE 3a/ja49U

9.16. OKpyXKHOCTh paZinyca 2 KacaeTcs BHEIIHMM 006pas3oM JApyroit
OKpYKHOCTH B TouKe A. O6Iasn KacaTeabHas K 00eMM OKPY>KHOCTSIM, TIPO-
BeZIEHHAA Yepe3 TOUKY A, TlepeceKaeTcs C APyroi ux obieli KacaTeabHON
B Touke B. HaiizuTe pazimyc BTOpo# OKPYKHOCTH, eciu AB=4.

Omeem: 8.

Pewenue. ITepswlii cnocob. ITycTb r 1 R — paguychl OKpy»KHOCTeH (r=2),
C 1 D — TOuYKM KacaHMuA OKPY>KHOCTel co BTOpoH (BHellIHeil) kacaresb-
Hoii. Torna BC=AB=BD =4, CD =8, a Tak kak CD =2V/7R (cMm. [2], c. 88,
npumep 2), To V2R =4. OTcioza HaXO4¥M, 4TO
R=8.

Bmopoti cnoco6. Eciu O; u O, — IEeHTPHI
OKpykHOcTeli, To Z0;B0,=90° KaK yron Mex-
oy OuccekTpucaMu CMeEXHBIX ymioB. Torga
BA — BBICOTa IPAMOYTOJILHOT'O TPEYTOJIbHUKA
0,BO,, onylieHHas U3 BEPLIVHBI IIPAMOI'O Y-
J1a Ha runoreHysy O;0,. CnezoBaTenbHo,

0,A-0,A = AB? = 16.

Orcroma HaxoauM, 4yto O, A =8.

9.17. /IBe OKPYKHOCTU KacarTcA APy Apy-
ra BHeIIHUM obpa3oM B Touke C. Paguych
OKpY)XHOCTEH paBHbI 2 1 7. O611as KacaTesib-
Has K 00eMM OKPY)KHOCTSIM, TIPOBeEHHAS Ye-
pe3 Touky C, TlepeceKaeTcsl C Apyrod ux o6-
el KacaTelbHOUW B Touke D. Hatigure pac-
CTOSIHME OT I[eHTpa MeHbIIel OKPY:KHOCTHU /IO
TOYKU D.

Omeem: 3v2.
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Pewenue. ITycts O u Oy — IIEHTPBI MeHbIIIEH U GONbIIEH OKPY)KHO-
cteit. Yron O, DO, — yroy Mexzay 6UCcCeKTPUCaMU CMEKHBIX YIJIOB, TO3TO-
My £Z0,D0O,=90°.

W3 npamoyronsHoro tpeyronbHuka 0O; D0, HaxoguMm, 4TO

0,D? =0,C-0,0, =2-9.
CneposarenbHo, O;D =3v/2.

9.18. OKpy>KHOCTB pazuyca r KacaeTcs HEKOTOpOU IpAMOM B Touke M.
Ha aTo# mpsAMO¥ 1Mo pasHble CTOPOHBI OT M B3ATHI TOYKU A U B, IpUuém
MA = MB = a. Haligute pajuyc OKpPy>XHOCTH, IIPOXOAAIIel yepe3 TOYKU
A ¥ B u kacaroleiicsa JaHHOW OKPY>KHOCTH.
a’+4r?
—

Pewenue. ITycts R — pasniyc UCKOMOUM OKpY:XHOCTH, O — e€ LeHTp,
K —Touka kacaHusA OKpy:KHOcTel (kacaHue BHyTpeHHee), O — LIEHTp
JaHHOH okpykHOCcTH. Torna MO; =|KM — OK| =
=|2r —R|.

[TockonbKy TpeyronbHuk MBO; IpAMOYIOJb-
HBIH, TO

BOj = MO} +MB?, wm R®= (2r—R)*+a’.

Omeem:

OTcroza HaxouM, 4TO

a®+4r?
4r

R =

9.19. OzHa OKPY>XKHOCTb OIIMCAaHAa OKOJIO PaBHOCTOPOHHEI'O TPEYrOyb-
HuKa ABC, a BTOpas BIIMCaHa B yrol A U KacaeTcs NepBOI OKPY:KHOCTH.
HalizuTe oTHOIIEHHe PaZNyCOB OKPY>KHOCTEH.

Omeem: 3:2 nmm 1:2.

Peutenue. IlycTb OKPYyKHOCTB pazuyca R ¢ neHTpoM O omucaHa OKOJIO
PaBHOCTOPOHHETO TpeyroabHuka ABC, a OKpY>KHOCTb pajuyca r C ILeH-
TpoM O; kacaeTca npaAMBIX AB u AC, npuyéM npamoii AB —B Touke D,
a Tak)Xe BHYTPEHHHUM 00pa3oM KacaeTcs IIepBOM
OKDY>XHOCTH B Touke E. Torza B IIpAMOYTOJIBHOM
TpeyroabHuke AO,;D xareT O;D JyeXuUT NpOTUB Y-
na DAO,, paBHoro 30°. IToaTromy

Aol = 2OlD = 27”,

a Tak KaK LEeHTPHl 00enX OKPYXKHOCTeH JjexaT Ha
6uccextpuce yria BAC, To

AO, = AE—0,E = 2R—r.
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R_3
W3 ypaBHeHudA 2R — r = 2r HaX04UM, 4TO =3 B ciyyae BHelIHero kaca-

o R 1
HUSA OKPYKHOCTEU aHAJIOTUYIHO HAXOAUM, YTO ? = E

9.20. B OKpY>XKHOCTb BITMCaH PaBHOOEIPEHHBIN TPEYTOIBHUK C OCHO-
BaHMEM a U yIJIOM IIpA OCHOBaHMHU a. Kpome TOro, mocTpoeHa BTOpas
OKPY>KHOCTbB, Kacalollasaca IepBOM OKPY>KHOCTHU U OCHOBAHUA TPeyroyb-
HUKa, IPUYEM TOUYKa KacaHUA ABJIAETCA cepeiMHON ocHoBaHuA. HaliguTe
pazuyc BTOPOI OKPY>KHOCTH.

Omeem: %tg a, 2 ctga.

Pewenue. ITycte CK — amaMeTp OKPY>KHOCTH, ONMCAHHOW OKOJIO PaB-
HOobGenpeHHOTO TpeyroinbHuka ABC (AC = BC,

AB=a, /A= /B=a). Torga cepeauna M oc- C
HOBaHUA AB IpHUHAAIEKUT 3TOMY AUAMETPY,
a CM n MK — guaMeTphl UCKOMBIX OKPY>XHO-

CTeMN.
[TycTb 1 ¥ X — paZiyChl UICKOMBIX OKPY>KHO-
cteii. Torga X ol
1 1 a A a/2 /' M|x \a/2 B
r=§CM=§AM-tga=Ztga, of,
X = %MK = %AM-cthAKM = %ctga. K

9.21. /IBe okpy>kHOCTH ¢ LieHTpamu Oq, O, U paguycaMu 32, mepecexa-
ACh, AendaT orpe3ok 0,0, Ha TpuU paBHble YacTu. Haliziute paguyc oKpyx-
HOCTH, KOTOpasi KacaeTcs U3HYTPU 00ernX OKPYKHOCTel U KacaeTcsl OTpe3-
ka 0;0,.
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Omeem: 7.
Pewerue. O603HAYMM 4Yepe3 I" paJyC NCKOMOM OKPYKHOCTH. IIycThb
O —eé 11eHTp, Q ¥ P — TOUKYU KacaHUsA COOTBETCTBEHHO C IIEPBOU U BTO-
poti okpyxHocTsAMU, C — Touka KacaHus ¢ mpsamou 0,0,, A u B— Touku
IepecevyeHusl COOTBETCTBEHHO IEPBOI U BTOPOI OKpY:KHOCTeU C OTpes-
koM 0;0,. Torma
OlB =AB = A02 = 16, 01C = 24,
oC=r, 0,0=0,Q-0Q=32-r.
[To Teopeme [Tudaropa u3 npsAMoyroabHoOro TpeyroirbHuka 0,CO Haxo-
JIAM, 4TO
0,0% = 0,C?+0C?%, wm (32-1)%=24%+r%

V13 aTOr0 ypaBHEHUA HAXOAUM, YTO I =7.

9.22. JIBe OKPY>KHOCTU paUlycoB R U 1 KacaloTCs CTOPOH JaHHOI'O yIia
u apyr apyra. HaiizuTte paguyc TpeTbell OKpy»KHOCTH, Kacarolleicsa CTo-
POH TOTO e yIJa, IIeHTP KOTOPOM HaXOAUTCsA B TOUKE KACaHUA OKPY)KHO-

cTel MeXy COOOM.
2rR

Omsem:

14
-
R
K R-r
07 T
4 FF
{ LTXFF
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Peuwenue. TlycThb OKPY>XHOCTU pajuycoB r M R KacaioTc OJHON U3
CTOPOH yIVIa B TOYKaX A U B COOTBETCTBEHHO, a UCKOMas OKPY>XHOCTb
¢ neHTpoM K KacaeTcsl 3TOM CTOpOHHBI B Touke C. OmycTUM IepIieH-
aukynsap OF w3 meHTpa mepBOM OKPY:KHOCTH Ha paguyc O,B BTOpOH
okpyxHocTu. [lycth L — Touka nepecedyeHusa KC c¢ orpeskoMm O;F. Torza

MpSMOYTObHBIE TpeyronbHUKu O;LK u O,FO, momo6Hb! ¢ K03 duIiiueH-
0,K

r
TOM 0102 = T"F—R’ cJeg0BaTeJIbHO,
_ ro r _r(R=r)
KL=0F 3 =R=1 3R =" 3R
KC=KL+LC=KL+0,A="8=D 4 p = 2K

9.23. B TpeyronbHuke ABC cTopoHa BC paBHa a, paZiliyC BIMCAaHHOMN
OKPY>XKHOCTHU paBeH r. HaiizuTe pasuychl ByX paBHBIX OKPYKHOCTeH, Ka-
caroluxca Apyr Apyra, eC/Iv OfHa U3 HUX KacaeTca cTOpoH BC u BA, a apy-

rasg — ctopoH BC u CA.
ar
a+2r’
Peuteniue. Ilepewlii cnocob. Eciy x — UCKOMBIN pagnyc, TO

Omsem:

xctg(%AB) +xctg(%éc) +2x =a,
a Tak Kak
rctg(%ZB) +rctg(%lc) =a,

TO
1 1 a ax
ctg(EZB) +ctg(§4C) =7 +2x =a.
ar
a+2r’
Bmopoti cnoco6. O6o3HauMM uepe3 X UCKOMBIN pazauyc. Ilycts O

u O, — LIeHTPHI YKa3aHHBIX PaBHBIX OKpyxHocTell. Torga styuu BO; u CO,
IepecekaroTcs B leHTpe O BIMCAaHHOU OKPY)XHOCTU TpeyronbHukKa ABC.

A

CJIeZ[OBaTeJIbHO, X =
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OTHoIIIEHYE BBICOT MOAOOHBIX TpeyronbHuKoB 00,0, u OBC, mpoBe-
OEHHBIX U3 06Iel BepimuHbl O, PaBHO OTHOIIEHUIO COOTBETCTBYIOIIUX
CTOPOH, T. €.

ar
a+2r’

9.24. JIBe OKPYXHOCTH paZuycoB 5 u 3 KacaloTcsd BHyTPpEHHUM 06pa-
30M. Xopza 60blieli OKPY»KHOCTH KacaeTcss MeHbIeH OKPY>KHOCTHU U Jie-
JINTCA TOYKOM KacaHWA B oTHoIneHuu 3: 1. HalizuTre AinHy 5TOH XODZHL

Omeem: 8.

Pewenue. Tlycts O; 1 O, — LIEHTPHI OKPYKHOCTEN pasnycoB 5 u 3 co-
OTBEeTCTBeHHO, AB — naHHas xopza, C — e€ TouKa KacaHUsA C MeHbllei
oKpy>HOCTbhIO (AC : BC=1:3), P—mnpoekuusa Touku O; Ha paguyc O,C
MeHbIIIEN OKPY>KHOCTU (CM. PUCYHOK CJIEBA).

O6o3HaunM AC = x, Torza BC = 3x. Onyctum u3 nieHTpa O nepreHan-
kynap KO, Ha xopny AB. Torza

AK =KB=2x, CK=AK—-AC=x, O;P=CK =x,
0,0,=5-3=2, 0,C=3, O0,K*=0,B*-KB*=25-4x%

CrnezmoBaTesibHO, X =

B nmpamoyroneHOM TpeyronbHuke O PO, U3BECTHO, YTO
0,02 =0,P>+0,P%, wm 4= (3— V25— 4x2)?+x2

W3 aTOro ypaBHeHUA HaxoAuM, 4To X = 2. CezoBarenbHO, AB=4x=8.
(3ameTum, uTo B aTOM ciaydae O,P =0. dTo o3HavaeT, uto AB || 0,0,
CM. PHCYHOK CITpaBa.)

B 4 K2 L2N\4

9.25. /IBe OKPY>KHOCTHU, PaZiiyChl KOTOPLIX OTHOCATCA Kak 9 —4+v/3 k 1,
KacaloTcs APYT Apyra BHYTPeHHUM 00pa3oM. B 60sbIiiel OKpyKHOCTH IIPO-
BeZleHBI IBe paBHbIE XOP/bl, Kacaroliecs MeHblel oKpykHocTU. OfiHa 13
9TUX XOPZ NepIeHAUKYIAPHA OTPE3KY, COeAUHAIOIIEMY LIEHTPBI OKPY>KHO-
cTel, a Apyrad HeT. HailizuTte yron Mexzy STUMU XOpAaMHu.
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Omseem: 30°.

Pewenue. TTycTb OKpy?KHOCTU pazuycoB R>r ¢ nenrpamu O, u O, co-
OTBETCTBEHHO KacarTCs BHYTPEHHUM 06pa3oM B Touke K, xopza AB 6071b-
el OKpy»KHOCTU INepreHgukyaApHa 0,0, U KacaeTcad MeHbIlIel OKpyX-
HOCTHU B TOuKe P, a paBHad eit xopga CD 6onbliieil OKPYXHOCTH KacaeTcs
MeHbIlle OKPY:KHOCTU B TOuke QQ U IepeceKkaeTcs ¢ XopZod AB B Tou-
ke F. Onyctum nepnesgukyasap O;M Ha CD 1 pacCMOTPUM IIPAMOYTOJb-
Hy!o Tpanenuto O;0,QM.

[TockosnbKy paBHBIE XOPZbI OKPY>KHOCTU PaBHOYZAJIEHBI OT e€ LIeHTpa,
TO
OM =0,P=0,K—PK=R—-2r.

Omnyctum nepnesgukynsap O1H Ha O,Q. Toraa
O,H=0,Q—HQ=0,Q—OM =r—(R—2r) =3r—R,

3HAYUT,

OH _3r—R_3-7 _3-09-4V3) _

0,0, R-r 21 9-4v3-1

_4v/3-6 _2v/3-3 1 V32-v3) _ V3
T 8-4V3 4-2v3 2 2-43 27

cos £0,0,H =
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CiegoBaTebHO,
ZQFB = £Z0,0,H = 30°.

3aMeTUM, 4TO

V3<2 & 3<2/3 o 6<4/3 & 9-4/3<3,

R o
nosTOMy - = 9 — 443 < 3. DTo 03HavaeT, 4To Touka H AeHCTBUTENTHHO
JIEXKUT Ha oTpeske 0,Q.

9.26. /lBe OKPY)XHOCTH KacaloTcs BHYTpeHHUM ob6pasom. [Ipsmasd,
MIPOXOAAIIAA Yepe3 LeHTP OOoJbIlel OKPYKHOCTH, ITEpeceKaeT eé B TOUKax
A u D, a MeHBIIYIO OKPYKHOCTh — B TouKax B u C. Halifute oTHOlLIeHUe
paznycoB OKpyXHOCTeH, ecmu AB:BC:CD=3:7:2.

Omeem: 3:2.

Pewenue. ITycts M — Touka Kacauwsi, r U R (r < R) — paguychl OKpYyK-
HocTeld, Q — 1eHTp Oosbineii u3 Hux. [lomoxkum AB = 3x, BC = 7x,

CD =2x. Torga

M
X R= AB+32C+CD — 6x,
- BQ = AQ—AB = R—3x = 3x,
|32/

QC=R—-2x=4x, MQ=R=06x,
QP =2r—MQ = 2r — 6x

(rme MP — guamMeTp MeHbIIEW OKPY>KHO-
CTH).
[To Teopeme O MPOM3BEAEHUAX OTPE3KOB ITepeceKaroIINXCA XOP/,

BQ-QC=MQ-QP, wm 3x-4x =6x-(2r—=~6x).
W3 aTOoro ypaBHeHUA HaxoAuM, 4TO r =4x. Clie[0BaTeNbHO,

R _6x 3

r T 4x 2

9.27. /IBe OKPYXHOCTH KacaroTcs BHYTPpEeHHUM obpa3oM. [Ipsmas,
MIPOXOAALIASA Yepe3 IEHTP MeHbIIel OKPY:KHOCTHU, IepeceKkaeT GOIBIIYI0
OKPY>XKHOCTb B TOYKax A U D, a MeHbIIy10o — B Toukax B u C. Haiizute
OTHOIIIEHUEe pajuycoB OKpyxHocTel, eciu AB:BC:CD=2:4:3.

Omeem: 3.
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Pewenue. Ilycte M — TOYKa KacaHUA OK-

pyxHOCcTel, r u R (r <R) — ux paguycsl, O — A J
LEeHTp MeHbllel u3 Hux. [Tomoxum AB = 2x, 2\t
BC =4x, CD =3x. Torma X

r=0B=0C=2x, DO-0OA=MO(2R—-MO),
wii  5x-4x =2x(2R—2x).

CiiegoBaTebHO,

Ix

5x=R-x, R=6x, =% _3
r 2x

9.28. /IBe OKpy:KHOCTH pasuycoB R u r (R >r) KacarmTCs BHEITHUM
obpasom B Touke C. K HUM mpoBeZieHa o01as BHEIIHsAS KacaTeabHas AB,
rge A u B— Touku KacaHus. Haiijute cTopoHHI TpeyroabHuka ABC.

R r
Omeem: 2+/Rr, 2r4/ Rar 2R Ror

Pewenue. ITyctb O; 1 Oy — IEHTPBI OKPYKHOCTEN PaZiycoBT U R, A —
TOYKA Ha IEPBOU OKPYKHOCTH, B — Ha BTOpoi, K — nmpoekuusa Touku O,
Ha BO,. Torza

KO, = BO,~AO, =R—r, 0,0,=r+R,
AB = KO, = /0,02 —K02 = +/(R+1)2— (R—1)? = 2V/Rr.

O6o3naunm ZABC = %ZBOZC =a. Torga

R—r
08 2 — KO, R-r cos o — Itcos2a _ [/1tee R
4=0,0,  R+r’ a=VT 2 T 2~ VR+r

[MTockombKy TpeyronbHUK ACB nipsmoyronbHbii (£C =90°), To

R r
BC—ABcosa—Z\/Rr\/R—Jrr = 2R Rer

AHasornyHo HaxoauM AC.

UZ
»
R
o |\R—
Uif R-r
By
r/\ :
24
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9.29. JIBe OKPYKHOCTH paguycoB R u r (R >r) KacaioTcs BHEITHUM 06-
pasom. [Ipsamas KacaeTcsa 3TUX OKPYKHOCTeU B pa3IMYHBIX TOUkax A U B.
HaiizuTe paguychl OKPY»KHOCTEH, Kacarouuxcsa 06enx AaHHBIX OKPYXKHO-

cred u ipsiMoit AB.
Rr

(VRE VD

Pewenue. ITyctb O; 1 O, — LIEHTPHI KaCAOLMXCA OKPY>KHOCTE! paju-
yCcOB " M R, A M B— HX TOUKY KacaHU: C o0IIeli BHeIIHeH KacaTeJlbHOH.

Onyctum nepneHzukynap O.K na O,B. V3 npAMOYroibHOIO Tpe-
yronbauka O,KO,, B xotopom 0,0, =R +r, O,K =R —r, HaxoquM, 4TO
0,K =2+/Rr. Tloatomy u AB=2+/Rr.

Eciu x — pasnyc MCKOMOU OKPY>KHOCTH,
KOoTopas KacaeTcsa npsAMoud AB B Touke C, TO

Omsem:

g, aHasornyHo AC =2.,/rx u BC =2+/Rx.
R ! Eciu Touka C jexur Mexzy A u B, TO
0t R-r AC + BC = AB. Torza, peluB ypaBHEHUE
! Y 2/x7 + 2+/Rx = 2+/Rr, noay4um, 9To
rA Z— X Br X = L
(VR+VP)?

B npoTuBHOM cilyyae Todka A JIeXKUT MeXAy ToukaMu B u C (Tak Kak
R>r). [lostomy AB=BC — AC 1 COOTBETCTByIOlllee YypaBHEHHE IIPUMeT
BU/J,

2vRx —2/1x = 2V/Rr.
__ R
(VR—yP)?’

CJIeZ[OBaTeJIbHO, X =

9.30. /lBe OKpYKHOCTH KacaroTcs BHEITHMM obpa3oM B Touke C.
OO6r1mast BHEIIHAS KacaTelbHas KacaeTcsl TIEPBO OKPY)KHOCTH B TOYKe A,
a BTOopoii —B Touke B. Ilpamasa AC mepecekaeT BTOPYIO OKPY)XKHOCTb
B Touke D, ommnyHou oT C. Hatizute BC, eciu AC =9, CD =4.
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Omseem: 6.

Pewenue. [TycTh 061jast KacaTegbHasA K OKPY)KHOCTAM, [TPOXO/AAIIAA Ye-
pes Touky C, nepecekaeT oTpe3ok AB B Touke M. Torma MA = MC = MB,
T. e. MeguaHa CM TtpeyronbHuka ABC paBHa II0JIOBUHE CTOPOHEI AB, 3Ha-
yut, ZACB=90°.

CwmexHbiti ¢ yrimom ACB yron BCD Takxe paBeH 90°, mostomy BD —
JViaMeTp BTOPOM OKpPY>XHOCTH, a Tak Kak AB — kacaTe/JbHas K 9TOH OK-
pyxHocTH, To BD | AB.

B mpamoyronbHOM TpeyronbHuke ABD oTpe3ok BC — BBICOTA, OIIy-
IleHHadA Ha TMIIOTeHY3y, C/IeZl0BaTEIbHO,

BC =+VvAC-CD =+/9-4=6.

9.31. /IBe OKPY:KHOCTHU KaCAIOTCs APYT Apyra BHEIIHUM 06pa3oM B TOU-
ke A. HaliznTe paguychl OKPY>KHOCTEH, eCIi XOP/bl, COeAUHSIOUINE TOY-
Ky A ¢ TOYKaMU KacaHWs C OHOMU M3 OOLIMX BHEIIHUX KacaTeIbHBIX, PaB-
HBI 6 U 8.

15 20

Omeem: 753

Peuwsernue. Ilyctb O; 11 O, — IIEHTPBI OKPYKHOCTEN, B 1 C — yKa3aHHbBIE
Touku kacaHusa (AB =06, AC =8). IlockonbKy TpeyroabHUK BAC mpsamo-

YTONBHBIN (C IPAMBIM YIJIOM Tipu BepinuHe A), BC =10.
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[Tycte M — ocHOBaHMe NepIeHANKYIApa, onyljeHHoro us O, Ha AC.
V3 opo6us TpeyronbHukoB O, MC u CAB HaxoAuM, 4TO

—gc. M _19.4_20
OzC—BC-AB =10 6= 3-
AHanornyHo Haxogum, uro OB = 17?

9.32. Tpu OKpY>KHOCTHU paZuycos 1, 2 u 3 Kacarorca Apyr Apyra BHeIll-
HUM obpasoM. HaliiuTe pazuyc OKPY)KHOCTH, MIPOXOAAIIEN Yepe3 TOUKU
KacaHUsA 3TUX OKPYKHOCTeN.

Omeem: 1.

Pewerue. Ilycte C, B 1 A — LleHTpPHI
OKpY»KHOCTeN pagnycoB 1, 2 u 3 cOOTBeT-
CTBEHHO. JINHUA [IEeHTPOB [IBYX Kacalolux-
Cs1 OKPY’KHOCTeM IIPOXOJUT Yepe3 TOUKY UX
KacaHusd, 3HauuT, Touku M, N u K Ka-
CaHUA OKPYKHOCTeH JiexkaT Ha CTOpOHax
TpeyronbHuka ABC. Ilycth Touka K Jje-

1 JKUT Ha oTpeske AC, Touka M — Ha oTpes-
ke AB, Touka N — Ha oTpeske BC. Torza
AB=AM+MB=3+2=35,

AC=AK+KC=3+1=4,
BC=BN+NC=2+1=3.

TpeyronbHuK ABC TIpAMOYTONbHBIN, Tak Kak AC2 +BC?=16+9=25=

5 . AC+BC—AB
= AB“, 3Ha4UT, paZjiyC €ro BINCAHHOU OKPY>KHOCTHU PaBEH — s =
3+4-5
y —3+a-5 g
JoKaxeM, 4YTO OKPY»KHOCTb, IIPOXOJAIAs 4Yepe3 Tod-
& ku K, M, N, 1 ecTb BIUCAaHHAdA OKPY>KHOCTb TPEyroJib-

HUKa ABC. JleicTBUTeNbHO, €C/Id BIMCAaHHAA OKPY)XKHOCThb
TpeyronbHuka ABC kacaeTca CTOpOHbL AB B Touke M, TO
AB+AC—-BC _ 5+4-3

C B 2 2
HUA 2), 3HAYUT, ToOYyka M, cOBImaziaeT ¢ TOUKou M. AHaso-

TUYHO /J0Ka)KeM, YTO BIIMCAaHHAsA OKPYKHOCTD TpeyrosbHrKa ABC kacaeT-
cd ero ctopoH AC 1 BC cOOTBeTCTBEHHO B TouKax K u N.

TakuM 06pa3oM, paZuyc OKPY>KHOCTHU, IIPOXOZAIIeH Yepe3 TOUKH Kaca-
HUA JaHHBIX OKpPY)KHOCTe, paBeH 1.

=3=AM (cMm. 1. 96 TpUIOXKeE-

9.33. /IBe OKPY)XHOCTH PafiycoB 5 U 4 KacaroTCs BHEIIHUM 06pa3oM.
[psimas, Kacarouascs MeEHBIIeH OKPYKHOCTHU B TOYKe A, MepeceKaeT
66mbIIyIO B TOYKax B u C, mpuuém AB = BC. Hatiazute AC.
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Omeem: 12.

Pewenue. IlycTb OKpy>XHOCTB paguyca 4 ¢ neHTpoM O; U OKPY>KHOCTb
pazuyca 5 c¢ ienTpoM O, KacaroTcsl BHEUTHUM obpa3om B Touke D. Torga
0,0,=0:D+0,D=09.

2w B xS

Y

Omyctum neprieHANKYAp O,M 13 1meHTpa OOJbIIeld OKPY>KHOCTU Ha
xopzay BC. Torga M — cepeauHa BC. OnyctuMm neprneHaukynap OF us
IleHTpa MeHbllIel OKPY>KHOCTH Ha npsamyto O,M. Torna AO; FM — npsamo-
YIONbHUK, T03TOMYy MF =0;A=4u O;F =AM.

ITycte BM =MC =x. Torja AB=BC=2x u AM =AB+BM=2x+x=
=3x. VI3 IpAMOyrosbHBIX TPEYroabHUKOB CMO, u O1FO, Haxoaum, 4To

0,M = 1/0,C*—MC? = v/25—-x2, 0,F*+0,F* = 0,03,

nin

9x*+ (V25 —x2—4)* = 81.
W3 aTOoro ypaBHeHUA HaxoAuM, 4To x = 3. CnezpoBaresnbHO, AC =4x =12.

3ameTum, uto OoM =1/ 0,C2 —CM2=+/25—-9=4=FM, T.e. Touxka F

coBnazaet ¢ O,.
A 6 B_I"MU

B
4 4 /5

0 4D\ 5 g

9.34. Touka B — cepezguHa oTpeska AC, npuuéM AC = 6. IIpoBeZieHEI
TPU OKPYKHOCTHU pazuyca 1 c iieHTpamu A, B u C. Haiizute paguyc det-
BEPTOU OKPYKHOCTH, Kacarllleiicsa BcexX TPEX JaHHBIX.

.9 9
OTBerT: 2 W 5.

Peuwtenue. IlycTb x — pajuyc HMCKOMOM OKpY:KHOCTH, O — e€ LieHTp.
PaccTosAHUA OT IEHTPOB JaHHBIX OKPYXKHOCTeH 0 TOYKH O MOTYT OBITH
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paBHbI 60 x + 1 (BHellHee KacaHue), au60 x — 1 (BHyTpeHHee Kaca-
Hue). Bce Tpu paccTOAHMA PaBHBIMU OBITH He MOTYT. 3HAYUT, BO3MOYKHBI
aBa ciaydas: 6o OA=0C=x+1, OB=x—1, tu6o OA=0B=x —1,
OC=x+1 (wm cummeTprU4HbIY emy ciydaii OB=0C=x—1, OA=x+1).

B mepBoM ciy4yae mo TeopeMe Iludaropa M3 IpSIMOYTOJBHOTO Tpe-
yronbHUKa OAB nony4aeM, 4TO

x+1D*—(x—-1)?2%=9,

_9
OTKYJa X = 7.

PaccmorpuM BTOpoli ciaydail. Ilycts D — cepeguna BC. 13 mpamo-
YrOJBbHBIX TpeyroabHUKOB COD n AOD nonydaeM, 4TO

OD? = 0C?~DC? = (x~1)*~ 3, 0D =0A’~AD* = (x+1)*~ &L,
3HAYMUT,
2_81 _ 4y2_9
(x+1) 2 =(x-1) 2

OTKyZa X = %

9.35. Touka B — cepeguHa orpeska AC, nmpuuém AC = 6. IIpoBeZieHEl
TPHU OKPY>XKHOCTU pazuyca 5 ¢ LleHTpaMmu A, B u C. Haligute paguyc 4eT-

BEPTOU OKPY>KHOCTH, Kacaroleiicsa BcexX TPEX JaHHBIX.

Omsem: 2 WIN 2
© 20 10°

Peutenue. ITycTb x — pajguyc MCKOMOM OKpy:KHOCTH, O —eé€ LieHTp.
PaccTosAHUA OT LEHTPOB JAHHBIX OKPYXXKHOCTeH 0 TOYku O MOTYT OBITH
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paBHbI 60 X + 5 (BHellHee KacaHue), iubo |x — 5| (BHyTpeHHee Kaca-
Hue). Bce Tpu paccTOSHUA paBHBIMU OBITH HE MOTYT. 3HAYUT, BO3MOXKHBI
aBa caydas: 6o OA=0C=x+5, OB=5— x, mu6o OB=0C =5 — x,
OA=x+5.

B mepBom ciyyae 1o TeopeMe ITudaropa M3 IpSIMOYTOJBHOTO Tpe-
yronbHUKa OAB mniony4yaeM, 4To

OA? = OB*>4+AB?, (x+5)?%=(5-x)%+9,

_2
OTKyZa X = 20°

PaccmoTtpum BTOpo# ciyuyail. [Tycte D — cepeauna BC. U3 mpsmo-
YrOJIBbHBIX TpeyroabHUKOB AOD u BOD mnony4aem, 4To

OD2=OA2—AD2=(5+x)2—%, OD2=OBZ—BD2=(5—x)2_%.
3HayuT,
2_81 _ e y2_92
(5+x) 7 =(05B-x) 7

_9
OTKYZA X = 75
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9.36. /laHa OKpy»XKHOCTb C IIleHTpoM B Touke O U paguycoM 2. V13 koHIIa
oTpe3ka OA, mepeceKalolerocsi ¢ OKpy>KHOCTbIO B Touke M, IpoBejeHa
kacarenbHasa AK k okpyxHocTH, ZOAK = 60°. Halifute pasuyc oKpy:KHO-
cTH, BucaHHOU B yron OAK u kacaromieiicsa JaHHOW OKPY>KHOCTH BHeIlI-
HUM 06pa3oM.

Omeem: 2+ %\/5

Pewenue. ITyctb O — IIEHTP UCKOMOUM OKPY)XHOCTH, F — Touka kaca-
HUA OKPY>XHOCTH € JydoM AM, P — c ZaHHOU OKPY>KHOCTHIO, X — UCKO-
MBIl pazuyc. [TpeamnonoxuM, 4To Touka F nexxut Ha otpeske OA. Torza

— — OK _ o __ i _ 3_X _ 4 —3x
OF—OA—AF—Sin600 FO, ctg30 =7 == "5
OOl = OP+POl = 2+x.
B nmpamoyroneHOM TpeyronbHuke OFO; nmeem
_ 2
002 = OF2+0,F%, wm (2+x)2= 420 12,

W3 sToro YpaBHEHUA HAXOAUM, 4TO

x=2—%w/§ WIn x=2+%\/§.

4
YCIIOBHIO 3a/1a4H Y/IOBNIETBOPALT TOMBKO KOPEHb X =2 — 3 V2.
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Ecin ke Touka F jie;KUT Ha IpozokeHuu orpeska OA 3a Touky O, TO

3x—4

(33('—4)2 2
\/§ , — s .

OF = AF -0A = 3 +Xx

2+x)?%=

YcnoBulo 3aauyl yAOBIETBOPAET TOIbKO KOPeHb X =2 + %\/ﬁ

9.37. B xpyre ¢ nenrpom O xopza AB mepecekaet paguyc OC B TO4-
ke D, mpuuéMm ZCDA = 120°. HalizuTe pafiuyc OKPY>KHOCTH, BIIMCAHHOU
B yron ADC u kacatotetica ayru AC, eciu OC=2, OD = V3.

Omeem: 2v/21 —9 wu 3 +2+v/3.

Peutenue. TIpeAnonoxum, 4To UCKOMas OKPY>KHOCTb KacaeTca ZaHHOU
BHYTPEHHUM 06pa3oM. IIycTb X — paZiyc UCKOMOU OKPYXHOCTH, O — eé
LeHTp, M — Touyka KacaHuAa ¢ oTpe3kom DC. B IpAMOyroisHOM TPEYTOJib-
Huke OO, M U3BECTHO, 4TO

O,M=x, OM=O0D+DM = «/§+%, 00, =2-x.

Mo Teopeme ITudaropa

2
007 = OM*+0,M?, wm (2—x)2:(\/§+%) +x%.
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OTcrofa HaxXoAuM, 4To X =2v21—9.
A

Ecnu ke nckomast OKPY>KHOCTb KacaeTcCa ﬂaHHOfI BHEITHHUM 06131':130MJ
TO paccyXzast aHaJOTU4IHO, ITOJYYUM ypaBHEHUE

2+x)?*= (\/§+ %)24-)(2,

13 KOTOPOTO HaiAEéM, 9To x =3 +2+/3.
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9.38. OKpy>KHOCTU paZiuyCcoB r U R kacarTcs ApyT Apyra BHyTPEHHUM
obpasoM. Haiiiute CTOPOHY NPaBHWJIBHOI'O TPEYTOJIBHUKA, ¥ KOTOPOTO Ofi-
Ha BepIIMHA HaXOAUTCA B TOYKE KAaCAaHU:A JAHHBIX OKPY)XHOCTEH, a /Be
Jpyrue jie)kaT Ha Pa3HbIX JaHHBIX OKPY>KHOCTAX.

rRV3

Pewenue. Ilepswiil cnocob. Ilyctb R > r, AMB — paBHOCTOPOHHUHN
TPEYTOMbHUK, M — TOUKa KacaHUs OKPY)KHOCTeH, A — Touka Ha 6osbIneit
OKPYXKHOCTU, B— Ha MeHbIell, P — To4uka mepeceuyeHUs CTOPOHBI MA
C MeHbIIeH OKpYKHOCTbIO, K — Tod4ka
repecevyeHus MpPOAO/KEHUA CTOPOHHI MB
¢ 6oJIbIIElN OKPYKHOCTBIO.

Yriel MBP u MKA paBHBI, Tak Kak oba
OHU paBHHBI yIIy Mexay npsimoit MA (MP)
U oOImel KacaTeJbHOW K OKPY>KHOCTSIM,
poBeéHHON uepe3 Touky M. CrnezmoBa-
TEJIbHO, TpeyronbHUuku MBP u MKA 1oz06-
HbIL. [ToCKONIBKY

BP = 2rsin ZBMP = 2rsin 60° = rv/3,
AK = 2Rsin ZKMA = 2R sin 60° = Rv/3,

Omsem:

r
R

KO3bOUIIMEHT TOA0OUA STUX TPEYTOIbHUKOB paBeH
O6o03HauuM MB = MA =AB=a. Torza

kM =&, BKza(E—l),

r

a tak kak ZKBA=120°, To 10 TeopeMe KOCUHYCOB U3 TpeyroabHuKa ABK

HaxoAWUM, YTO
R 2 R
3R* = (7 - 1) a+a*+ (; - 1) a’.

rRV3
V12 —rR+R?

Bmopoti cnocob6. Ilyctb R>r, O 1 O, — LIeHTPbI OKpy)KHOCTEH, AMB —
PaBHOCTOPDOHHUM TPeyroabHUK, M — TOYKA KacaHWUA OKPY>XHOCTel, A —
TOYKA Ha OOJIbIIEHN OKPYXHOCTH, B — Ha MeHbIIIeH.

PaccMoTpyM MOBOPOT BOKPYT TOYKU M, TpKU KOTOPOM TOYKa B mepexo-
ZUT B TOUKy A. IIpy aTom noBopoTe 1eHTp O, MeHblllell OKPy>KHOCTHU Iie-
pelzET B HeKOTOpYy!o TouKy Q, mpuuéM Z0;MQ = 60°, OKpyKHOCTb C LIeH-
TpoM O, NepelZiéT B OKPY>KHOCTb TOI'O JKe pajuyca ¢ LeHTpoM Q, a Tak
Kak oTpe3ok AM — ob1mast xopZia OKpy»KHOCTe# ¢ nieHTpamMu Q u Oy, TO

OTcroza cieayer, 9To a =
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oTpe3ok AM penutca npsamou O;Q momomam u MA 1 0;Q. Tlo Teopeme
KOCHHYCOB U3 TpeyroibHuka O;MQ HaxoauMm, 4To

0,Q = vr2—rR+R2.

Ilycts K — cepeauna AM, Torga MK — BeicoTa TpeyroabHuka O, MQ.
Bripakad AByMA crioco6amMy IUIOmaZb TpeyroapHuKa O;MQ, momydum,
YTO 1 1

50:Q-MK = EOlM-QM-sinéolMQ,

OTKYyZa Haxo4guM, 49TO

20,M-QM -sinZ0;MQ rRV3
oQ B Vr?—rR+R?

9.39. Pazguycel OKpy>XHOCTel S; U S,, Kacalolluxcsad B Touke A, pas-
HBI R u r cootBeTcTBeHHO (R > r). IlpsAMasi, mpoxogamias yepe3 TOUKy B,
JIeXKAIyI0 Ha OKPY>KHOCTH S;, KacaeTcsa OKPYXHOCTU S, B Touke C. Haii-
aute BC, ecniu AB=a.

r
Omeem: a,/ H:E'

Pewernue. PaccMoTpum ciryyail BHelrHero kacanus. [lycts O; u Oy —
LIEHTPBI OKPYXXHOCTeH S; u S,; X — Touka mepecedeHUss mpsMoul AB
C OKPY>XHOCTBIO S,, OTJIMYHad OT A.

AM = 2MK =
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PaBHOGezpeHHbIe TpeyTonbHUKN X0,A 1 BO, A ofo6HbI ¢ K03dduiiu-
€HTOM % [TosTomy

B
r ar
AX =3 AB= 5. A\
I[To Teopeme o KacaTesbHOMN U ceKylen /“
N\
BC? = BX-BA = (BA+AX)BA = A S

= (a+%)a:a2 (1+%).

CneposaTenbHo, BC=a4/1+ %

B C/Iydae BHYTPEHHEr'o KaCaHUA aHa/JIOTUYHO ITIOJIyYUM, 9YTO

BC=aM1—%

9.40. OTHOLIEHUE PaZIUYCOB OKPYKHOCTEN S U Sy, KACAIOIIUXCA B TOU-
Ke B, paBHO k (k> 1). V3 Touku A, jexalneil Ha OKPYKHOCTUA S;, MpoO-
BeZleHa TpsiMas, Kacarolmasacsd OKPYKHOCTU S, B Touke C. Havizaure AC,
€CJIU U3BEeCTHO, YTO XOpZa, BeIceKaeMas OKPYKHOCTbIO S, Ha IpsAMoi AB,
paBHa b.

Omeem: bv'k?xk.

Pewenue. PaccMoTpuM ciydai BHemrHero kacanus. [Iycts O, u O, —

o R
LEHTPBI OKPYXKHOCTEH Sy U Sy PaMyCOB R 1 I' COOTBETCTBEHHO, — = k>1;

X — Touka mepeceyeHUA MPAMON AB ¢ OKPYKHOCTBIO Sy, OTJIMYHASA OT B,
BX =b.

: «‘gy‘

PaBHOGeipeHHBIE TPEYTOTBHUKU BO, X 1 BO; A IofI06HEI ¢ KO3 PUITu-

R
EHTOM —". ITosTomy
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A ITo TeopeMe 0 KacaTebHOU U ceKymei
X7
/A‘\ AC? = AB-AX = AB(AB+BX) =
75\ _BR(,  BRY _,5 R (1. RY_,2
N b (b+r)—b B (142) =pra+0.

5

CneposarenbHo, AC=bvk?+k.
B ciyuae BHYTpeHHEro KacaHWs aHaJo-
TMYHO TOMyYuM, uTo AC =bv k2 —k.

9.41. OKpy>XKHOCTb pazuyca 1 KacaeTcs OKpPY>KHOCTU pazuyca 3 B TOU-
ke C. Ilpamas, mpoxozdAmas depe3 Touky C, IlepeceKkaeT OKPY:XKHOCThb
MeHBIIEro paZuyca B TOUKe A, a 6omblero paguyca — B Touke B. Haiigu-
Te AC, eci AB=2+/5.

V5

Omsem: -5 -

Pewenue. Tlyctb O; u O, — IEHTPBI MeHbIEH U OOJbIIEH OKPYK-
HOocTed cooTBeTcTBeHHO. [Tockombky ZACO; = ZBCO, W TPEyrOTbHUKA

AO;C u BO,C paBHOGeApEHHbIE, TO 3T TPEYTOIHbHUKHU TIOZI0OHBI M KO3(]-
¢burmeHT noz00UA paBeH OTHOIIEHUIO PAJIYCOB OKPYKHOCTEH, T. €. 3

Ecyi OKpYKHOCTH KacaroTcss BHyTPEHHUM 06pa3oM (CM. pHUCYHOK ciie-
Ba), TO

AC=1aB= 5,

YTO HEBO3MOXXHO, TaK KakK xopza AC MeHbIIeH OKPYKHOCTH HE MOXKET
OBITH GOJIBILE aMETPa 3TOM OKPYKHOCTH, PABHOTO 2.

>

Ec/ii OKPY»KHOCTH KacaloTcsi BHENTHUM 06pa3oM (CM. PUCYHOK CIIpa-
Ba), TO

V5

1
AC = ZAB— -5
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9.42. OKpy>XHOCTb pajuyca 2 KacaeTcsa OKPY>KHOCTU pajuyca 4 B TOUY-
ke B. [IpamMas, npoxogAias 4yepes TOYKy B, IlepecekaeT OKPY>KHOCTb MEHb-
IIETO pajiiyca B TOYKE A, a OKPYKHOCTb OOJIBILETO pazuyca — B Touke C.
Haiizute BC, ecmu AC =3v/2.

Omeem: 2v/2.

Pewenue. Tlyctb O; U O, — IIEHTPbI MEHbBIIIEH U OOJBIIEH OKPYX-
HocTel cooTBeTcTBeHHO. [lockonbky ZABO, = ZCBO, U TpeyroibHUKU
ABO; u CBO, paBHOOeZIpEHHbIE, TO 3TH TPEYTOIbHUKH ITOJ0OHbI U KO3(-

o 1
¢buimeHT oA06UsI paBeH OTHOIIEHUIO PAaJUyCOB OKPY)XHOCTEH, T. €. 5

Ec/ii OKpy»KHOCTH KacaloTcs BHYyTPEHHUM 06pa3oM (CM. pUCYHOK cie-
Ba), TO

BC = 2AC = 6V2,

YTO HEBO3MOXKHO, TaK Kak xopza BC 6osbIlell OKPYKHOCTH HE MOXKET
OBITH GOJIBILE [AMETPa 3TOM OKPYKHOCTH, PABHOTO 8.

~

>

S\
\_/

n

@
%

Ec/ii OKpy»KHOCTH KacaloTcs BHEITHUM 00pa3oM (CM. PHUCYHOK CIIpa-

Ba), TO
BC=2Ac=23v2=2V2.

9.43. B yros BIHCaHO HECKOJIBKO OKPYKHOCTEeMN, paiyChl KOTOPHIX BO3-
pacrawoT. Kaxxzas ciaezsyolas OKpy>KHOCTb KacaeTcs PeJbIAYyIel OKPyXK-
HocTH. HaliziuTe cymMMy JJIMH BTOPOX U TPeTbel OKPY>KHOCTEH, ecid pasu-
yC IIepBOM OKPY:KHOCTH paBeH 1, a IuIomaab Kpyra, orpaHiYeHHOI'o YeT-
BEPTOU OKPYKHOCTBIO, paBHA 647T.

Omeem: 12m.

Pewenue. TlockombKy IUIOIIAZL KPyra, OTPAaHWYEHHOI'0 4YeTBEPTOU
OKPY>KHOCTBIO, paBHa 647, TO paguyc 4eTBEPTON OKPY>KHOCTU paBeH 8.
[TycTb r u R — pazinychl BTOPOU U TpeTheil OKPYKHOCTEN COOTBETCTBEHHO.
3amMeTuM, 4TO OGUIYpHI, COCTOANIME U3 JBYX COCEIHUX OKPYKHOCTEH,

r R 8
MOTIapHO TIOZOOHBI. [ToaTOMY 1= 7 = R» OTKyZa HaXOuM, 4TO I = 2,
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R = 4. CnezpoBaTenbHO, CyMMa /JJIMH BTOPOM U TpeTbel OKpPY>KHOCTeN
paBHa 2nt(r+R)=2n-6=12m.

9.44. Ha oTpeske AB, paBHOM 2R, KaK Ha luaMeTpe IIOCTPOEHA OKPYX-
HOCTb. BTOpas oKpy:KHOCTb TOr0 2Ke pajuyca, YTo U IlepBas, UMeeT [eHTP
B Touke A. TpeTbsA OKPY>KHOCTb KacaeTcs IIepBOM OKPY>KHOCTU BHYTPEH-
HUM 06pa3oM, BTOPOH OKPY>KHOCTH — BHEITHUM 00pa3oM, a Takxke Kaca-
etcsa orpe3ka AB. Halifute pasuyc TpeTbel OKPYKHOCTH.

Omeem: RT\/E

Pewenue. Tlycte O —I[eHTp TEPBOU OKPYKHOCTH, O — LIEHTp Tpe-
Thel OKpy>KHOCTH, M — e€ Touka KacaHus c npamoit AB, x — eé pazuyc.
Torza

00, =R-x, MO,=x, AO;=R+x,
OM = ,/00? - MO? = vRZ - 2Rx,
AM?*+MO7 = AO3,

nin

(R++VR2—=2Rx)*+x? = (R+x)>
RV3

W3 sToro YpaBHEHUA HAXOAUM, YTO X = T

LX)
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9.45. B BHIIYKJIOM 4eThIPEXyronbHUKe ABCD 3aK/II0YEHBI [iB€ OKPYXK-
HOCTH OJMHAKOBOI'O paJuyca r, Kacalollruecs ApyT Apyra BHEITHUM o6pa-
30M. LleHTp nepBoOi OKPY>KHOCTH HaXOAUTCA Ha OTpe3Ke, COeJUHAIOIeM
BepmHy A ¢ cepeauHoit F ctoponsl CD, a 1IeHTP BTOPOM OKPY>KHOCTH
HaxoZWUTCA Ha OTpeske, coeAuH:AONmeM BepiinHy C ¢ cepeguHoi E cTo-
poHb!I AB. IlepBasa OKpy>KHOCTb KacaeTcsa cTOpoH AB, AD u CD, a Bropa
OKPY>KHOCTB KacaeTcsa cTopoH AB, BC u CD. Haligute AC.

Omeem: 2r+/5.

Pewenue. O6o3naunm AD =a, BC =b. [Tockonbky AF u CE — buccek-
Tpucel yrioB A u C, To TpeyronbHUku ADF 1 CBE paBHOOeApeHHbIE. T10-
3TOMY

CD = 2DF = 2AD =2a, AB = 2BE =2BC = 2b.

[Tycts O; 1 Oy — LIEHTPHI COOTBETCTBEHHO IIepPBOM U BTOPOM OKPYXK-
HocTell. Torna O;0, — cpefHAA JUHUA Tpanenuu (WIM Hapasiiesorpam-
ma) AFCE, moaTomy

2r = 0,0, = 3 (CF + AE) = 32,
C zpyroii ctoponsl, 2r <a u 2r < b. Eciu xoTs 61;1 OZHO U3 3TUX Hepa-
BEHCTB CTPOTO€, TO
a+b

o
3HauuT, a =2r u b=2r. Torga ABCD — npsAMOYTOJIbHUK CO CTOPOHAMH 27,
2r, 4r, 4r, 1osTOMy

AC? = BC?>+ AB? = 4r? +16r% = 20r2.

r <

CrnenoBarenbHo, AC =2r+/5.

D a F a ¢ D r + Fr rC
r r F/Lr r

af O rUZ b e A0,
r r r r/r

A b E b B AT T ET T B

9.46. B npamoyronpHOM cekTope AOB 13 TOUKH B Kak U3 IjeHTpa IIpo-
BezieHa ayra OC (C — Todka mepecedeHUs 3TOU Ayru ¢ Ayroui AB) paau-
yca BO. OxkpyxHocTb S; KacaeTca Ayru AB, ayru OC u npsamoit OA, mpu-
4€M TOYKU KacaHWA paslW4YHbL, a OKPYKHOCTb S, KacaeTca Ayru AB, npA-
Moit OA U OKPY)KHOCTH S; (TOUKM KacaHMA TakKXKe IIOMapHO pa3IN4HBL).
Hatizute oTHOIIEHNE pajuyca OKPY>KHOCTH S; K paZlycy OKPY>KHOCTH S,.
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Omeem: M

Pewenue. [Tycte R — paguyc cextopa, P — IIeHTp OKPY>KHOCTU Sq, ' —
eé paguyc, M u D — eé Touku KacaHusd ¢ fyroi AB u npamoii OA cooTBeT-
CTBEHHO, X — PaInyC OKPY>KHOCTH S5, Q — eé 1ieHTp, K u N — e€ Touku
KacaHwus ¢ ayrou AB u mpsimoii OA COOTBETCTBEHHO.

PaccMmoTpuM citydaii, korza Touka N JIeXKUT Ha IPOZOIKEHUN OTpes-
ka OD 3a Touky D.

B npamoyronsHOM TpeyronabHuKe ODP U3BeCTHO, 4TO

OD =2vrR, OP=OM-MP=R-r, DP=r.
ITo Teopeme IMTudaropa
OP?=0D*+DP?, wm (R-r)*=Q2VrR)*+r2

OTcroza HaxoAuM, 4To0 R =6r.

0 B

B npamoyronbHoM TpeyronbHuke OQN U3BECTHO, 4TO
OQ=0K—-KQ=R—x=6r—x, QN=x,
ON = OD +DN = 2V/rR+2/7x.
ITo Teopeme ITudaropa
0Q*=QN*+ON?, wum (6r—x)*=x*+4(rv6+ Vrx)?

nin

r r _
3;—2\/6\/;—4_0.
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OTcioga HaX0ANM, YTO

[T V/6+3vV2 _ vV2+V6
x 3 - /3
CiegoBaTebHO,

ro_ 4(2+V3)
x 3 ’

[Tycte Tenepb Touka N jexxuT mexzay ToukamMu O u D. Torga ON =
=O0D —DN =2+rR—24/rx. 3T0 IpPUBOAUT K yPaBHEHUIO

r r _
3;+2\/6\/;—4_0,

13 KOTOPOI'0 HaxoAuM, 4TO

r_42-v3)
x 3 )

0 B

9.47. Ha otpeske AC B3daTa Touka B, u Ha oTpeskax AB, BC, CA kak
Ha JuaMeTpax IIOCTPOEHBI MTOMyOKPY>KHOCTU Sq, Sy, S3 1O OJHY CTOPOHY
oT AC. Hatiute paguyc OKpy>KHOCTH, Kacalolielcsa BceX TPEX IOITyOKpyX-
HOCTeM, ec/id U3BECTHO, YTO e€ I[eHTP yZaléH oT npamMoi AC Ha paccTos-
HUe d.

. a
Omsem: 5

Pewenue. Tlyctb Oq, O,, O — LIeHTPHI JAHHBIX MTOMYOKPYy>XXHOCTeH S,
S,, S3 COOTBETCTBEHHO, I' U R — paInyCHhl TTONyOKPY>KHOCTEN S1 U Sy, X —
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pajiyc MCKOMOI OKpyHOCTH, O3 — eé€ LeHTp. Torza paguyc IoIyoKpyX-
HOCTHU S3 paBeH r +R,

0,05 =r+x, 00;=r+R—x, 00;=R,
0203:R+x, OOZ=T”.
[To dopmyne T'epoHa

Sa00,0, = V (r+R)(R—x)xr, S200,0, = (r+R)(r—x)xR.

I S _aR S _ar
OCKOJIBKY 0 700,0; = 5 ¥ 9A00,0, = 57> TO

2p2 2..2
r+R(R—-1)xr—@+R)-(r—x)-xR= af _%_

M3 nmosiydeHHOr0 ypaBHEHUA HaXO4UM, YTO X = %.
9.48. /IBe OKpy:XKHOCTH pazuycoB r U R (r < R) kacarorcs ApyT Apy-

ra BHemHUM o6pa3oM. [IpsMas KacaeTcs TUX OKPY)KHOCTEH B TOYKax
M u N. B Toukax A ¥ B OKpPY)XHOCTH KacaloTCi BHENIHUM 006pa3oM
TpeThell okpyxHOCTH. [Ipsimble AB u MN mepecekatorcs B Touke C. U3
Touku C TIpoBeZleHa KacaTejabHasd K TpeTbel OKPY)XHOCTH (D — Touka
KacaHud). Hatizure CD.

2rR

R—r"’

Peutenue. ITyctb O 1 O, — LIEHTPHI OKPY>KHOCTEN pasnycoB ' U R co-
OTBeTCTBeHHO, O3 — IIeHTP TpeTbel OKpy>kHOocTU, K — BTOpas Touyka Iie-
peceudenus npsamMoit AC c repBoi OKPY»KHOCTBIO, P — Toyka KacaHU /IBYX
[IepPBbIX OKPY>KHOCTEH.

[TockonmbKy 3TU OKPY>XKHOCTH KacaloTcd, TOYKa P JIeXXUT Ha IpAMoU
0,0,. TokaxkeMm, 4To TOYKa lepeceyeHus NpaAMbIX MN u AB Takxe JIeXKUT
Ha npamoit 0,0,.

[TycTh npsimast MN mepecekaet npsmyio 0,0, B Touke C’. Ecimu Q —
mpoeknyst Touku O, Ha O,N, To TpeyronbHuk O;MC’ mogo6eH Tpeyroyib-

Omsem:
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F
D 0,

B L

A
) R

K ; P R-r
o
0, a
r r

=c'=c" M N

HUKY 0,Q0; ¢ KoadduieHTOM

oM OM oM oy
0,Q  O,N—-NQ O,N-O,M _R—r'

[TosTomy

r(R+r)
-r

C Ol 0102 (R+ ) -

I[TycTh mpsimast AB mepecekaeT npsimyto O;0, B Touke C”. TIOCKONBKY
Touka A nexxut Ha orpeske 0,03, a Touka B—Ha 0,03, TO

£0,KA = /0,AK = L/03AB = /O3BA = /0,BF,

rge F —BTOpasd Touyka IlepecedeHusa NpAMON AB U OKpPYXXHOCTU C IieH-
TpoM O,. [Toatomy KO, || BO,. ITycTh mpsiMasi, TpOXoZsiias yepes Touky O
napaJyienbHo AB, nepecekaeT pagzuyc O,B B Touke L. Torza TpeyroibHUK
0,KC” nomoben TpeyrombHUKy 0,L0; ¢ KO3bPUIEHTOM

0K 0K 0,K r

O,L ~ 0,B—BL _0,B—0,K R-r'

[ToaTomy

r(R+r)
-r

Cc"0, = 01 0, = (R+ r) =

Taxum o6pasom, C’01 =C"0,. 3uauur, Touku C’ u C” coBnazarort. Cre-
JoBarebHO, pAMble MN u AB nepecexatorcs Ha npAMoud O;0,.

Teneps HatiziéM CD. [Ijis1 3TOTO CHa4Yana 3aMeTUM, 9TO TOYKU A, P u B
Ha cTopoHax TpeyronbHuKa 010,05 TaKOBBI, UYTO

OlA == Olp, OzB == Ozp, O3A = 03B
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3HA4UT, B 3TUX TOYKAX BIIMCAHHas OKPY>KHOCTb TpeyroiabHuka 00,05 Ka-
caeTca ero cTopoH. Ilockonpky CP — KacaTesbHasA K 3TOW OKPY>KHOCTH,
CD — xacaTesnbHasA K OKPY)KHOCTH ¢ 1leHTpoM Os, a CAB — ob1as ceky-
mas 3TUX OKPYKHOCTEHN, TO

CD? = CA-CB = CP2.
CiegoBaTebHO,

—cp= _rR+D) 2R
CD =CP =CO;+0,P = > 7= 7.

3aayu Ha A0Ka3aTeJbCTBO M BhIYHCIEHUE

9.49.1. OKpy>XHOCTb C LeHTPOM O U OKPY>KHOCTb B/JBO€ MEHBIIETrO pa-
[ryca KacaloTcsd BHYTPEHHUM o6pa3oM B Touke A. Xopaa AB 6Gosbliieit
OKPY>KHOCTH IepeceKaeT MEHBIIYI0 OKPY>KHOCTb B TOUKe M.

a) Jlokaxkute, utro M — cepeauHa AB.

6) Jlya OM mepecekaeT GOMBIIYI0 OKPYKHOCTh B Touke P. HaiiguTe
paccTosiHUE OT I[EHTPa OKPYKHOCTHU [I0 XOpAbl AP, eciiu paauyc 6osbInei
OKPY>KHOCTH paBeH 13, a OM =5.

Omeem: 3v/13.
B Pewenue. a) JIuHUA TIEHTPOB Kacaro-
IIUXCA OKPY>KHOCTEHN IIPOXOJUT depe3 TOu-

Ky KX KacaHudA, nosromy OA— guameTp
/.& MeHblllel OKpy:kHoCTU. Eciau Touka M coB-
A mapgaer c O, yTBepK/ieHEe O4eBUAHO. [IyCcTh
' Touka M otiuuHa ot O. Torga ZAMO =90°,
TaK KakK TOYKa M JIeXUT Ha OKPY>XHOCTHU
¢ guameTpoM OA. Pasuyc, neprneHAuKysap-
HBIA XOp/ie, AeJUT eé ToIojaM, CJe/oBa-
TeJbHO, M — cepeayiHa AB.

6) V3 IpsAMOYTOIbHBIX TPEYTOJbHUKOB
AOM n APM HaxoauM, 4TO

AM = vVOA2 —OM? = /169 — 25 = 12,
AP = VAM?2+MP? =
=4/1224+ (13=5)2 = +/208 = 4/13.

Beicota ON paBHOOGEAPEHHOTO TPEYTOJb-
Huka AOP sABsieTca MeAUaHOM, MO3TOMY

AN = %AP =2+/13. CnexoBaTenbHO,

ON = VOA2 — AN2 = /169 —52 = 3/13.
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9.50.1. OxpyxHOCTH ¢ neHTpamu O; u O, KacalTcs BHEUTHUM 06pa-
30M B Touke C. K OKpy>KHOCTSIM MpOBeZeHbl 00Ias BHEIHAA KacaTesb-
Has U 001Iasd BHYTPeHHsA KacaTelbHasd. DTU KacaTelbHbIe TlepeceKarTCs
B TOukKe D.

a) Jlokaxure, 9TO TpeyronbHUK O DO, MPIMOYTOTbHBIN.

6) HaiiauTe pazuychl oKpyxHocTel, eciu DO, = /5 u DO, = 24/5.

Omeem: 1 u 4.

Pewenue. a) Ilyctb A U B—ToOuKu
KacaHUs OKPY)KHOCTeH ¢ OOIlei BHeI-
Hell kacarenbHOM. Touka A JIeXHUT Ha
OKpY>XHOCTU ¢ LeHTpom O, Touka B —
Ha OKpYXXHOCTU ¢ LeHTpoM O,. LleHTp
OKPY>KHOCTH, BIIMCAaHHOW B YTOJ, JIEXKUT
Ha ero OuccekTpuce, moatromy DO; —
6uccektpuca yrma ADC, a DO, — 6uc-
cexTpuca yrina BDC. BUCCEKTPUCEL CMeX-
HBIX YIVIOB IepIIeHAUKYJIAPHBI, IO3TOMY
£0:D0,=90°.

6) VI3 mpsMOYTOJIBHOTO TPEYTOMbHUKA
0,D0, naxozum, 4TO

0,0, = ,/DO2+ D02 = +/5+20 = 5.

JIUHUA IIeHTPOB KacaloUUXCA OKPYKHO-
cTell IIPOXOAUT Yepe3 TOUYKY UX KacaHUH,
11o3TOMY TouKa C J1exKUT Ha oTpeske O, 0,.
Torga DC — BrICOTa NPAMOYTOJIBHOrO TpeyroibHuka O,D0,, IpOBeAEH-
Had U3 BepUIMHEI pAMoro ymia. CiefoBaTenbHo, eciud Ry U Ry, — UCKo-
MBble PaZiychl OKPY>KHOCTeH, TO

DO? DO?
R1:01C=T012:§:1, Rz:OZC:TOZZ:%O:4,

9.51.1. OkpysxkHocTH ¢ neHTpamu O, u O, KacaloTca B TOUKe A BHeEII-
HUM obpasoM. [IpsMast, TPOXOAAIasa Yepe3 TOUKY A, BTOPUYHO MepeceKa-
€T IIepBYIO OKPY>KHOCTb B TOUKe B, a BTOpyt0 — B Touke C.

a) Jlokaxwure, uro O,C || O;B.

6) HaiiguTte mromans TpeyroabHuka BCO,, eciu U3BECTHO, YTO pa-
JUyChbl IIepBOYM U BTOPOM OKPYKHOCTEM paBHBI 5 U 8 COOTBETCTBEHHO,
a ZABO;=15".

Omseem: 26.

Peuserue. a) JINHUA LIEHTPOB KacaloLUXcsl OKPY>KHOCTel ITPOXOAUT ye-
pe3 TOUKYy UX KacaHU:A, II03TOMY TO4YKa A JiexkuT Ha oTpeske O;0,. Tpe-
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yroimbHuKu BO; A u CO,A paBHOGenpeHHble, 3Hauut, LZACO, = /BAO, =
= /ABO,. CnegoBarenbHo, O,C || O,B.

6) B paBHOGespeHHOM TpeyronbHuKe AO;B yron mpu ocHoBanuu AB
paBeH 15°, mostomy AB = 2A0; cos15° =10cos15°. AHamornuio AC =
=2A0,cos15°=16cos 15°. Torga

BC = AB+AC = 10cos15°+16cos15° = 26cos 15°.
CiegoBaTebHO,

1

Sanco, = 30,C-BCsin ZBCO, = 3 -8-26c0s 15°sin 15° =

52-2co0s15°-sin15° = 52sin 30° = 26.

9.52.1. B TpeyronbsHuK ABC ITOMEIEHHI IBe Kacalollhecs OKPY>KHOCTU
c ueHrpamu O; u O,, IPUYEM IlepBasd U3 HUX KacaeTcsa CTOpoH AB u AC,
a BTOpasg — cTopoH AB u BC.

a) Jlokaxwure, uto nipsmbie AO; u BO, iepeceKkaoTcs B IIEHTPEe OKPYXK-
HOCTH, BIIMCAHHOH B TpeyroiabHUK ABC.

6) HaiiguTe paguychl OKPY)KHOCTEM, e OHU paBHBL, a AB=AC =10
n BC=12.

Omeem: 1—;
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Peuwenue. a) LIeHTp OKpYXHOCTH, BIIU-
CaHHOM B yTOJI, JIEXKUT Ha ero GHCCeKTpuUcCe,
3HayuT, AO; u BO, — GUCCEKTPUCH YITIOB
npu BepminHax A u B TpeyronbHuka ABC.
CrrefoBaTeNbHO, UX TOYKA IEpPecedeHns —
I[EHTP BIMCAHHON OKPY>KHOCTHU TPeyToJb-
Huka ABC.

6) ITycTb MCKOMBIH paZiilyC paBeH X, pa-
JIyC BIIMCAHHOM OKPY>XHOCTH TPeyTONbHU-
ka ABC paBeH r, a OMCCEKTPUCH YIJIOB TIPU
BepiunHax A u B TpeyronbHuka ABC nepe-
cexaroTca B Touke O — IleHTpe BIUCAHHOU
OKPY>XKHOCTHU TPEYTr'OJIbHUKA.

[Iycte AH —BBICOTA TpEYrOJIbHUKA
ABC. TpeyroibHUK paBHOOEIPEHHBIH, TIO-
aTromy H — cepeavHa ocHoBaHud BC. Ilo
TeopeMe ITudaropa 10 H

AH = vVAB2 —BH? = +/100—36 = 8,

a
r-x
6
3HAYMT, 0, ¢ N
1 1 PIN X
SAABCZEBC‘AH:§-12.8:48. X <
F 10 B

B TO e BpeMs IUIOIIAZb TPEYTOJbHUKA
paBHa IPOU3BEJEHUIO €ro MOMyIepuMeTpa Ha PaZUyC BIIMCAHHON OKPYX-

48 _
10+6 3.
OxpyxHocTH ¢ ieHTpamu O, 1 O, paBHBI U KacaroTcsd, 1o3ToMy 010, =
=2x u 0,0, || AB. Tpeyronbuuku 00,0, u OAB mofo6HbI. [IycTb BBICO-

HOCTH, IIO3TOMY 1" =

0,0
Ta OF TpeyronbHuka OAB nepecekaeT O,0, B Touke P. Torza % = ;\sz
r—x _ 2_X O = St = E
Wi —— = 75 OTCI0/a HAXOAUM, YTO X = == = o~

9.53.1. OkpyxHocTHU ¢ IeHTpamu O; u O, KacaloTcsd BHEUTHUM o6pa-
30M; IIpsAMas KacaeTcs IepBOU OKPY>KHOCTU B TOUKe A, a BTOPOH — B TOY-
ke B. U3BecTHO, yTO TOouka M mepeceyeHUs AUaroHaseyl YeTbIPEXYTob-
Huka O, ABO, 1eXXUT Ha IepBOY OKPY>KHOCTH.

a) Jlokaxkute, 4TO TpeyroabHUK MBO, paBHOGEAPEHHBIH.

6) HaiizinuTe OTHOIIIEHUE PAZUYCOB OKPY>KHOCTEH.

Omeem: 1:2.

Pewenue. a) Ipamele O;A u O,B mapajieNbHBl, TaK KaK OHU Iiep-
MIeHIUKY/IAPHBL OHOU U TOU ke mpsAMoi AB, mostomy ZBO,M =/MAO;.
TpeyronbHuk MBO, oqobeH paBHOOEAPEHHOMY TpeyronbHUKYy MAO; 1o
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aByMm yriam. CiefoBaTelbHO, TpeyroabHUK MBO, Takke paBHObGeApeH-
HBIN.

6) O6o3nauum O;A=r, O,B=R. Torza O.M =0,A=r u MB=0,B=R,
nosroMy OB=0;M + MB=r +R, a Tak Kak JIMHUA LIEHTPOB KaCarolX-
Cs1 OKPY>KHOCTEH IIPOXOAUT yepe3 TOUYKy ux kacanus, 0,0, =r + R. 3Ha-
quT, TpeyronbHuk BO;0, paBHObGeApenHbIi. Ero Bhicotra OF aBisfeTcs

MeZraHOM, a Tak Kak O ABF — IpAMOYTOJIbHUK, TO FB=0,A =r. 3Ha4ur,
r_ 1
2r =R. CnenoBaTeabHO, R-2

9.54.1. B OIyOKPY>KHOCTH PACIIOIOXKEHBI IBE OKPY>KHOCTH, Kacaroly-
ecs pyT pyra, IOMYyOKPYKHOCTHU U €€ AuaMeTpa.

a) [lokaxuTe, 4YTO IepUMeTp TPeyrolbHUKA C BEpPIIMHAMU B I[eHTpax
OKPY>KHOCTEeU 1 MOMYOKPY>KHOCTU PaBeH AuaMeTpy IOIYOKPYKHOCTH.

6) VI3BeCcTHO, U4TO paZlyC MOTYOKPY>KHOCTU PaBeH 8, a paJuyc OZHOMI
13 OKpy>KHOCTel paBeH 4. HaliauTe pazuyc Apyrom.

Omeem: 2.

Peuwenue. a) Ilycte AB — fuaMeTp HOIYOKPYKHOCTH, O — eé€ LIeHTp,
O; — LIeHTP OKPYKHOCTU paguyca r, C — To4Ka e€ KacaHuA C II0JIYOKPYX-
HOCTBIO, Oy — LIEHTP OKPY>KHOCTHU pazuyca R, D — Todka e€ KacaHUA C I10-
JIYOKPY’KHOCTBIO, E — TOuKa KacaHUA OKpy:kHocTel ¢ ieHTpaMu O u O,.

Touku O, O; u C nexkaT Ha OfHOU NIpsAMOH, modromy 00, =0C — 0,C =
=O0C —r. AgasiornyHo OO, =0D —0,D =0D —R u 0,0, =0,E + O,E =
=r+R. CiegoBaTenbHO, IepuMeTp TpeyroiabHuka 00,0, paBeH

00, +00,+0,0, = 0C—r+0D—R+r+R=0C+0D = 20C = AB.
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6) Ilyctb R =4, OC = OD = 8. Torga AuaMeTp OKPYKHOCTHU C I[€H-
TpoM O, paBeH pajuycy MOMyoKpy>KHOCTU, 3Ha4uT, OD 1 AB, a O — Touka
KacaHUA 3TON OKPY>KHOCTH C IIPAMOMN AB.

D
4
1)
492
C rU,r £ 4b—r
L F
4
r < r
A P o g B

[TycTb OKpY>XHOCTB € LieHTpoM O; Kacaetca AB B Touke P, F — ipoek-
uud Touku O; Ha 0,0. Torga

O.P=r, 0,04=r+4, O0,F=00,—0F=00,—0:P=4-r, 00,;=8-r.
W3 npAMOyTonbHBIX TpeyrosibHUKoB OO0 P u O;0,F Haxoaum, 4TO
OP? = 00} —0,P* = (8—r)*>—r* = 64— 16r,
0,F? = 0,02 — 0,F* = (r+4)>— (4—r)* = 16r,
a tak kak O;F =OP, To 64 — 16r =16r. CnefoBaTenbHO, 1 = 2.

9.55.1. /IBe OKPYKHOCTHU KacaroTCs BHYTPeHHUM o6pa3oM. TpeThbst OK-
PY>KHOCTB KacaeTcs IIePBBIX [IBYX U UX JINHUU LIEHTPOB.

a) JlokaxxuTe, 4TO IEPUMETpP TPeYTroJbHUKA C BEPIIMHAMU B IIeHTpax
TPEX OKPYKHOCTEHN paBeH AuaMeTpy HauOObIIell U3 3TUX OKPYKHOCTEH.

6) Hatizure paguyc TpeTbeil OKPY>KHOCTH, €CIH PaZUyCHI IIEPBBIX ABYX
paBHEI 6 U 2.

Omeem: 3.

Pewenue. a) Ilycts AB — auameTp GOnblieil U3 TPEX OKPYKHOCTEH,
O — eé nenTp, O; — LIEHTP OKPYXKHOCTU pajuyca r, Kacarollehcsa OKpyx-
HOCTHU ¢ guaMeTpoM AB B Touke A, O, — LIEHTP OKPY>KHOCTU pazuyca R,

c
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Kacaroleiics OKpy>XHOCTU c JuameTpoM AB B Touke C, OKPY:KHOCTHU
c nueHTpoM O; — B Touke D, orpe3ka AB — B Touke E.

Touku O, O, u C nexaT Ha ofHOU npsAMOH, moatroMy OO, =0C — 0,C =
=0C — R. Ananorunuyao 00; =0A—-0,A=0A—-r u 0,0,=0,D+0,D =
=r+ R. CiegoBaTenbHO, nepuMeTp TpeyroabHuka 00,0, paBeH

00;+0054+0,05=0A—r+0C—-R+r+R=0A+0C = 20A = AB.

6) ITyctb OA=06, r=2. Torga

O,E=R, 0,0,=24+R, 00,=0A-0,A=6-2=4,
00, =0C—-0,C =6—R.

V3 npAMOYTONIBHBIX TpeyroabHUKOB O10,E u OO, E Haxoaum, 4To
O0.E = /0,02 - 0,E? = 1/(2+R)2—R? = V4 +4R,
OE = /003 —0,E? = 1/ (6—R)?>—R? = v/36—12R.

Ecmu Touka E mexxut Ha otpeske OB (cM. pUCYHOK cieBa), To O.FE =
=00, + OE, win v4+4R=4+ v36—12R. 13 3TOr0 ypaBHeHU:A HaXoO-
[uM, 9To R =3 (5TO 3HAYMT, YTO AUAMETP MCKOMOU OKPY:XKHOCTH paBeH
pazuycy HauboJblel U3 TPEX OKPYKHOCTEH, T. e. Touka E coBmazaer ¢ O,
CM. PUCYHOK CIIpaBa).

c C
3
g, o, 3
5 RD Z PR Nope )
\ EO w \ o6 4 02

Ecinu Touka E jiexXuT Ha OTpE3KE OA, TO @aHAJIOTUYHO IIOJIYYHM TOT XKe
pe3yiibTar.

9.56.1. B paBHOGeapenHOI Tpanenuu ABCD ¢ ocHoBaHusMu AD u BC
PACIIONIOKEHBI ZIB€ OKPYKHOCTU, KaKAas M3 KOTOPBIX KacaeTcs JApyrou
OKpPY>KHOCTH, [BYX OOKOBBIX CTOPOH WM OJHOTO W3 OCHOBaHUHU. IIycThb
P u Q — TOYKM KacaHWs OKPYKHOCTEH ¢ G0KOBOUM cTOpoHOHN AB, a 06-
mas KacaTeJbHasg OKPY:KHOCTeH, NMPOXOZsIas yepe3 UX TOYKY KacaHws,
nepecekaeT 60KOBBIE CTOPOHBI B TOUKax M u N.

a) Jlokaxkute, yto MN = PQ.

6) Hatizute twiomas Tpaneiiuu ABCD, eciu AD =18 u BC=2.
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Omeem: 80+/3.

Peuserue. a) [TycTb OKpPY:KHOCTH KacaroTcs B TOUKe E, MeHbIIass OKPYX-
HOCTB € LieHTpoM O; KacaeTca BGOKOBBIX cTopoH AB u CD B Toukax P u K
COOTBETCTBEHHO, 6OJIbINAA OKPYKHOCTD C IIeHTpoM O, — B Toukax Q u L
COOTBETCTBEHHO, a npsAMble AB u CD nepecekaroTcs B Touke F.

LleHTp OKPY)XHOCTH, BIIICAHHOH B YTOJI, JIEXKUT Ha €ro OHcCceKTpuce,
moatomy Touku O, u O, yexaT Ha 6ucceKkTpuce yria AFD, T. e. Ha BBICOTE
paBHOGeZpeHHOTO TpeyronbHuKa ADF.

[Ipamass MN — ob6masa KacaTeJbHasg K OKPY)KHOCTSM, ITO3TOMY OHa
nepneHaukyaapHa 0,0,, a 3Ha4uT, NapasielbHa OCHOBAHUAM Tpalle-
nuu. Ilo TeopemMe O paBeHCTBE OTPE3KOB KacaTeNbHBIX, NIPOBEAEHHBIX
K OKPY)KHOCTH U3 oflHOU TOuKU, MP = ME =MQ u NL=NE = NK. 3Hauur,

ME=3PQ. Ananornino NE=3KL, a tax kax PQ=FQ-FP=FL—FK=KL,
TO0 PQ =KL. CnepoBaTtenbHo, PQ =MN.

A D A 9 9 D

6) TpeyronbHuk FMN mofobeH TpeyroabHUKY FAD. IIpu 3TOM ITO-
mobun otpe3ok BC B TpeyronbHuke FMN COOTBETCTBYET OTpe3ky MN

B TpeyronbHUKe FAD. 3HauuT, KO3QPUIIMEHT T0Z00HA, C OFHON CTOPOHBI,
MN

paBeH Z\Bd_z’ c z[pyroﬁ—%. V3 paBeHcTBa ]5[—; = Zp HAXOAMUM, 9UTO

MN?=BC-AD =2-18=36. 3uauut, MN =6, ME= 1 MN =3, a xoaddu-
BC 2 1 o
I[UEHT ToZ06Us paBeH MN="6-3 Torga paguyc BTOpOM OKPY>KHOCTU
B TpH pasa bosibllle paZinyca IepBO.
Jyau MO, u MO, — GUCCEKTPUCH CMEXHBIX yriioB BMN u AMN.
[Tostomy TpeyronpHuk O,MO, TpAMOYroiabHBIM, a Tak Kak ME —ero

BBICOTA, IPOBEJEHHAA M3 BEPIIMHBI IPAMOro yra, To ME? = O4E - O,E,
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i 9=r-3r, rae r U 3r — paZiuychl OKpykHocTel. OTCIoZla HaXOAUM,
9TO = +/3. Torza BeICOTa Tpamenuy paBHa 2r + 6r = 8r = 8+/3. Ciezosa-

TEJIbHO,

Sapco = “25EE gr = 18E2.8/3 = 80v3.

9.57.1. B npamoyronbHOM TpeyronbHuke ABC ¢ pAMBIM yriom C U3-
BeCTHBI cTOpOHB: AC =15, BC = 8. OKpyXHOCTb pazuyca 2,5 ¢ IIeHTPOM
Ha cTopoHe BC npoxozuT 4yepes BepinHy C. Bropasd OKpy>KHOCTb C LieH-
TpoM O KacaeTca KaTeTa AC, TUIIOTEHY3bl TPEYTONbHUKA, a TAKXXe BHEIII-
HUM 00pa3oM KacaeTcs IIepBOM OKPY)KHOCTH.

a) Jlokaxxkure, uro npsAmasa AO nepeceKaeT IIepBYI0 OKPY>KHOCTb.

6) HatiznTe pagnyc BTOPO OKPY)KHOCTH.

Omeem: 2,5.

Pewenue. a) ITo Teopeme ITudaropa Haxogum, yto AB=17.

[Tlyctb M — Touka nepeceueHus npsamoil AO c¢ xaretroMm BC. LleHTp

OKPY>KHOCTH, BITMCAHHOMW B YTOJ, JIEXKUT Ha OUCCEKTPUCE YIVIa, TO3TOMY
CM AC 15

AM — 6uccekTpuca TpeyronbHuka ABC. Toraa MB = AB = 17> 3HAUMT,
_pc.-AC __g.15_15
CM=BC 3cias =832~ %"

Takum o6pasom, npamas AO mepeceKaeT ANMaMeETpP OKPYXHOCTH pafuyca
2,5 B Touke, yZaJ€éHHOH OT IIeHTpa Ha paccTOsHUe

)

=7

MeHblllee pazuyca. CiezoBaTenbHO, pAMad AM nepecekaeT 3Ty OKPYX-
HOCTb.

15
S—CM—S—Z

B
7>
M 0
25 X
25 X Siny
siny
C 10x D 15 -V10x A

6) IlycTb X — paauyc BTOPOI OKPYKHOCTU. [I0CKOIBKY IepBas OKPYX-
HOCTB IPOXOAUT Yepe3 BepuinHy C IpAMOro yria TpeyronbHuka ABC, a eé
LIeHTp JIeKUT Ha KaTeTe BC, mpsamas AC KacaeTcst 3TOU OKPYKHOCTHU B TOU-
ke C, a CD — oTpe3ok 00Ieli BHENIHeH KacaTeJbHOW MEePBON U BTOPOM
OoKpykHocTel. 3HauuT, CD =2+/2,5x = +/10x (cm. 1. 10 mpunoxeHus 2),
a AD=AC —CD=15-10x.
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O6o3HaunM ZBAC = a. LIeHTp OKPY>KHOCTH, BIIMCAHHOH B YTOJI, JIEXKUT
a
Ha ero 6uccexTpuce, moaromy ZDAO =

5 V3 IpAMOYTOJIBHOTO TPEYIoJb-
HuKa ABC HaxoauM, 4TO Sin o= 17> cosa= }—; Torma

. 8

g% _sina _ 1 1

82 T T+cosa 1+}_§ T4

W3 npamoyronpHOro tpeyroabHuka AOD nonydaem, yto OD = AD tg%,
15051

x = (15— +/T0x) - %.
Otcroza /x = @ . CiiegoBartebHO,

= ()=,

)
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IloaroroBUTE/ABHBIE 3a/a4X

10.1. Tpsamast, mpoxoAsIas Yepe3 oOIIyI0 TOUKY A AByX OKPYKHOCTEMH,
BTOPUYHO IlepeceKaeT 3TU OKPY>KHOCTHU B Toukax B u C. PaccTrosanue Mex-
Zly TPOEKIUAMU IIeHTPOB OKPYKHOCTE!N Ha 3Ty IpAMY0 paBHo 12. Hatizau-
Te BC, eciiv U3BECTHO, YTO TOYKa A JIeXKUT Ha oTpeske BC.

Omeem: 24.

Pewenue. ITyctb M 1 N — nipoekuuu nieHTpoB O; u O, LaHHBIX OKPYX-
HocTed Ha mpsamyto BC (M nexur Ha AB,
N —mna AC). IlockonpKy guameTp, Iep-
TIeHAUKYAAPHBIN XOopZe, [eIUT eé IOIo-
Jam, Touku M u N — cepeiHBI OTPE3KOB
AB u AC. CnenoBaTenbHO,

BC = AB+AC = 2AM +2AN =
=2(AM 4+ AN) = 2MN = 2-12 = 24.

10.2. OxpyxHocTU ¢ HeHTpamu O u O, IepeceKaroTces B Toukax A U B.
W3BectHO, uTO LAO;B=90°, ZAO,B=60°, 0,0, =a. Haligute paguycsl
OKPY>KHOCTe!.

av?2 2a — av?2 2a
V3+1 V3+1 V3-1" v/3-1"

Pewenue. Tlyctb munaus 1eHTpoB O;0, TepecekaeT o061y xopay AB
oKkpykHOcTed B Touke M. Torma M — cepeauna AB u 0,0, 1 AB. Tpe-
yrombHUK AO;B TIpSMOYTOJNBHBI U PaBHOOEAPEHHBIN, a TPEYTOIbHUK
AO,B paBHOCTOPOHHUH, IIO3TOMY €Cciu I U R — pasuychl OKpy>KHOCTel
¢ neHrpamMu O; U O, COOTBETCTBEHHO, TO AB = rv/2 u AB =R, 3Hauwr,
R=r+v?2. Torza

Omsem:

V2 _RV3 _rv2:V/3 _rv6
OM="3" M= =5 ="

[TpeAnoNIoKUM, YTO IIEHTPBI OKPYKHOCTEH JIeKaT IO pasHbIe CTOPO-
HBI OT NpsAMoi AB (CM. PHCYHOK cjeBa Ha ciefytolleli crpanule). Torza

O,M+MO,=0,0,, uin i + i =a. Orcroza HaXoAUM, 4TO

__av2 _ _
=i R=TV2= f+1
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B

Ecnn xe Touku O, u O, J1exaT 110 OJHy CTOPOHY OT IpsiMoii AB (cM. pu-
CyHOK cnpasa), To O,M — MO, =0,0,. Torzaa

a2 p_y3-
V3-1’ J’ 1

10.3. OTpe3oK, CoeJUHAONUINM IIEHTPHI IByX ITepeceKarIIuXcsa OKPYXK-
HOCTeH, JeuTcs uxX obIel XopAiol Ha OTpe3Ku, paBHble 5 u 2. Haiigu-
Te OOILYI0 XOPZAY, €CH U3BECTHO, YTO PAZUyC OLHOU OKPYKHOCTU BZABOE
6osblile pazuyca ApyToi.

Omeem: 2+/3.

Pewenue. Tlyctb OkpyKHOCTU ¢ LeHTpamMu O; u O, U paauycaMu
COOTBETCTBEHHO I' U 21 IlepeceKaroTcsa B Toukax A u B, a orpesku 0,0,
u AB—B Touke K. JIMHVA LEHTPOB [ABYX IIE€PECEKAIOLIUXCA OKPY>KHO-
CTell mepHeHAUKY/sIpHA UX O6IIel Xope, IOo3ToMy TpeyroabHuku AO; K
n AO,K npamoyronbHble. [Tockonbky AO; < AO,, To KO, < KO,. 3Hauur,
KO;=2wu KO, =5.

Mo Teopeme ITudaropa
AO?—KO? = A0 —KO2, wm r*—4=4r*-25,

OTKyZla HaxOAUuM, YTO I = V7. CnegoBarenbHo, AB =2AK =2VR2—4 =
=2/7—-4=2/3.
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10.4. Yepes BepminHy A OCTPOYTOJBHOrO TpeyroiabHuka ABC mpose-
JleHa TipsMas, napasienbHas cTopoHe BC, paBHOU a, U IiepeceKarolas
OKPY>KHOCTH, IIOCTPOEHHbIe Ha cTOpoHax AB u AC Kak Ha JuaMmeTpax,

B Toukax M u N, omIinMyHbIX oT A. Hailigu-
M A N Te MN.
al U Omeem: a.

Pewenue. TlockombKy TOYKa M JIeXUT Ha
OKPY>KHOCTU ¢ guaMmeTpoM AB, To ZAMB =
=90°. AHasoruyHo ZANC =90°. 3Ha4uT, Ipo-
TUBOIIOJIO}KHBIE CTOPOHBI YETBIPEXYTOJIbHUKA
B s BMNC mnomnapHo napasnenbHbl. CirezoBaTesb-

HOo, MN =BC=a.

10.5. /IBe OKpPY>XHOCTHU IIepeceKaroTca B Toukax A u B. Uepes Touky A
npoBezieHb! fuameTpsl AC 1 AD 3THX OKpy>XHOCTel. Halijute paccTosHue
MeX/y IleHTpaMu OKpy»kHocTelt, eciu BC =a u BD =b.

a+b la—b|

Omeem: 5 WM .

Pewenue. Ilycte O; — LEHTp OKPY:KHOCTU ¢ auamerpom AC, O, —
LIEHTP OKPY>KHOCTU c AuaMmeTpoM AD. Touka B JIeXXUT Ha OKPY:KHOCTU
¢ guameTtpoM AC, noatomy ZABC =90°. Aranoruuno ZABD =90°.

PaccmoTtpumM citydaii, korga Touku O u O, J1exar o pa3Hble CTOPOHEI

oT psiMmoii AB (cM. pucyHOK cieBa). Toraa

ZCBD = LZABC + ZABD = 90°+90° = 180°,

3HA4YUT, TOYKU C, B 1 D yiexxat Ha OHOU MPSIMOM, IPUIEM TOYKA B JIeKUT
Mexzay C u D, mostomy CD =BC + BD =a+b, a Tak kak 0,0, — cpegHas
JnHUA TpeyroabHuka ACD, To

[TycTts Tenepsb Touku C u D sexxaT 1O OJHY CTOPOHY OT mpsiMou AB
u a>b (cMm. pucyHok cmpaBa). Torza Toukn B, C u D jexar Ha OZHOU
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npAMOH, mpuuéM Touka D sexut mexay B u C. CieZijoBaTeynbHo,

a-—>b
5

0,0, = 3CD = 3(BC~BD) =

AHaJIOTUYHO JJI1 cry4dad a < b.

10.6. B TpeyronbHuke ABC Ha Haubosblnell ctopoHe BC, paBHOMU b,
BbIOMpaeTcs Touka M. HaliinTe HauMeHblIIee PACCTOSTHIE MEXY LIEHTpa-
MY OKPYKHOCTEMN, OMMMCAHHBIX OKOJIO TPEYTONbHUKOB BAM n ACM.

Omsem: g

Pewenue. ITpoexkunu 1ieHTpoB O; u O, ZAHHBIX OKPYKHOCTel Ha BC —
cepeauHbl P u Q orpeskoB BM u MC coorBeTcTBeHHO. Torga 0,0, = PQ =

b
=7 (CM. pHCYHOK CrIeBa).

Q17
n

=
B P M

Ecim AM — BrIcOTa TpeyronbHUKa BAC, TO
0102 == PQ == g

(cm. pucyHOK crpaBa). B ocranpabIX cirydasax 0,0, > %

TpeHupoBOYHBIE 3aja4U

10.7. /lBe OKpY>KHOCTH pajuycoB 3 U 4, pacCTOAHUE MeX/Y LieHTpaMu
KOTOPBIX PABHO 5, IIepeceKaroTcs B Toukax A U B. Yepes Touky B npoBezie-
Ha IIpaAMad, lepeceKarolas OKpy>KHOCTU B Toukax C u D, mpuyéMm CD =8
U TouKa B nexxut mexay Toukamu C u D. HaliuTe 1Iomaab TPeyroabHU-
ka ACD.

Omsem: 384
T
Pewenue. ITyctb O; u O, — LIIEHTPBI MEHbIIIEH U GOMBIIEH OKPY)KHO-
CTell COOTBETCTBEHHO, a Touka C pacIoyiokeHa Ha MeHbIlIell OKPY:KHOCTH.

Torza
/DCA = /BCA = 2UAB = /B0, 0,.
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Ananoruuno ZCDA = ZB0,0,. CiesoBarenbHo, TpeyroabHUK ACD mozo-

6eH TpeyronbHUKY BO, 0, ¢ koadpduimeHToOM Oc—g = %
12

TpeyronbHuk BO, 0, IPIMOYTONBbHBIN, TaK KaK
0,05 =5 =32 +4% = 0,B*+ 0,B°.
CiiegoBaTebHO,

812 64 1 384
SABCD:(g) 'SAB0102:_5'§'3'4:E-

10.8. [lar pom6 ABCD. PazirtyChbl OKPY>KHOCTEI, OITMCAHHBIX OKOJIO TPe-

yronbHUKOB ABC u BCD, paBHbl 1 u 2. HaliziuTe paccTosiHME MeX/y LleH-
TpaMU 3TUX OKPYKHOCTeN.

Omeem: %3 .

Otpe3ok BC —obmas xopAa OKpyx)HocTel c IeHTpamu O; u O,,
OITMCAaHHBIX OKOJIO TpeyroabHUKOB ABC 1 BCD COOTBETCTBEHHO, II03TOMY
npamasa 0,0, neprneHAuKyaapHa oTpesky BC U [JleJIUT ero Mornosjam.

ITycte M — cepepguna BC. Torga O1M u BD — cepeiHHBIE IIepPIIeHAN-
KyJsIpel K cTopoHaMm BC u AC Tpeyronpauka ABC. O6o3Haunm ZCBO, =
= /BCO, = /BOM = a. VI3 mpAMOYTOJIbHBIX TPEYTrONbHUKOB BMO; n
BMO, Haxopum, 4TO

BM = BO;sina =1-sina =sina, BM = 0,Bcosa = 2cosa,
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1 . 2
oTkyza tg a=2. Torga cosa= = sina= W 3HAYUT,

1 . 4
O;M = BO;cosa = 7 O,M = BO,sina = e
CiiejoBaTebHO,
4 1 3
0,0y =0,M—-0O/M=—=——F7==—F=.
12 2 ! V5 V5 V5

10.9. JIBe okpyHOCTHU paauycoB v/5 u v/2 mepecekaioTcs B Touke A.
PaccrosiHue MeX/y LleHTpaMu OKpy:KHOCTell paBHO 3. Yepes TOUKy A IIpo-
BeZleHa IIpsAMasd, IepeceKarllas OKPY>KHOCTH B Toukax B u C Tak, 4To
AB=AC (touka B He coBmnaziaet ¢ C). Hatizute AB.

Omeem: i.

V5

Pewenue. TTycte O; u O, — IIEHTPbI MeHbIIEH U GOMBIIEH OKPYKHO-
cTeil cooTBeTCTBeHHO. [TonokuM AB = AC = 2X 1 OIIyCTHUM IepIIeHANKYIA-
pel O1M u O,N Ha npamyro BC. Torga M u N — cepeaynsl xopza AB u AC.

Ecin P — npoeknuua Touku O Ha npamyo O,N, TO
0,P = MN = MA+AN =2x, O;M?=0,A>-MA*>=2-x?,
0,N? = 0,A%> - NA? = 5—x2.
B npamoyronpsHOM TpeyronabHuke O; PO, 13BEeCTHO, UYTO
0,02 = (O,N — 0;M)? + 0, P?,
WIu

9= (V-2 - VI 32 4 4x2.

3
W3 3TOro ypaBHEHUA HAXOAUM, 4TO X = ——. CiiefoBaTesNbHO, AB=2x=

V5 Na
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10.10. [epBaa u3 ABYX OKPY>KHOCTEel NPOXOAUT 4Yepe3 LIEHTP BTOPOMU
U nepecekaeT e€ B Toukax A u B. KacarenpHas K 1epBoil OKPY>KHOCTH,
IIpOXOZAAIIas yepes TOUKy A, eJIUT BTOPYIO OKPY>KHOCTb Ha JyT'H, Ipagyc-
Hble Mephbl KOTOPBIX OTHOCATCA Kak m:n (m <n). B kakoM OTHOLIEHUU
BTOpas OKPY>KHOCTb JEIUT NEePBYI0?

n—m
Omeem: ——.
2m

Pewerue. ITycts O; 1 O, — II€HTPHI COOTBETCTBEHHO I1epBOI U BTOPOM
OKPYKHOCTeH, P — Takasi TOUKa Ha BTOPOU OKPY:KHOCTH, 4TOo AP — Kaca-
TeJbHASA K MTePBOU OKpyXKHOCTHU. Torza

m
m+n’

_1 °o_ _1 o_aqpne. M ) _gpe.L=m
ZPAO, = 3(180 onzp)_z(wo 360 ern)_90 e

[Mockombky ZPAO, — yToI MeXAY KacaTeTbHOW U XOPAOU, TO

Z/AO,P = 360°-

£A0,0, = 2/PAO, = 180°- 2=

n+m’
n—m
n+m’

ZAOB =2/A0,0, = 360°-
CrneoBaTeNbHO, B IEPBOM OKPYKHOCTU

o N—m
UAO,B = 360°- .

2m
n+m’

Torza gononHUTEIBPHAA K HEU iyra IIepBOY OKPY»KHOCTH paBHa 360° -
n—m

a NCKOMO€ OTHOLIEHUE PaBHO

2m

10.11. Yepes obmyto Touky C ZBYX pPaBHBIX OKPYXKHOCTEH TIpoBese-
HBI /iBe IIpAMBIE, IIepeceKamllne JaHHble OKPY)KHOCTH B TOYKax A, B
u M, N coorBercTBeHHO. [Ipamaa AB mnapasesibHa JMHWUM LEHTPOB,
a mpsimas MN ob6pasyeT yroi o ¢ TUHUEH [IeHTpoB. MI3BecTHO, uTo AB =d.
Haiigure NM.

Omeem: acosa.
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Peuwenue. TTyctb O; 1 O, — LIeHTPHI OKPYXKHOCTeH, TOUKU A U M npu-
Hazjie)xaT IepBOU OKPYKHOCTH, B 1 N — BTOPOH.

OnyctuM nepnesaAuKyaapbl O; X u O,Y Ha npamyro AB. Torna X uY —
cepeaunsbl xop, AC u BC. ITosTomy

0,0, = XY = SAC+3BC = 1AB= 4.
Onyctum nepneHguKyaapel O1P u 0,Q Ha npamyio MN. Torga P u Q —

cepeaunsbl xopg MC u NC. Iloatomy PQ = %MN .

N

[Tyctp F —mpoeknusa Touku O, Ha O,Q. Toraa O,F || MN. CnenoBa-
tenbHO, /FO,0,=a u O,F =PQ, a Tak Kak
a

OlF = 0102 cosa = 5

cosa,

TO
MN = 2PQ = acosa.

10.12. B mapasmtenorpamme ABCD u3BecTHBI cTOpOHbI AB=a, BC=b
u yron ZBAD = a. HaiiiuTe paccTosHUe MeX/y IIeHTpaMU OKpPY>KHOCTeH,
OIIMCAHHBIX OKOJIO TPeyronbHUKOB BCD u DAB.

Omeem: v a?+b%—2ab cosa|ctg al.

Pewenue. Tlyctb O 1 O, — LIEHTPHI OMMCAHHBIX OKPY>KHOCTEU Tpe-
yronbHUKOB DAB 1 BCD cOoOTBEeTCTBEHHO, O — TOYKA [IepeceyeHns Juaro-
Haslell mapasiesnorpaMmma. [Tockonbky TpeyronbHUKU DAB u BCD paBHBI,
TO PaZiUyChl OKPY>KHOCTEH TakKe PaBHBI.

[Tycth o <90°. Ilo TeopeMe KOCUHYCOB

BD = Va2 +b2—2abcosa.

BrmicaHHBIN B OKPY>KHOCTH € IleHTpoM O; yron BAD paBeH MOJIOBUHE I[eH-
TpasibHOTO yriia BO,D, 3HauuT,

/B0,0, = /BO\D = /BAD = a.
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ITpamaa O;0, — cepeUHHBII IIepIleH-
AUKYIApP K AuaroHanu BD, mosTomy

0,0, = 20,0 = 2-BO ctg ZBO,0 =

= 2-2BDctg/BO,0 = BDctga =

= va2+b2—2abcosa-ctga.

Ecru ke o> 90°, To

= 2(360° —2a) = 180° ~ a.
CiegoBaTebHO,
0,0, = Va2+b2—2abcosa-ctg(180° —a) = —ctgava®+b% —2abcosa.

10.13. /IBe OKpPY:KHOCTHU IlepecekaroTcsa B Toukax A U K. VX neHTpHl
PpacIojIoXKeHBbl II0 pa3Hble CTOPOHBI OT NIPSMOM, coiepaleii oTpe3ok AK.
Touku B u C nexaT Ha pasHbIX OKPY:KHOCTAX. [IpaMasd, copep:xawasa oT-
pe3ok AB, kacaeTcs OZHOUM OKPY)XKHOCTH B Touke A. [Ipsimas, copepskaias
oTpe3ok AC, KacaeTcs APyroil OKPY:KHOCTH TakXke B Touke A. /linHA OT-
peska BK pasHa 1, gnvHa otpeska CK paBHa 4, a TaHreHc yriia CAB paBeH

——. HaiiguTe mromazs Tpeyronbauka ABC.

V15 5++v15
—

Omeem:
Pewenue. Obosnaunm ZBAK = a, ZCAK = 3. I1lo TeopeMe 00 yIiie MeX-
Zly KacaTeJbHOU U XopAoi
ZACK = /BAK = a, /ABK = /ZCAK =§.

AK

Tpeyronbuuku ABK u CAK mogo6HBI 110 IByM yryiaM. [loaTomy % =%XC*

Orcroza HaxoauM, yTo AK =+vBK -KC=+/1-4=2.
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ITockonbky

tg /CAB = tg(a+f) = ﬁ_s >0,

To yron CAB octpeiii. Torza

V15
4 b
[Io Teopeme KOCUHYCOB U3 TpeyroabHuka AKB HaxozuMm, 4To

cos(a+p) = sin(a+f) = %

AB? = AK?+BK? —2AK - BK cos ZAKB =
= AK?+BK? —2AK -BK cos(180° —a — ) =

= AK*+ BK? + 2AK - BK cos(a+ f8) =4+1+2-2-1-§ =5++/15.

V3 mogo6us TpeyronbHukoB ABK u CAK cnexyer, uto AC =2AB. Ciezo-
BaTeJIbHO,

Saasc = 3AB-ACsin ZBAC = AB®sin ZBAC = > +F '

3a/ayu Ha A0Ka3aTe/IbCTBO M BbIUHCIEHUE

10.14.1. OKpyXHOCTH, IIOCTPOEHHBIE HA CTOPOHAxX AB 1 AC Tpeyrob-
HuKa ABC Kak Ha JuaMeTpax, llepecekaroTcs B Touke D, OTJINYHOU OT A.

a) Jlokaxxure, 4To Touka D jexxuT Ha npamoi BC.

6) Haiiaute yron BAC, eciu ZACB=30°,a DB:DC=1:3.

Omeem: 90°.

Peutenue. a) Touka D JIeXKUT Ha OKPY>KHOCTH € AuaMeTpoM AB, noato-
My LADB=90°. Aranornuyno ZADC =90°.

Ecu Touky B u C yiexar 1o pasHble CTOPOHBI OT IpsiMoil AD (cM. pu-
CyHOK cyeBa), To ZADB+ ZADC =180°. CiezjoBaTesbHO, TOYKA D JEXUT
Ha nipsimoit BC.

Ecyu ke Touku B u C jiexkaT 1o oZiHy CTOPOHY OT npAMoi AD (cM. pucy-
HOK crpaBa), To ZADB=/ADC. CnezfoBaTeJbHO, U B 3TOM cJIy4ae Touka D
JIeXKUT Ha npsAMoi BC.
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6) [Momoxum BD = x, CD = 3x. VI3 mpsMOYTrOJbHOTO TPEYrOJbHU-
ka ADC HaxoauMm, 4TO

AD = CDtg30° = 3x- ? = xV/3.

W3 npsAMOyronpHOro TpeyroibHuka ABD Ha-
A XOZIIM, 4TO
BD _ x V3

thBAD:E—mz?,

b D\f/[ 3HauuT, ZBAD =30°. CnegoBaTelbHO,
/BAC = /BAD + ZCAD = 30°+60° = 90°.
10.15.1. OxpyxkHOCTH ¢ LeHTpoM O BIucaHa B yrois, paBHbIM 60°. Ok-
PYKHOCTb GOJIBIIIETO pazuyca ¢ eHTpoM O; TakKe BIIMCAHA B 3TOT YO
U IIPOXOAUT Yepe3 TOoUKy O.
a) Jloka)kuTe, 9TO PaJyC BTOPOU OKPY>KHOCTH BZIBOE GOJIbILE pasinyca
TIepBOM.
6) HatizuTe AiuHy OOINEH XOPAbI 3TUX OKPYKHOCTEH, eC/lu paZiuyc
TIEPBO# OKPYXHOCTH paBeH 2v/15.
Omeem: 15.
Pewerue. a) IlycTb OKPY’KHOCTB C LleHTpoM O pajuyca r KacaeTcs ofi-
HOM U3 CTOPOH yIJIa C BEPIINHON A B TOUKe B, a OKPY>KHOCTb C IIleHTpoM O,
pazuyca R >r xacaeTcd TOM Ke CTOPOHE! B Touke C.

LleHTp OKPY)XHOCTH, BIIICAHHOM B YTOJI, JIEXKUT Ha ero GHCCEKTPHCE,
nostomy ZOAB=30°. I[Tycts F — npoexuus Touku O Ha O;C. Torza

OF || AC, /FOO,=/0AB=30°, FO,=0,C—FC=0,C—0OB=R-r.

B mpsiMoyronbHOM TpeyronbHuKe FOO; karer FO, JIEXXUT NMPOTHUB yIyIa
B 30°, 3Hayutr, O0; =2FO,, wiu R=2(R —r). CiezxoBarenbHO, R=2r.

01
5 R-r
0 30° F
302 r r
30° 5
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6) IIycTb OKPY)XHOCTH TepecekaroTcs B Toukax M u N. Torzga obimas
xopza MN okpyXHOCTel IepleHAUKYIAPHa UX IUHUU 1IeHTpoB OO0, U Je-
JIUTCS el0 IIOII0JIaM.

Orpesok MH — BbICOTa paBHOGEApeHHOrO TpeyroibHuka OMO; co
CTOPOHAMH

OM =r =2v15, O;M =2r=4v15, 00, =2r =4v15.
O6o3nauum ZMOO, = Z0OMO, =a. Torga

_ MO _r 1 . _ — 75— _ V15
cosa—zool—4r—4, sina = v1—cos =

IIo3TOMY

MH = OM sina = 2v/15 - @ =2
CnepoBarenbHo, MN =2MH =15.

10.16.1. /IBe OKpYy»KHOCTH IiepeceKaroTcsi B Toukax P u Q. [Ipamas,
IIpOXoZAIIas yepes TOUKy P, BTOpPOil pa3 nepecekaeT IIePBYI0 OKPY>KHOCTb
B TOUKe A, a BTOpPyI0 — B Touke D. [IpAmas, npoxozamasn yepes Touky Q
napasienbHo AD, BTOpoH pa3 nepecekaeT IepBYIO OKPYKHOCTb B TOUKE B,
a BTOpPYI0 — B TOouKe C.

a) Jlokaxxure, 4TO 4eThIpEXYTroNbHUK ABCD — mapasiesorpaMM.

6) Haiizure otHouieHue BP : PC, ecnu pajuyc MEPBOH OKPYXHOCTH
BABOe 6GOJblIle pajuyca BTOPOH.

Omeem: 2:1.

Pewenue. a) O6o3HaunM /BAP = a. Yetbipéxyronbuuku ABQP u CDPQ
BIIMICAHHBIE, [IOOTOMY

/BQP =180°—a, /PQC =180°—/BQP = 180°—(180°—a) = a,
/ADC = /PDC = 180° — ZPQC = 180° —a.

3HauuT, AB|| CD. IIpOTHBOIIONOKHBIE CTOPOHBI YeTBIpEXyTronbHIKa ABCD
[IOIIApPHO NapaJlIe/IbHEL, CJIeZ0BATENIBHO, 3TO MapaJLIeJOrPAMM.
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6) IIycTb R ¥ r — paguychl IEPBOM U BTOPOM OKPY>KHOCTEI COOTBET-
CTBEHHO, ITpu4éM R = 2r. [lo TeopeMe CUHYCOB

BP = 2Rsin /BAP = 4rsina, CP = 2rsin/ZPQC = 2rsina.

CrnenoBaTelbHO BP _4r S%na =2.
> PC  2rsina

10.17.1. OxpyxHOCTH C LleHTpamMu O; u O, pa3HBIX pPalyCcoB IepeceKa-
I0TCS B Toukax A U B. Xopza AC 6GosbIlieli OKPYKHOCTH IepeceKaeT MEHb-
IIyI0 OKPY>KHOCTb B TOUKe M U []eTUTCA 3TOM TOUYKOM IOoIo/IaM.

a) Jlokaxwure, 4To mpoekuusa orpeska 0,0, Ha npaMyto AC B yeThIpe
pasa MmeHb11e AC.

6) Hatizute O,0,, ecu paZinychl OKPYKHOCTeH paBHbI 5 1 17, a AC =
=16.

Omeem: 24/85.

Pewenue. a) Ilyctb O;A <0,A, O1P u 0,Q — nepreHAUKYIAPHI, OITy-
IIleHHbIe U3 IIeHTPOB OKpYy:kHOCTel Ha npsamyto AC. Torza PQ — npoekiys
oTrpeska 0,0, aTy npAMyto. Paauyc, nepneHANKY/IAPHBIN X0pae, JeIuT eé
ronosiaM, nosatomy P — cepeauna orpeska AM, a Q — cepeauna AC. 3Ha-
4uT, Touka Q coBnazaeT ¢ M.

O6o3suauuMm AP = PM =a. Torga MC = AM = 2a, a AC = 2MC = 4a.

CnepgoBartenbHo, PM = %AC .
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6) B IpAMOYTOMBHBIX TPEYTOMbHUKAX
AO,M u AO,P 13BeCTHO, 4TO

0,A=17, AM=3AC=8,

0,A =5, AP=PM=%AC=4.

[To Teopeme [Mudaropa
0,M =,/0,A>—AM? = V172—82 =15,

0,P=4/0,A2—AP2=+52-42=3.
OnyctuMm nepneHgukyaap O;H Ha npamyro O,M. Torma HMPO, —
IIPAMOYTOJIbHUK, TI09TOMY

0,H=MP=4, MH=O0,P=3, O,H=0,M+MH=15+3=18.

W3 npamMoyronbHoro TpeyronbHuka O HO, HaxoauM, 4To
0,0, = 4/O,H?>+0,H? = v4?+18% = 2+/85.

10.18.1. Ha guaroHasax Tpamneluuy Kak Ha AuaMeTpax IIOCTPOEHBI OK-
PYKHOCTH.

a) JlokaxuTe, 4YTO UX 00IIas XOopAa NepPIeHAUKY/IIPHA OCHOBAHUAM
Tpanennu.

6) Halizute AMMHY 3TOH XOpZBI, €CJIM OCHOBAHUA TpPAllelMM PaBHEI
1u 11, a azmaroHanu — 6 u 8.

Omsem: 4,8.

Peuwenue. a) Ilycts O u O, — cepelUHBI AUaroHaMeV COOTBETCTBEHHO
AC u BD Tpaneuuu ABCD c ocHoBanuamu BC u AD. Torga O; u O, —
LIEHTPBI OKpYXKHOCTeH ¢ srmameTpamu AC u BD. [Tycte M u N — TOYKH Tie-
peceyeHUs 3TUX OKPY:KHOCTeH. JIMHUA IIeHTPOB IlepeceKaroIuXcsa OKPyXK-
HOCTell TIepIIeHANKYIAPHA UX 001Ielt xopze, mostomy MN L 0,0,, a Tak
KaK OTPe30K, COeIMHAIIINN cepeZiIMHbI AuaroHaaeil Tpanenuy, rnapaie-
JIeH e€ ocHoBaHuaAM, To MN 1. AD u MN | BC.
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6) [Iyctb BC=1, AD=11, AC =6, BD = 8. PaccTosiHIE MEXAY CEPear-
HaMU JiMaroHajsieil Tpaneluuy paBHO IOJIypa3sHOCTH OCHOBaHWM (CcM. I. 5
TIpUJIOKEeHUA 2), TIO3TOMY
AD—BC _11-1

2 -2
JIMHUA TEHTPOB TepPEeCeKaroNXCsl OKPY)XHOCTEH MepreHauKy/sipHa 006-
mel XopJe U JeNUT eé TOIoiaM, TTO3TOMYy OTpe3oK MN BaBoe 60jb-

0,0, =

=5.

me BeICOTBI MK TpeyrombHuka O,MO, co cropoHamu O M = %AC =3,

O,M = %BD =4 u 0,0, =>5. DTOT TpeyroJbHUK IIPAMOYTOJIbHBIN C IIpA-
MBIM YIVIOM IIpY BeplirHe M. 3HauuT,

OM-OM _ 3.4 _ 12

MK=—55"=75 =7%"
24
CnepgoBarenbHo, MN = 2MK = T = 4.8.

10.19.1. [IBe paBHbIE OKPYKHOCTU € LeHTpaMu O u O, IepeceKarTca
B Toukax M u N. Jlyun O;M u O;N BTOPHUYHO II€peCEKaT OKPY>KHOCTb
¢ tenTpoM O, B TOYKax A U B COOTBETCTBEHHO, IpuueéM M — cepeJriHa
0,A.

a) Jlokaxkute, 4To TOUKU A, B 1 O, jexaT Ha OfZHOU IpsMOM.

6) OxpyKXHOCTH TIepeceKaroT oTpe3ok 0,0, B Toukax C u D. Haiigute
oTHolleHue oTpeska CD K paguycy OKpy>KHOCTeH.

Omgem: (2—+/3):1.

Peuwserue. a) ITockonbKy Kaxk/as U3 OKPY:KHOCTeN CUMMeTpHUYHa OTHO-
cuTtenbHO npAMol 0;0,, Touka N — cepeauHa O B.

[Tycts R — paguyc okpykHocTeil. B TpeyronbHuke AO,0O, U3BECTHO,
40 AM =0;M =0,M =R, T. e. MeauaHa O,M paBHa II0JIOBUHE CTOPOHEI
0,A. 3nauur, LA0,0, =90°. Ananoruydo ZB0,0, =90°. CiezoBaTeb-
HO, Touku A, B u O, nexxaT Ha ofHOU IpsMOM.

6) TpeyronbHuk O; AB paBHOCTOPOHHUM, TaK KaK AQ, = %AOl u

ZAO.B = 2/A0,0, = 2-30° = 60°.
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0,AV3
[Toatomy 0,0, = ! zf = R+/3. TIpeAnonoXum, 9To Touka C JeKUT MEXK-
ay O, u D. Torga O;0, = 0,D + 0,C — CD, nostomy Rv3=R+R — CD.

Orcroza HaxoauM, uto CD =R(2 — /3). CiieoBaTebHO, %) =2—4/3.

10.20.1. Jana Tpanenus ¢ ocHoBaHUAMU AD u BC. OKpy»>XHOCTH, II0-
CTpPOeHHbBIE Ha HOKOBBIX CTOpOHaX AB u CD Kak Ha iuaMeTpax, mepeceka-
10TCA B TouKax M u N.

a) Jlokaxxute, utro MN 1 AD.

6) Haiigure MN, ecnu 60KOBBIE CTOPOHBI Tpamelnuy paBHBL 12 u 16,
a cymMMa IpOeKILIU AuaroHanei Ha 6onbliee ocHOBaHMe paBHa 20.

Omsem: 9,6.

Peuwsenue. a) [Tyctb O; 1 O, — II€HTPBI
OKpy>xHOCTel ¢ guameTpamu AB u CD.
Torga 0,0, — cpenHAA INHUA Tpalleluy,
moatomy 0,0, || AD. JIuHUA 1IEHTPOB
IlepeceKarolluxcs OKPY>KHOCTel IepIieH-
JVKYJsIpHA WX 00IIeil Xopze, MO3ITOMY
MN 1 0,0,. CnenoBartenvHo, MN 1L AD.

6) I[yctb P u Q —mnpoekuuyu BepminH C U B Ha Gosblllee OCHOBa-
Hue AD Ttpaneuuu. Torza

AP+DQ =20, PQ=BC, AD=AP+DQ-PQ=AP+DQ-BC,

noatomy AD +BC=AP + DQ =20. 3Hauut, 0,0, = L;BC =10.

[Tycts AB=12 u CD =16. B Tpeyronbauke O; MO, U3BECTHO, UTO
1 1
0102 = 10, O]M = EAB = 6, 02M = ECD = 8
DTOT TPEYToJbHUK IPSIMOYTOJbHBIM C MPAMBIM YIJIOM IIpU BeplinHe M.

O61jas xopzia nepeceKaroIuXCcsa OKPYKHOCTEH MEPIeHANKY/IAPHA JTHHUN
IIEHTPOB U JIEJIUTCA €0 MTOTI0IaM, T03TOMY 0Tpe30K MN BABOe GobIlle BBI-
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coTel MH mpsiMoyrosibHOTO TpeyroibHuka O, MO,, TpoBeAEHHON 13 Bep-
LIVMHBI IpAMoro yria. CiaeoBaTeNbHo,
oM -0,M —9 6-8

MN = 2MH = 2- 0.0, To =

9,6.

10.21.1. Otpesok AB — amaMeTp OKpPYy>KHOCTU ¢ LeHTpoMm O. Bropas
OKPY>KHOCTB C IIeHTPOM B TOUKe B mepecekaeTcs ¢ IepBOM OKPYKHOCTBIO
B Toukax C u D. KacaTtesnbHasd, poBeZi€HHaA B Touke C K IIEPBOM OKPYX-
HOCTHU, BTOPUYHO IIepeceKaeT BTOPYIO OKPY>XHOCTb B TOUYKe P.

a) Jlokaxkute, uyto TpeyroabHUku AOC u CBP mom06HHI.

6) Hatigute AP, eciu usBecTHO, 4To BC =15 u PC =24.

Omeem: 4+/97.

Pewenue. a) Tpeyronpauku AOC u BCP paBHOGeZpeHHbIe. 3 Teope-
MBI 00 yIJIe MeXKIy KacaTelbHOUN U XOpZoi cienyeT, uro ZBPC = /BCP =
=/CAB=Z0AC. CnenoBaTtenbHo, TpeyronbHuku AOC u CBP 1of06HHI 0

ZIBYM yTJIaM.

6) Ilycth M — mpoeknus TOUYku B Ha xopay CP BTOPOU OKpPY:KHO-
ctu. Torma M — cepeauna CP. O6osnauum /BAC = /BCM = a. Torza

/ACP=/ACB+ ZBCP=90°+a. 13 mpsAAMoyToibHOTO TpeyroabHuka BMC
HaXO0/IUM, YTO COS A= %z % :%. Torzga sin a=+'1—cos? :%, ctga:%.
W3 npamoyronbHoro tpeyronbHuka ABC HaxoauM, yto AC = BCctga =

=15- % =20. ITo TeopeMe KOCMHYCOB

AP = 1/AC?+CP2? —2AC-CP c0s(90° +a) = vVAC2+CP2+2AC-CPsina =

= \/202+242+2-2o-24% =44/97.

10.22.1. Touka M — cepenyiHa r'UIIOTEHY3bl AB IIPAMOYTOJIBHOTO Tpe-
yronpHUKa ABC. Oxomno TpeyroabHUKoB ACM 1 BCM onmcaHbl OKPYKHO-
ctu ¢ neHTpaMu O; u O, COOTBETCTBEHHO.

a) Jlokaxkure, 4To TpeyroabHUK O MO, IpAMOYTOIbHBIN.

6) HaiimuTe paccTosiHre MeXAY LeHTpaMu OKpyKHOcTel, ectn AC=72,
BC=96.
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Omsem: 62,5.

Peuwernue. a) Meguana CM nipssMoOyToibHOTO TpeyroabHuka ABC paBHa
IIOJIOBMHE TUIIOTEeHY3bl AB, noatomy TpeyroabHUku AMC u BMC paBHO-
6enpeHHble ¢ ocHOBaHUAMU AC u BC. LIeHTpHI MX OMHCAHHBIX OKPYX-
HOCTel JieXkaT Ha CepeJJMHHBIX IepleHAuKyndapax: O — Ha cepeIJUHHOM
nepneHAuKyasape k AC, a 3HauuT, Ha 6buccekTpuce yrma AMC, O, —Ha
CepeZTHHOM TIepIeHAUKY/Isipe K BC, a 3HAuuT, Ha OUCCEKTpHUCE yIyia
BMC. BrucCeKTpHCH CMEXHBIX YIVIOB IIePIIeHAUKYIAPHBI, CJIeJ0BAaTEIbHO,
Z0;MO,=90°, T.e. TpeyroabHUK O1 MO, IPAMOYTONBHBIH.

B

H o

6) Ilo Teopeme ITudaropa
AB=+vAC2+BC2=+17224962 = v122.62+122.82 =12/36+64 =120.
[Tostomy CM = %AB =60.

[Tycts H — cepeauna obiiiett xopasl MC JaHHBIX OKPY)KHOCTeH. JIMHUS
IIEHTPOB TE€PECEKAIOIINXC OKPYKHOCTEN TMEPIEHAMKY/IIPHA UX OOIIei

XOpZie U AeJUT e€ momnosam, 3Hauut, MH = ECM =30 u orpesox MH —
BBICOTA IIPAMOYTONBHOrO TpeyroabHuka O MO,, IpoBefEéHHAA U3 BEPILU-
HBI IIPAMOTO YIJIa.
BC 9 4
O6o3naunm /BAC = a. Torga tga = ac=73-3 CTOpPOHBI OCTPHIX
yrnoB MO0, 1 MCA COOTBETCTBEHHO IEPIEHAUKY/IAPHEL, [I03TOMY

W3 npAMOyTronbHbIX TpeyroibHukoB MHO; u MHO, HaxoguM, 4TO
0,H=MHctga =302 =225 O,H=MHtga =303 = 40.
CiegoBaTebHO,
0102 = OlH+02H = 22,5+40 = 62,5



§ 11. OkpyXHOCTHU, CBSI3aHHBIE C TPEYTrOJIbHUKOM,
4eThIPEXYTrOJIbHUKOM

IloaroroBUTE/NBHBIE 3a/a4U

11.1. BokoBasi cTOpoHa paBHOGEIPEHHOTO TPEYTOMbHUKA PaBHA 2, YTOJ
nipu BepinmHe paBeH 120°. HalizuTe AuaMeTp OMMCAHHON OKPYKHOCTH.

B Omeem: 4.
5 Pewerue. BoxoBas ctopoHa BC paBHOOepeH-
0 120
A J0° 7 {  Horo TpeyronbHuKa ABC BuaHa u3 1jeHTpa O OIu-
60° CaHHOM OKPYXHOCTHU ToZ, yriioM 60°, Tak Kak Ha

ayry BC ommpaetcsa BuucaHHbid yron CAB, pas-
Hbeiit 30°. TlosTomy TpeyronpHuK COB paBHOCTO-
poHHuii. CiiejoBaTeNbHO,

R=0C=BC=2.

o

11.2. Tlox kakuM yIJIOM BHUZAHA U3 TOYEK OKPY>KHOCTH XOPZa, paBHadA
pazuycy?

Omeem: 30° mwiu 150°.

Pewenue. Tlycte AB — xopja OKpY:KHOCTU paguyca R, M — npous-
BOJIbHAA TOYKa, JieXKallasd Ha OKPY>XHOCTU M OTIMYHAadA OT ToueK A U B,
Z/AMB = a. Ilo TeopeMe CUHYCOB

sina = AB _ R _ l.

2R 2R 2
CnemoBaTenbHo, o =30° (B 3TOM ciy4ae Touka M JIeXKUT Ha GOJbIIeH ay-
re AB, cM. pucyHOK cieBa) win a = 150° (B aToMm cirydae Touka M JIEXKUT

Ha MeHbIIel ayre AB, CM. PUCYHOK CIIPaBa).

M
. A5
A >~—— _— B M

11.3. B paBHOGeapenHoM TpeyrombhHuke ABC (AB = BC) mpoBeieHa
BbIcoTa CD. Yron BAC paBeH a. Paguyc OKpy>KHOCTU, IPOXOAAIIel yepe3
Touku A, C u D, paBeH R. Hauizure miomaas TpeyronbHuka ABC.
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Omeem: R*tga.

Pewenue. VI3 Touku D oTpe3ok AC BU/EH 110/, IPAMBIM YIJIOM, 3HAUUT,
3Ta TOYKa JIeXKUT Ha OKPYKHOCTH ¢ AuameTpoM AC, a Tak KakK uyepe3 TpU
TOYKH, He JieXKallye Ha OAHOU IPAMOM, IIPOXOAUT
€/JMHCTBEHHasA OKPY>KHOCTb, TO OKPY>XHOCTb C Jvia-
MeTpoM AC —3TO OKPYXHOCTb, O KOTOPOH T'OBO-
purtca B yoioBuM 3azauu. I[lycts O — e€ nentp. To-
rma O — cepenuHa ocHoBaHus AC paBHOOEPEHHO-
ro TpeyronbHuka ABC, nostomy BO — BeICOTA JlaH-
HOT'0 TPEYTOJNbHUKA. 113 IPAMOYTOJIBHOT'O TPEYTO/b-
uuka OAB HaxoguMm, 4To BO = OAtg ZOAB=Rtga.
CiiegoBaTebHO,

Saasc = 3AC-BO =1 -2R-Rtga = R*tga.

11.4. KaTeThl IpAMOYTOIBHOTO TPEYTONbHUKA PABHHI a U b, a rumoTe-
Hy3a paBHa c. HaliuTe pazuyc BIUCaHHOU OKPY>KHOCTH.
atb—c
—
Pewenue. O603HaYMM BepIIMHBI TPEYTOJbHUKA, MPOTHUBOIEXKAIIVE

CTOpOHaM a, b u ¢, yepe3 A, B 1 C COOTBETCTBEHHO,
a TOYKM KacCaHUA C 3TUMHU CTOPOHAMHU — COOTBET- A
CTBEHHO A4, B; u C;.

Ecmn O —1ueHTp JaHHOW OKPY)XHOCTH, TO
OA,CB; — xBagpar. [Toatomy

CA;=r, BCy=BA,=a-r, AC;=ABy=b-r,
c=AB=AC,+C;B=a+b—2r.

7
CrnegoBaTeabHO, ir r
[ 1~

_a+b—c
=

Omeem:

~
n

11.5. [lan TpeyroiabHUK cO cTopoHamu 3, 4, 5. HalifuTe pajuycsl ero
ONMCAaHHOM, BIMCAaHHOM M BHEBIIMCAHHBIX OKPY:KHOCTEM.

Omeem: %; 1;2; 3; 6.

Pewerue. Paccmorpum TpeyronbHUK ABC, B kKoTopoM AB=35, BC=3,
AC = 4. Tockonbky AB? =5% =42 + 3% = AC? + BC?, 3T0T TpeyroJbHUK
NIpAMOYTONbHBIN, puuéM AB — ero rumoteHysa. Paguyc OKpy:XHOCTH,
OIIMCAHHON OKOJIO IIPSMOYIOJBHOI'O TPeyroAbHUKA, paBeH II0J0BHUHE

5
TUIIOTEHY3BL, T. €. 5.

Ecmu A;, By u C; — TOYKU KacaHUs OKPYKHOCTH, BIMCAHHOU B Tpe-
YrolbHUK, co crtopoHamu BC, AC u AB COOTBETCTBEHHO, a I — paAuyc
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BIIMCAaHHOU OKPY:KHOCTH ¢ IleHTpoM O, TO 4eThlpéxyroabHuk OA,CB; —
KBaZpaT CO CTOPOHOU I, IO3TOMY

AC1=A31=AC—C31=AC—T', BC1=BA1=BC—CA1=BC—T”.

Torza
AB = AC{+BC; =(AC—-r)+(BC—-r) =AC+BC-2r.
CiiegoBaTebHO,
- AC+BC—-AB _ 44+3-5 —1.
2 2
Ilycth p= # =6 — nmosynnepuMeTp Tpeyroabunka ABC, r, — pa-

IINyC OKPYKHOCTHU C 1leHTpoM O,, Kacatomeics kateta BC B Touke A,,
a mpozomKeHn runoteHy3sl AB u kateta AC — B Toukax M u N cooT-
BeTCTBeHHO. Torza
2p =AC+BC+AB =AC+ (CA,+A;B)+AB =

= AC+ (CN+BM)+AB = (AC+CN) + (AB+BM) = AN + AM,

aTak kak AM = AN, to AN = p. YeTbipéxyronbHuk O,NCA, — KBaJpaT CO
CTOPOHOM 1, TIO3TOMY

r,=0,Ay,=CN=AN-AC=p—AC=6-4=2.
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Ecnu n, ¥ r,— pazauychl BHEBIIMCAHHBIX OKPY)KHOCTeN TpeyroJbHU-
ka ABC, kacarmuxca kaTteTa AC W TUIOTeHy3bl AB, TO aHAJOTUYHO
HauzéM, 94TO

np,=p—BC=6-3=3, r.=p==6.

11.6. HaiiznTe paguychl OIMCAHHOM, BIMCAHHONW W BHEBITMCAHHBIX

OKPYKHOCTeH TpeyroibHUKa co cropoHamu 13, 13, 10.

Omeem: 12—29, %, 12—5, 12, 12.

Peuwenue. ITyctb cTtopoHbl AB, AC u BC TpeyronbHuka ABC pasHBI 13,
13 u 10 coorBeTCcTBEHHO, AH — BBICOTA TPEYTOJIbHUKA, R U I — pasunycChl
OIMCAHHOM Y BIIMCAaHHOU OKPY>XHOCTel COOTBETCTBEHHO, Iy, I}, U I', — pa-
JAWyChbl BHEBIIMCAaHHBIX OKPYXXHOCTel, kacaromuxcsa cTopoH BC, AC u AB
COOTBETCTBEHHO.

[ToCcKONMBKY TPEYTOJIbHUK paBHOOEAPEHHBIN, To4yka H — cepeauHa
ocHoBaHuA BC (cM. puCyHOK cieBa). VI3 IpAMOYToJbHOIO TPeyroabHU-

Ka ABH HaxoguM, 49TO

AH = VAB2—BH2 = V132-52=12,

. . AH 12
sin ZABC = sin Z/ABH = 2B = 13-

Ilo T€OopeEME CUHYCOB
AC 13 169

~ 2sinZABC 2.2 7 24"

A

[Tycts O — TIeHTp BIIMCAHHOW OKPYKHOCTHU TpeyrombHuKa ABC (cMm.
pucyHok crpaBa). Torma BO — 6uccekTpuca TpeyroibHuka ABH, mM03TO-

My

OH _BH _ 5 OH_ _5 _ 5
OA ~ AB ™~ 13° AH ~ 5+13  18°
CliegoBaTebHO,
F=OH=2AH=>.12 =

18 18 3
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[Tyctp O, — LIeHTp BHEBIHMCAHHOMN OKPY>XHOCTH, Kacarolleicsa CTopo-
Hbl BC 1 npogomxenusa cTopoH AC U AB, IpUYéM IIPOAOIKEHUA CTOPO-
Hbl AB—B Touke M (cM. pucCyHOK cieBa). Torza

BM =BH =5, AM =AB+BM =13+5=18.

W3 npamoyronbHoro TpeyronbHuka AMO, HaxoguM, 4TO

BH 5 15
T = O,M = AMtg/MAH = AM - ;2 = 18- 75 = .
L
A 0
13 T
12
-
C 5 H 5 B K

[Tyctp O, — LIeHTp BHEBIIMCAaHHON OKPY)XHOCTH, Kacarlleicsa cTopo-
HbI AB u npozpomkennii ctopoH BC u AC B Toukax K ¥ L COOTBETCTBEHHO
(cM. pucyHok cmpaBa). Torga AO. — 6uccekTpuca ymia BAL, a Tak Kak
AH — bucceKkTpHca CMeXHOTO ¢ HUM ymia BAC, To ZHAO, =90°. YeThI-
péxyronpuuk AO.KH — npamoyronbauk (LHAO,=/ZAHK =/HKO,=90°),
II03TOMY

r.=0.K=AH =12.
AnanorndHo HanzéMm, uTo 1, = AH =12.

11.7. HaliguTe pajuychbl OIMCAHHOM, BIMCAHHON U BHEBIIWCAHHBIX
OKpY>KHOCTeU TpeyroibHUKa co cropoHamu 13, 14, 15.

Omeem: 6—;, 4,14, 12, 22—1

Pewtenue. Tlycts cTtoponsl AB, AC u BC TpeyronbHuka ABC paBHEI 13,
14 1 15 coOTBeTCTBEHHO, R U r— paZuychl ONMCAHHOW U BIMCAaHHOMN
OKPY>KHOCTe COOTBETCTBEHHO, I,, 1, U I, — PaJUyCchl BHEBINCAHHBIX
OKpY>XKHOCTel, Kacatomuxcsa ctopoH BC, AC u AB coOoTBeTCTBEHHO, S —
IIomazas TpeyroabHuka ABC, p — nonylepumeTp.
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Ilo T€opeMEe KOCUHYCOB

_ AB+AC?—BC?® _ 169+196—225 5
COs/BAC=—5 pac =~ 31314 — 13

Torza

. _ 5\2_ 12
sin /BAC = 1—(ﬁ) =12,

1 i = 193.14.12 2
S = 5AB-ACsin/BAC = 5-13-14- 73 = 84.

CiegoBaTebHO,
S_84_
p 21

4.

Ilo T€opeEME CUHYCOB

R__ BC __ 15 _65
" 2sin/ZBAC 2.% - 8"

ITyctb O — 1leHTp BHEBIIHCAHHON OKPY)KHOCTH, Kacarollleiics CTOpPO-
Hbl BC B Touke M u mnpozpomkeHusa cTopoH AC u AB—B Toukax K u L
COOTBETCTBEHHO (CM. PUCYHOK ciipaBa). Toraa

AK = AL, CK =CM, BL=BM,

2p =AC+BC+AB=AC+(CM+BM)+AB=
= (AC+CM)+ (AB+BM) = (AC+CK)+ (AB+BL) = AK + AL,

3HayuT, AK = AL =p, nosaTtomy

S =San0x TSanorL —Skcpro = Sanok +Sanor —28poc =

= LAK-OK+3AL-OL~2-2BC-OM = 3 pr,+3pr, ~BC 1, = (p—BO)r,.
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CiegoBaTebHO,
__S __8 84 _
«=3-BC 21-15 6 ~ 1+
AHaJIoTUYHO HaWAEM, YTO
S 84 84 S 84 84 21

I, = —:12’ r.= — -

p—AC —21-14 7 p—AB 21-13 8 _ 2°

11.8. B paBHOGEIpEHHBIN TPEYTOMBHUK C OCHOBAHWEM, PaBHBIM d, BITH-
caHa OKPYXKHOCTb, ¥ K Hel IpoBeZleHbl TPU KacaTesJbHBIEe TaK, YTO OHU
OTCEKAIOT OT JAHHOTO TPEYTOJbHUKA TPU MaJIEHbKUX TPEYTOJIbHUKA, CYM-
Ma MepPUMETPOB KOTOPHIX paBHa b. HaiiuTe GOKOBYIO CTOPOHY JAaHHOTO
TPEeYyroJbHUKA.

b—a
Omsem: 5
Pewenue. CymMa nepuMeTpOB OTCEUYEHHBIX TPEYI'OJbHUKOB paBHa Iie-
PUMeETPY JaHHOTO TpeyroabHuKa. [[03TOMy cyMMa GOKOBBIX CTOPOH paBHA
b—a
2

b —a. Torza xaxxgas 60KOBas CTOPOHA paBHA

11.9. IIpoexkiusa GOKOBOM CTOPOHBI paBHOOEAPEHHOI Tpamenuu Ha
6osblllee OCHOBaHUE paBHA d, CPEZHSA JIMHUA TPaIelnu paBHa b, a ocT-
pHIII yronm NpU OCHOBaHWM paBeH 45°. HaliguTe pasuyc OKpY>KHOCTH,
OIIMCAaHHOM OKOJIO Tpareluu.

a’®+b?
5 -

8 £ Peuwernue. Ilycte  ABCD — paBHO-
OegpeHHass Tpamenuss C OCHOBAHUAMU
a AD > BC, ZADC = 45°, CH — BhICOTa
2 [1 457N, Tpamenuu, R —pagunyc OKpy»KHOCTH,

( b H a \ OIIMCAHHOM OKOJIO Tparenuu. V3BecTHO,
YTO IPOEKUIUA AVarOHAIN paBHOOeApeH-

Omeem:
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HOM Tparelu Ha 6oJblilee OCHOBaHHWE paBHA IIONYCyMMe OCHOBaHUM,
T. €. cpeHel MHuM Tpanenuu. Toraa

CH=DH=a, AH=%(AD+BC)=b, AC=CH?+AH?=a+b2.

OKpy>KHOCTb, ONKMCAHHAA OKOJIO Tpallelluy, COBIAaZaeT C OKPY>KHOCTBIO,
OIMCaHHOM OoKoJo TpeyronbHuka ACD. Ilo TeopeMe cUHYCOB

____AC _ _AC Va +b2 [a®
~ 2sinZADC ~ 2sind5°

11.10. OcHOBaHUsI paBHOOEIPEHHON Tparnelnyuu paBHbI 9 U 21, a BRICOTa
paBHa 8. HaiiziuTe paguyc OKpy>XHOCTHU, ONTMCAHHOW OKOJIO TPaleluHu.

85

Omeem: e B 9 C

Pewenue. V3 BepminHbl C MEHBIIETO
ocHoBaHuA BC Tpanenuu ABCD omyctum g >
nepreHaukyaap CK Ha Gosblllee OCHOBA-
Hue AD. Torma CK =8. Eciu AD =21, A - D

15 K 6 ]
BC=9, To
kp=422EC — ¢ cp = VCRZ+DK? = V81 62 = 10,
CK _ 4

sinZD = = AC = VAK2+CK?2 = v/152+82 =17.

CD ~ 5’
Eciu R — paguyc OKpy>KHOCTH, OITMCAHHOM OKoJ0 Tpanenuu ABCD, To

AC 85

R= 2sin/D =~ 8°

TpeHUPOBOYHBIE 3a/ja49U

11.11. Tpaneuusa ABCD c ocHoBaHuaMmu BC =2 u AD =10 Takosa,
YTO B He€ MOXKHO BIIMCATh OKPY>KHOCTb U OKOJIO He€ MOXKHO OIINCATh
OKpY>XHOCTb. OIpeJieninuTe, I7le HaXOAWUTCSA LIEHTP OIMCAaHHOM OKpY:KHO-
CTH, T.€. PacCIONOKEeH OH BHYTPU Tpallelli, WIW BHe e€, WIU Ke Ha
OZHOM 13 cTOpOH Tpaneruu ABCD. HaiiinTe Takke OTHOIIIEHHUE PAZNYCOB
OTNMCAaHHOM U BIIMCAHHOUW OKPYKHOCTEM.
3V14

5
Peuwerue. [TycTb R ¥ r — paZiiychl BIMCAHHOMN 1 ONUCAaHHON OKPY>XKHO-

creii, K — ocHOBaHMe IepIeHAUKYIAPA, OMYIEHHOTO 13 BepumHbl C Ha
cropony AD. IToCKOMBKY Tparenys BIMCAHHAs, TO OHA PaBHOGeApeHHAs.

Omeem: BHE;
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AD+BC AD+BC

Torma AK = =6, KD = 5
Hada, To 2-CD =BC+ AD, noatomy CD = 6. OTctola HaX0UM, YTO
CK =245, AC=2/14.

C IIOMOIIIBIO TEOPEMBI KOCUHYCOB ybexaaemcs, uTo yroa ZACD Tymio#,
II03TOMY IIEHTP OIKMCAHHOM OKPY>XHOCTU JIEXKUT BHe Tpameuuu. Kpome

= 4, a TakK KaK Tpalienus OIrcCaH-

TOTO,
: _CK _ V5
sin/ZD = D= 3
TI03TOMY
D R= _AC¢C _3V/14
4 I " 2sin/D 5’
aTaKKaKT’I%CKZ\/g,TO§=35J

11.12. B npAMOYyTOJIBHOM TPEYrOJIbHUKE OTHOLIEHVE pajuyca BIIMCaH-

o o 2 .

HOM OKPYXXHOCTH K PaZIMyCy OMMCAHHOM OKPYXHOCTH PaBHO =. Haiiaute
OCTpBIe YIJIBl TPEYTONbHUKA.
3 3

Omeem: arctg 7 arcctg 7.

Peutenue. IlycTh paguyc BIHMCAHHOM OKPYXKHOCTU IIPAMOYTOJBHOI'O
TpeyroJbHUKA C KaTeTaMU d, b ¥ TUIIOTEHY30U ¢ paBeH 2X, TOTZAA pafnyc
OIMCAaHHOMN OKPY)XKHOCTH paBeH 5x u ¢ = 10x.
TTosTomy a® +b? =100x>.

[Tockonbky pazuyc OKpY:KHOCTH, BIIHICaH-
HOI B IIPAMOYTOJBbHBIM TPeyroJbHUK, paBeH

. %b_c (sagava 11.4), TIOMyYyMM ypaBHEHHE
i a+b=14x. VI3 cuctembl
X
Kr a?+b% = 100x2,
2%
u = a+b=14x

HaxOAUM, 4TO
a=8x, b=6x wm a=6x, b=38x.

CrrefoBaTeNbHO, TAHT'€HCHI OCTPHIX YIVIOB TPEYTONbHUKA PABHBI % u g

11.13. B mpsamoyronbHbIi TpeyroabHUuK ABC ¢ yriaom A, paBHBIM 30°,
BIIMICaHA OKPY>KHOCTb pazuyca R. Bropas oKpyXHOCTB, Jiekalas BHe Tpe-
YTONbHUKA, KacaeTcss CTOPoHBl BC U NMPOAOIKEHUN IBYX JPYTUX CTOPOH.
Haiizute paccTosHUe MeX/y LIeHTPaMU 3TUX OKPY>KHOCTe.

Omeem: 2RV 2.
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Peuwenue. Ilycte O u O, — LIEHTPHI JaHHBIX OKpy)XHOCTel (R — pa-
auyc nepsBoit), C — BepinHa npsamoro yria. Torga tpeyroabHUK O;CO,
IPSMOYTONBHEIH. [TocKonbKy Touku O, u O, pacooXeHbl Ha OUCCEKTPH-
ce ymia A, To

£0,0,C = 75° —45° = 30°.

CiiegoBaTebHO,
0,0, = 20,C = 2RV2.

11.14. B tpeyronbHuke PQR yron QRP pasen 60°. Haiizute paccTos-
HUe MeX/Jy TOUYKaMH KacaHMUA co CTOpoHON QR okpykHOCTH paamyca 2,
BIIMCAaHHOU B TPEYToJbHUK, U OKPY>KHOCTU pajuyca 3, Kacarolelcs IIpo-
JoymkeHud ctopoH PQ u PR.

Omsem: V3.

Peuwenue. Ilyctb O; u O, — IIEHTPHI OKPY:KHOCTEH pazuycos 2 u 3 co-
OTBEeTCTBeHHO, M 1 N — UX TOYKU KacaHus co cTopoHoi RQ. Torga

RM = O,M ctg ZMRO, = 2ctg30° = 23,
RN = O,N ctg ZNRO, = 3ctg60° = v/3.

[TosTomy

MN =RM —RN = 2v/3—-+/3 = V3.
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11.15. PaBHOCTOpOHHUM TpeyroibHUK ABC €O CTOpOHOHM 3 BHMCaH
B OKPYKHOCTb. Touka D JIeXKUT Ha OKPY>KHOCTH, IIPUYEM xopza AD pas-
Ha /3. HaiizuTe xopzabl BD u CD.

Omsem: V3, 2v/3 wu 2+/3, /3.

Pewenue. ITycTb TOYKa D JIEXXUT HA MEHbINEH [Ty-
re AB. Toraa 4eTsIpéxyronbHUK ADBC BIMICAaHHBIN,
IIO3TOMY

/ADB = 180° — ZACB = 180° —60° = 120°.
O6o3HaunM BD = x. [1o TeopeMe KOCUHYCOB
AB? = AD? + BD? — 2AD - BD cos 120°,

wm 9=3+x2+x+/3, oTKyza HaXoZuM, 4To BD=x=
=+/3=AD, a Tax xak CA=CB, ToO npamasa CD —
Cepe/iIMHHBIA TepHeHAuKYyIap K xopae AB, 3Ha-
uuT, CD — auameTp OKpy:kHOCTU. CiefoBaTeNbHO,
CD=2v3.

Ecnu ke Touka D siexxut Ha MeHbIel gyre AC, TO
aHAJIOTUYHO HaiiaéM, yto BD =2+/3 u CD = /3.

11.16. ITyctb O — EHTpP OKPY>KHOCTHU, OTIMCAHHOU OKOJIO TPEYTOJIbHU-
ka ABC, ZAOC =60°. Hatigure yron AMC, rie M — 11eHTp OKPY:KHOCTH,
BIIMCAaHHOU B TpeyroibHUK ABC.

Omeem: 165° nwiu 105°.

Pewenue. Ecu Touku O u B y1exar 1Mo pasHble CTOPOHBI OT IpsiMoit AC
(cM. pucyHOK cieBa), To rpafycHasa mepa ayru AC, He cozepkaleil Tod-
ku B, paBHa 360° — 60° =300°, moaTomy

/ABC = %-300" — 150°.
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Cymma yrmioB mpu BepuinHax A u C TpeyronbHuka ABC paBHa 180° —
—150° =30°, a Tak kak AM u CM — 6ucceKTpuchl TpeyronbHuka ABC,
TO cymMMa yIIOB IIpu BepumHax A u C TpeyronbHuka AMC paBHa 15°.
CiiegjoBaTebHO,

ZAMC = 180° —15° = 165°.
Ecnu e Touku O u B jexaT 1o ofHYy CTOpoHY oT mpamou AC (cMm.
PUCYHOK CITPaBa), TO aHAJOTUYHO moixydnM, yTo ZAMC =105°.
11.17. B rpeyronsuuke ABC usBecTHO, uTto AC =b, ZABC = a. Haiizure

pazuyc OKpPYKHOCTH, IIPOXOAAIIel yepe3 IIeHTP BIMCAHHOTO B TPEyrob-
HUK ABC kpyra u BepminHbl A u C.

Omsem: .
2cos %

Pewerue. Ilycte O — LIEHTp BIIMCAHHOTO B TpeyroibHUK ABC Kpyra,
R — uckombiil paguyc. Mimeem

/AOC = 180° — %ABAC - %ABCA -
—180° — %(LBAC +/BCA) =

— 180° — %(180" ~ LABC) = 90° + &.
Torza

. ac b b
~ 2sinZAOC 2sin(90°+%) ~ 2cos§’

11.18. B OKpy>KHOCTHU NIPOBEZIEeHHI iBe Xopasl AB=a u AC =b. JnunHa
ayru AC, He cofiep)xalliell TOYKU B, BABOe Oosblile JIWHBI AyTu AB, He

coziepxkateii Touku C. Haliure pazuyc OKpy>KHOCTH.
2

V 4a? —b? '

Peuterue. BnvicaHHBIH yrol paBeH IIOJIOBUHE AYTH, HA KOTOPYIO OH OIU-
paetrcda, moatoMy yron B TpeyrombHuka ABC
BABoe Gosbiite yrna C. Ilycts ZACB = a. Toraa
/ABC =2a. 1o Teopeme CHYCOB

a _ b

sina = sin2a’

Omsem:

OTK acosoc—A Torza
YA =5 yit

. (b)Z /4a2_b2
sina=4{/1-|+—~| =——F——.

2 - 2a
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Eci R — paznyc OKpy>XHOCTH, TO IIO TEOpEME CUHYCOB

a a?

R: 2sina = /4a2_b2'

11.19. VI3 Touku M Ha OKPYXHOCTH IIpOBEZAEHBI TpU XopAbl: MN =1,
MP =6, MQ =2. Ilpu stom yriel NMP u PMQ paBHbl. HatizuTte paguyc
OKPY>KHOCTH.

Omeem: 24/ =—=.

Peuwenue. O6o3nauum ZNMP=/PMQ=
=a. Beipasum paBHble oTpe3ku NP u PQ
II0 TeopeMe KOCHUHYCOB U3 TPEYTOJIbHUKOB
NMP u PMQ cOOTBETCTBEHHO:

NP? = MN? + MP? — 2NM - MP cos a,
PQ? = MP?+ MQ?—2MP-MQ cosa.
[TpupaBHAB IpaBble YaCTU TOIYYEHHBIX
paBeHCTB, NOIYyYMM ypaBHeHHe, U3 KOTO-

o 1
PpOro Hanzgem, 494To Cosa = Z Torma

V15
o

;]

NP = \/1+36—2-1-6-§1 — V34, sina=

Ecmu R — MCKOMBIN pafiniyc, TO

__Np _VE_, [3
T 2sina T Y15 15°
2

11.20. Yepes BepminHbl A 1 B TpeyronbHuka ABC NPOXOAUT OKPYX-
HOCTb pajuyca r, iepecekatomias cropoy BC B Touke D. HaliguTe paguyc
OKPY)KHOCTH, TIpoxozsiieli uepe3 Touku A, D u C, eciu AB=c u AC=b.

br
Omeem: =
Peuerue. TIocKONBKY

/ADC + Z/ADB = 180°,

TO
sin ZADC = sin/ADB = %

Eciu R — paguyc OKpy»KHOCTH, IPOXO/AIIEN de-

pe3 Touku A, C u D, TO

R— b ) br
" 2sin/ZADC 2~i ¢’
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11.21. IleHTp ONMCAHHOM OKPY>KHOCTH TPEYroJbHUKA CUMMETPUYEH
ero LeHTPy BIMCAaHHON OKPYXHOCTU OTHOCUTEJbHO OZHON W3 CTOPOH.
HaliguTe yIubl TpeyronbHUKA.

Omeem: 36°, 36°, 108°.

Peutenue. ITycte O 1 Q — COOTBETCTBEHHO LIEHTPHI OIIMCAHHOU U BIIU-
CaHHOU OKpPY)XKHOCTeH TpeyronbHUKa ABC, npuuém Touku O u Q cUMMeT-
PUYHBI OTHOCHUTENbHO IpsAMoit BC. O6o3Hauum ZOBC = ZQBC =a. Tpe-
yronbHUK BOC paBHOGEpEHHEIH, II03TOMY

/QCB = Z/OCB = ZOBC = a,

a Tak Kak BQ — 6uccektpuca yria ABC, To ZABC = 2a. AHaJOTUYHO
/ACB = 2qa. 3HauuT, TpeyronbHUK ABC paBHOOEJpEHHBIN, €ro Guccek-
Tpuca AM sABideTcA BBICOTOW, a Touku Q u M jexar Ha oTpeske OA.
[TockonbKy TpeyronmbHUK AOB Takke paBHOOeapeHHBIH (OA = OB Kak
pazuycel OJHOM OKPY:KHOCTH), TO

/OBA = ZOAB, wm 3a=90°-2a.
Otcioma HaxoauM, 4To a = 18°. CiemoBaTeabHO,

ZACB = ZABC =2a =36°, ZCAB = 6a =108".

11.22. Yrosn ripu 0CHOBaHUY paBHOOEAPEHHOTO TPEYTONIbHIKA PABEH (.
HalizuTe oTHOLIEHKe paZiuyca BIIMCAHHOM B JaHHBIN TPEYTOJbHUK OKPYX-
HOCTH K pajuyCcy ONMCaHHOU OKPY>KHOCTH.

Omeem: tg % sin 2¢.

Pewenue. O6o3HauuM ocHoBaHMe BC paB-
HoGegpeHHOro TpeyroibHuka ABC uepe3 a,
pazuychl BIMCAHHOW U OIMCAHHOM OKpPY)KHO-
crei—r U R COOTBETCTBEHHO, IIEHTP BIIMCAH-
HOU okpyxHOCTH — O, cepeauny BC — M. To-
rga

. BC . a _ a
T 2sin/BAC ~ 2sin(180°—2p) ~ 2sin2¢’
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r=0M=BMrg(3/B) = 5tg5.

CiegoBaTebHO,
r P .
R = g5 sin 2¢.
11.23. B Tpeyronbuuke ABC ¢ nepuMmeTrpoM 2p cropoHa AC paBHa a,
ocTpeii yron ABC paBeH a. BnircanHas B TpeyronbHUK ABC OKPY)XHOCTh
c neHTpoM O KacaeTcs cTopoHsl BC B Touke K. Haii-
B JAUTe IUIolajpb TpeyroibHrka BOK.
A Omeem: %(p—a)ztg%.
Peutenue. I1oCKONIBKY

BK=p-AC=p-a, OK=BKig%=(p-atg3,

TO
1 1
Sapox = 3 BK-OK = E(p—a)ztg%.

11.24. B tpeyronpHuke ABC ¢ mepumeTpoM 2p ocTphlil yron BAC pa-
BeH a. OKPY>KHOCTb C IIeHTPOM B Touke O KacaeTca cTOpoHbI BC 1 IpoAoI-
skeHu cTopoH AB u AC B Toukax K u L coorBeTcTBeHHO. Touka D jiexXuT
BHyTpu oTpe3ska AK, AD =a. Haligure mwiomazap Tpeyroabauka DOK.

1
Omesem: Ep(p —a)tg %.
Pewenue. Tlyctb M — TOuKa KacaHUA JaHHOW OKPY>KHOCTU CO CTOPO-
Hou BC. Torza

KB=BM, LC=CM,
2p = AB+BC+AC = AK + AL,

a tak kak AK = AL, To AK = p. IlosTomy

OK=Ath% =ptg%.

CiiegoBaTebHO,

1 1
Spok = 3DK-OK = 5p(p—a)tg 3.

11.25. B TpeyronpHUK BIKCAHA OKPYKHOCThb paguyca 4. OgHa U3 CTo-
POH TpeyroibHUKA pas/ie/ieHa TOYKOU KacaHus Ha 4acTH, paBHble 6 U 8.
HaiizuTe ABe fpyryie CTOPOHBI TPEYTOIbHUKA.

Omeem: 13 u 15.
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Pewenue. Ilycte K, M, N — TOYKM KacaHUs BIMCAHHON OKPYKHOCTHU
€O CTOpOHaMu cooTBeTCTBeHHO BC, AC u AB TpeyronsHuka ABC; BK =8,
KC=6. Torna CM =KC =6, BN =BK =8.

O6o3HaunM AM = AN = x. [IoCKOJIbKY ILIOLIaZIb TPEYTOJbHUKA PaB-
Ha MPOM3BEJEHUIO TIONMYIIEPUMETPA TPEYTOTbHUKA HA PAZNyC BITMCAHHOU
OKPY>KHOCTHU, TO

Saapc = (8+6+x)4 = (14+x)4.

C zApyroii cTopoHsl, 1o ¢popmysie [epoHa

Spapc = (14+x)-6-8-x.

Pemus yYpaBHEHUE

4(144+x) = 4/ (14+x)-6-8-x,

HaugéM, yto x = 7. ClejoBaTeIbHO,
AC=x+6=13, AB=x+8=15.

11.26. IIpsmoyrombHBIA TpeyrombHUK ABC pasgenéH BeicoToit CD,
TIPOBEIEHHOM K TUTIOTEHY3€, Ha ZiBa TpeyronbHuKa: BCD u ACD. Paguych
OKPY>KHOCTEM, BIIMCAaHHBIX B 3TU TPEYTOJbHUKU, PaBHBI 4 U 3 COOTBET-
cTBeHHO. HalifuTe pasinyc OKpy>XHOCTHU, BIMCAHHOU B TpeyroibHUK ABC.

Omeem: 5.

Peutenue. ITycTb r— UCKOMBIN pajuyc, 13 U Iy — PaAUyChl JAHHBIX
OKpy)kHOCTel. V3 mogobus TpeyroibHUKOB DBC 1 CBA HaXoZiuM, 4TO

h _ BC
r AB’
a u3 ozo6bus TpeyroabHUKoB DCA 1 CBA — uTO
n _ AC
r  AB’

BosBegém 00e 4acTH 5TUX PaBE€HCTB B KBaZpaT U CJIOXKUM ITOWIEHHO ITO0TY-
YE€HHBbIC paBEHCTBA. Torna

r2 :r12+r22 = 16—|—9 =25

CinegoBartebHO, I =5.
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11.27. K oKpy>XHOCTH, BIIMCAHHOU B TPEeyTrOJIbHUK CO CTOpoHamu 6, 10
U 12, mpoBejeHa KacaTeslbHas, IepeceKamomas JBe OOIbIINe CTOPOHBIL.
Haiifzute neprMeTp OTCEUEHHOTO TPEYTONbHUKA.

Omeem: 16.

Peuwterue. Ilycte K — TOYKa KacaHUA OKPY>KHOCTHU,
BIMCAHHOU B TpeyroabHUK ABC, co cropoHO#l AB
(AB=10, AC=12, BC=6).

0 17 Eciu p — nonmynepumeTp TpeyrojabHUKA, TO

AK =p-BC=14-6=38,
K a ayimHa oTpe3ka AK paBHA HOMyNEpUMETPY OTCEUEH-

] HOro TpeyroibHUKa. CiaefoBaTenbHO, HCKOMBIY IepH-
B 6 C  wmetp paBeH 16.

A

11.28. Okpy:XHOCTbB, BIIMCAaHHAsA B TPEYrOIbHUK, TOUKON KacaHUA Jie-
JIUT OZIHY M3 CTOPOH Ha OTpe3KU, paBHbIe 3 U 4, a IPOTUBOJEXKAITUN 5TON
cTopoHe yroi paBeH 120°. HaliuTe miomaib TpeyroabHUKA.

Omeem: 4+/3.

Pewenue. O603HAUNM Yepe3 X pacCTOSHUE OT BePIIUHEI yIia B 120° 1o
GKaiiied TOYKA KacaHUs U MPUMEHUM TeopeMy KOCUHYCOB. [Tomydunm
V657

5 -

ypaBHenue x2 + 7x — 4 =0, U3 KOTOPOTO HAXOJUM, YTO X =

4 ‘ 3

[TycTs p — moMynepuMeTp TPEYTONbHUKA, I'— PAZINyC BIMCAHHOU
OKPY>XHOCTH, S — Iutomazas. Toraa

p=3+at+ Y057 _YOLT \_yig60° = xy3 = WOEDVE
Cef0BaTenbHO,

S=pr= \/6_52+7 _ (@;7)\@ _ 4/,
11.29. Tlycts CD — MeguaHa TpeyronbHUka ABC. OKpYy>XKHOCTH, BIIM-
caHHble B TpeyronmbHUkU ACD u BCD, kacarorca oTpe3ka CD B TOUKax
M u N. Hatigzute MN, ecnmu AC —BC =2.
Omeem: 1.
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Pewerue. Tlockonbky AD =DB, a C
CM:AC+CD—AD’ CN:BC+CD—BD’
2 2
TO
N
MN = |CM —CN| = M
_ AC+CD—-AD BC+CD-BD _ 5 D )y
2 2
_lAC-BC| _ 2 _ 1
B 2 20

11.30. Ha ocHoBaHuM AB paBHOGepeHHOr0 TpeyroabHuKa ABC B3ATa
Touka D, nmpuuém BD — AD = 4. Haiijgute paccTossHHME MeXAy TOUYKaMHU,
B KOTOPBIX OKPY>XHOCTH, BIIMCaHHbIE B TpeyroabHUKU ACD u BCD, Kaca-
10TCa oTpeska CD.

Omeem: 2.

Pewenue. IlycTb OKPY>KHOCTH, BIIMCaHHBIE B TpeyroabHUKU ACD u
BCD, xacarotca orpeska CD B Toukax M u N coOoTBeTCTBEHHO. [TI0CKONIBKY
AC=BC,a
CM:AC—i—CD—AD’ CN:BC+CD—BD, n

2 2
TO

MN = |CM —CN| =

_ |AC+CD—AD _BC+CD—BD| _ "Ny

- . . -
_BD=AD| _4_, 5 D y
=T 2 Ta274

11.31. B yeTsIpéxyronbHuke MNPQ pacronoeHbl Be HellepeceKalo-
mrecsa OKPY>KHOCTU TaK, YTO OZHA U3 HUX KacaeTca cTopoH MN, NP, PQ,
a fipyrasg — ctopoH MN, MQ, PQ. Touku B u A yexaT COOTBETCTBEHHO Ha
croponax MN u PQ, mpuuéM oTpe3oK AB KacaeTcss 06erx OKPY»KHOCTER.
Haiizure amnHy cropoHsl MQ, ecnu NP =D 1 iepuMeTp 4eThIpEXyTONbHU-
kKa BAQM 6osblile TepUMeTpa YeTHIPEXYTONbHUKA ABNP Ha BETUYUHY 2D .

a
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Omeem: b+p.
Pewenue. YetsipéxyronbHuku ABMQ u ABNP omnucaHHbIE, I03TOMY

MQ+AB=1P,, AB+NP=1P,
rae P; u P, — epuMeTphl 3TUX Y€ THIPEXYTONbHUKOB, 3HAYNT,

1
MQ—-NP = §(P1_P2) =P
OTcroga HaxXoAXM, YTO
MQ=NP+p=>b+p.

11.32. Oxos10 OKpYKHOCTU pazuyca R onucas napauienorpamm. Ilio-
1a/ib YeThIPEXYTONbHUKA C BepIIMHAMM B TOYKAaX KacaHUA OKPY:KHOCTU

U IapajiiesiorpamMMma paBHa S. Haliaute cTopoHsI apasuiesiorpaMmma.
3

Omsem: %

Pewenue. B panubiii napamienorpamm ABCD BmmcaHa OKPY)KHOCTb,
moaToMy ABCD — pom6. ITycTh A — ero OCTpBIi yroi. YeThIpEXYTOMbHUK
C BEpIIMHAMM B TOYKaxX KacaHWA — IPAMOYI'OJbHUK C JAWaroHaJAMHU,
paBHbIMH 2R. O603HAYUM YTOJ MEXAY HUMU Yepe3 a. Toraa

B ¢ S=32R-2Rsina = 2R’sina,
R . S
o OTKyAa sina = oo
N £ IIycte K — mpoeKuys TOYKU B Ha CTOPO-
P Hy AD. Torza
llls AB = BK _ 2R _2_R_4_RB
A K D T sinZA T sina T ST S

2R2

11.33. B uetnipéxyronsHuke ABCD ctopoHa AB paBHa ctopoHe BC,
auaroHanb AC paBHa ctopoHe CD, a ZACB = ZACD. Paguycel OKpy»XHO-
cTel, BIUCAHHBIX B TpeyrombHUKU ACB u ACD, oTHOCATCS Kak 3 : 4. Haii-
JTe OTHOIIeHNe IUIoLaZiel STUX TPeyrolbHUKOB.

Omeem: 9:14.

Pewenue. O6o3nauum LACB = ZACD = a. Ipsambie AB u CD napai-
JIeJIbHBI, TaKk Kak /BAC = ZACB = ZACD, 3Hauut, ABCD — Tpamnenus.
BricoTh! TpeyronbHUKOB ABC 1 ACD, IpoBeZiléHHbIe U3 BEPIIVH COOTBET-
ctBeHHO C U A, paBHBI, II0O9TOMY OTHOILIEHUE ILIOLa/ieli TPeyroJbHUKOB
ABC u ACD paBHO OTHOIIEHUIO OCHOBaHUU AB u CD Tpanenumu.

LienTpsl O u Q OKpY>KHOCTe, BIMCaHHBIX B TpeyroabHuku ABC u ACD
COOTBETCTBEHHO, — TOYKU TlepeceveHuss OUCCEKTPUC ITUX TPEYTOIbHU-
kOB, moaTomy ZACO = ZACQ.
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ITycts OM u QK — pazuychl OKpY>KHOCTel, IPOBeIEHHbIE B TOYKU Ka-
caHUA OKpyXHocTel co cTopoHoi AC, N — cepeariHa ocHoBaHUA AD pas-
HObeZipeHHOTO TpeyronbHuKa ACD.

[IpsimoyronbHeie Tpeyrombuuku CKQ u CMO mogo6HEI 110 ABYM yIJIaMm,
K CK _4
OM = 30 3HAUMT, ~r = 3.
[Tonoxum CK = 4x, CM = 3x. Touka M — cepeanHa ocHoBaHUA AC
paBHOGEeZpEeHHOTO TpeyTronbHuKa ABC, moaTomy

CD = AC =2CM =6x, AK =AC-CK = 6x—4x = 2x,
AN = AK =2x, AD =4x.

npu4yéM koadduIreHT mozobus paBeH

I[To Teopeme KOCUHYCOB

_ AC*+CD?>-AD?* _ 36x*+36x*—16x* _ 7
COSa="5ac-cp 2-6x-6x -9

W3 npaMoyronbHOro TpeyroipHuKa BMC HaxoauM, 4To

CM _ 3x _ 27x

BCZcosa_T_ 7’
9
27x
3HauuT, AB=BC= - CiiegoBaTebHO,
27.
Spaac _ AB _ 52 9

AB _ 7
Saap CD  6x 14

11.34. Tlepumetp TpeyronbHuka ABC paBeH 8. B TpeyrojibHUK BIIU-
caHa OKPY)KHOCTb, M K Hell IIpoBeZieHa KacaTeslbHasd, IapajulelbHas CTo-
poHe AB. OTpe3ok 3ToN KacaTelbHOM, 3aK/II0U€HHBIN MeX/Jy CTOPOHAMU
AC u CB, paseH 1. HatizuTe cTopoHy AB.

Omeem: 2.

Pewerue. O603HAUYMM TOYKH IT€pECEYEHHUs KacaTeIbHOM CO CTOpPOHA-
v AC 1 CB 4epe3 M u N, a TOYKM KacaHUs 3TUX CTOPOH C BITMCAHHOU
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OKpY»XHOCTBbI0O —4epe3 P u Q. Torza noiaynepumeTp
TpeyronbHuKa CMN paBeH

CP =CQ =4- AB.

V3 mogobus TpeyronbaukoB CMN u CAB criexyer,

qTo
MN _ 4-AB 1 _4—-AB

AB T4 - MM AT g
(oTHOILIIEHWE TEPUMETPOB IMOAOOHBIX TPEYTOMbHU-
KOB PaBHO OTHOILIEHHNIO COOTBETCTBYIOLINX CTOPOH).
W3 5TOr0 ypaBHEeHUA HaX0AUM, 4yTO AB=2.

11.35. Pazmyc BOmcaHHOU B TpeyronbHUK ABC OKpPYXHOCTU paBeH
V3 —1. Yron BAC pasen 60°, a pagiyC OKPY>KHOCTH, Kacaroleics CTopo-
HHl BC 1 npogomxeHuii cropod AB u AC, paseH /3 + 1. Haiigure yrisi
ABC n ACB.

Omeem: 30°, 90°.

Pewenue. TIyctb O u O; — LIEHTPHI OKPY)KHOCTel pazuycoB v'3 — 1
1 V3 + 1 cooTBeTcTBeHHO, P 1 N — TOYKM KacaHWs1 OKPYXHOCTeH ¢ mps-
Mot AC, M — Touka mepecedeHus buccekTpuchl AO; ymia A co CTOpo-
Hou BC. Torza

00, = AO, — AO = 20,N — 20P = 4.

OmnyctuM neprieHAnKysAp OF Ha Ipojo/KeHue paguyca G0oIbIIei OKpyK-
HOCTH, NIPOBEIEHHOT'O B TOUKY KacaHusd ¢ npsaMmoil BC. Torza

O.F
OF =vV3-1+v3+1=23, cosavolo:ﬁ:%§ :‘?.
1

CiiegoBaTebHO,
/F0,0 =30°, /BMA =120°,
/ACB = /BMA — ZMAC = 120°—30° =90°, ZABC = 30°.
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11.36. B napannenorpamme ABCD ocTpsiii yron BAD paseH a. ITycTb
04, O,, O3, O4 — LIEHTPHI OKPYKHOCTEH, OIIMCAHHBIX OKOJIO TPEYI'OJIbHU-
koB DAB, DAC, DBC, ABC cooTBeTcTBeHHO. HalifnTe OTHOIIIEHUE IIIOIIA-
Au deTblpéxyronbHuka 00,050, K mwiomazau napamuienorpamma ABCD.

Omeem: ctg? a.

Peuwernue. PaccMOTpUM 4eTHIPEXYTONBHUK, BEPIIUHBI KOTOPOTO — TOY-
KU IlepeceyeHusa YeTHIPEX CepeAUHHBIX IePIeHAUKYIAPOB K CTOpOHAM
JAHHOTO TapasiesiorpaMma. OTO TaKKe MapalIeJIorpaMM, U ero Beplliu-
HBI — 3T0 Touku O,, O,, O3 u O,4. O603HauNM depe3 O OOIIUI [IEHTP ITUX
ITapajuieIorpaMMOB.

0,4

| -

l04

[IycTh OCTpBIM yron Mexzay AuaroHansiMu napaienrorpamma ABCD
paBeH . Torga ocTphlii yron MeXAy AuaroHaJsAMU Mapasjejorpamma
0,0,050,4 Taxxe paBeH ¢ (OCTpPBIE YIVIBL C COOTBETCTBEHHO MepIeH/NKY-
JIAPHBIMU CTOPOHaMU PaBHEI).

PaccmoTpyuM OKpPY>XHOCTB € LieHTpoM O;, ONMCaHHYK OKOJIO Tpe-
yroimbHUKa ABD. lleHTpanbHbiii yron BO;D BaBoe 6ojblile BIIUCAHHOTO
yria BAD, nostomy

/B0,0 = 1 /B0O,D = /BAD = a.

00
W3 npaMoyronpHOro TpeyronbHuka BO; O HaxoguM, 4To B_Ol =ctga. AHa-
00
JIOTUYHO HaXOJ¥M, YTO A—O2 =ctga. Clef0BaTENIbHO,

80,0,050, 50,0;-0,0,sin ¢ B
Sapcp %BD-ACsimp -
_OlO3 OZO4 Olo 00

1z 22 . — cto?
BD AC — BO A0 =ctga-ctga = ctg” a.
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11.37. Oxoino TpeyronbHuka ABC onucana okpykHocTb. Meauana AD
MIpOZIOJKEHA 10 TIepecevyeHUs C 3TOU OKPYKHOCTBIO B Touke E. I13BecTHO,
yto AB+ AD =DE, /BAD =60°, AE = 6. HaiifuTe 1oua/ib TpeyroabHU-
ka ABC.

9v3

Omsem: e

Pewenue. Ha npomomxeHuu orpeska EA 3a TOUKy A OTIOXKUM OTpe-
30k AB;, paBHbIll AB. Torza
B,D =B{A+AD = BA+AD = DE.
CrrefoBaTeNbHO, YE€THIPEXYTONbHUK B BEC — mapaJsuiesnorpaMm. Torzaa

/ABC = /B,EC = /BB;A=30°, /ADB = 90°,

nostoMy AE — iiaMeTp OKPY>KHOCTH,

LABE=90°, AC=AB=3AE=3.
CiiejoBaTebHO,

Saasc = 3AB-ACsin ZBAC = £ -3-3sin120° = 9%5.

11.38. B ueTbIpéxyronbHUK ABCD MOXXHO BIIUCATh Y BOKPYT HErO MOX-
HO OIIMCaTh OKPY>KHOCTb. /luaroHany 3TOro 4eThIPEXYroJbHUKA B3aMHO
IepHneHAuKyAApHbL. Hailizute ero miomazb, eciv pajuyc OMMCAHHOU
OKpYy>XHOCTU paBeH R u AB=2BC.

8
Omeaem: ERZ.
Pewenue. O6o3nauum BC = x, AB =2x, AD =y, CD = z. [10CKOJIbKY
B YETBIPEXYTOJIBHUK MOXXHO BIIMCATh OKPY>KHOCTb, TO CYMMBI €0 IpOTHU-

BOIIOJIOXKHBIX CTOPOH paBHBbI, a TaK KaK AWAaroHalnu ‘IETpréXYI‘OJII:HI/IKa
NEPNEHIUKY/IAPHBI, TO PaBHbI U CyMMbI KBaZpaTOB €I'0 IIPOTHUBOIIOJIOX-
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HBIX CTOpOH. Torza

xX+y=2x+g, X=y—32, X=y-—2z,
2 2 2, .2 S A 2 A
X4y =4x*+z I =Q-2+2)
XxX=y—2z, X=y—g, y=2x,
5 = =
3x* =x(y+2) Ix=y+z z2=X
(Tax xak x # 0). IlTostomy BC =DC u BA=DA, T.e. Touku A u C pas-
HOyZaJleHbl OT KOHIIOB oTpe3ka BD. 3Hauut, npsamas AC — cepeJHHBIN
NIepIIeHAUKYAAP K XopZAe BD omncaHHOU OKPY>XHOCTU YeTBIPEXYTOJIbHU-
ka ABCD. CneposarenbHo, AC — fuameTp

aTOM OKpyHOCTU, LZABC =/ADC =90°.
ITo Teopeme ITudaropa

3x2% = y2 — g2

BC?+AB?> = AC?, wm x>+4x®>=4R?,

oTKyza x% = %RZ. Cre0BaTeIbHO,

Sasco = 2Sansc = 2+ 3BC-AB = 2x> = $R%.
11.39. Paguyc OKpy>KHOCTH, OIIMCAHHOM OKOJIO OCTPOYT'OJIBHOTO Tpe-
yrompHUKa ABC, paBeH 1. VI3BeCTHO, YTO Ha 3TOU OKPYKHOCTH JIEXKUT
IIEHTp ZAPYyro¥ OKPY:KHOCTH, IIpoxojAlieli yepe3 BepIIUHEl A, C U TOUKY
IiepeceueHus BBICOT TpeyroabHuka ABC. Hatigute AC.
Omeem: /3.
Pewenue. Ecnmn H — To4YKa mepece4yeHusa BbI-
cotr TpeyrompHuKka ABC, To LAHC = 180° —
— /ABC. Torga

B
ZAOC = wAHC = 360°—-2/AHC = 2/ABC, %
A i . j[

rge O —IIeHTp BTOPOM OKPYXHOCTH, a TaK Kak
LAOC+ ZABC =180°, To 3ZABC =180°. Cnezo-
BaTenbHO, ZABC =60°. Torna

AC = 2Rsin ZABC = 2-1-? =+/3.

11.40. Ilog xak¥M yIVIOM BHHA W3 BEPIIMHBL IIPAMOLO yIVia IIPAMO-
YTOJIBHOI'O TPEYroIbHUKA MIPOEKIMs BIMCAHHOW OKPY>KHOCTH Ha T'MIIOTe-
Hy3y?

Omeem: 45°.
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Peuwtenue. ITepswlil cnocob. Ilyctb O — IEHTP OKPYKHOCTH pafuyca T,
BIIMICAaHHOU B MPAMOYTONbHBIN TpeyroabHUK ABC; P, Q u T — TOYKM Ka-
CaHMA 3TOU OKPY:KHOCTU COOTBETCTBEHHO ¢ kaTteTaMu AC, BC u rumore-
Hy304 AB; MN — IIpoeKIus OKPY>KHOCTH Ha TUIOTEHY3Y.

c

A M T N B

Iockonbky CPOQ — KBaZipaT co CTOPOHOIA 1, To OC =r+/2. AHanorud-
HO Haxoaum, 4To OM = ON = rv2. 3Hauut, Touku C, M u N jexaT Ha
OKPYKHOCTH ¢ IleHTpoM O U pajuycoM rv/2.

[MTockonbky MON — LieHTpabHBIN yTol 9TOM OKpyxHOCTH, a MCN —
BIIMCAHHBIM, TO

ZMCN = 5 ZMON = 5 -90° = 45°.

Bmopoti cnocob. Yepes Touku M 1 N TIpoBeiéM KacaTeabHbIE K OKPYK-
HOCTH, He coBnazamImue ¢ npsaMoi AB. ITycts X 1 Y — TOYKY UX KacaHUSA
C OKPY>XHOCTBIO, a F 1 G — TOUKHU UX IlepecedeHus ¢ karetamu AC u BC
COOTBETCTBEHHO. Torza

CF =CP+PF =r+PF =r+FX = MX+FX = MF.

3HauyuT, TpeyronbHUkK CFM paBHOOeApeHHBIN. AHanmorudyHo CG = NG,
T. . TpeyroabHUK CNG Takke paBHOOGEAPEHHBIH.
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[TpoBexém BricoTy CH TpeyronbHUKa ABC. Torga MF ||CH u NG ||CH,
ITO3TOMY

/HCM = ZCMF = Z/MCF, /HCN = ZCNG = ZNCG.

CiiegoBaTebHO,

/MCN = /HCM + Z/HCN = %LACB - % .90° = 45°,

3aZlayy Ha JOKa3aTeJbCTBO M BBIYHC/ICHHE

11.41.1. CropoHa BC TpeyronbHuka ABC paBHa 48. OKO/IO Tpeyrosb-
HMKa OIMCaHa OKPYKHOCTb pazuyca 25. VI3BecTHO, uTo pazuyc OA fenur
cropoHy BC Ha /jBa paBHBIX OTpe3Ka.

a) Jlokaxxure, 4To TpeyroabHUK ABC paBHOOEPEHHBIM.

6) HatizuTe ero 60KOBbIE CTOPOHHI.

Omeem: 30.

Pewenue. a) Ilyctb M — cepeauna A
xopzsl BC. ITockoneky BC =48, To BC —

He JiiaMeTp OKPY)KHOCTH. VI3BeCTHO, 4TO
pazuyc OKPY>XKHOCTH, IIPOXOAAIINN uepe3
cepeflHy XOpAbBl, He ABAOLelca aua- [
MeTpoM, IepIeHAUKY/IIpeH 3ToU Xopze, [
3HauuT, OM — BBICOTa PAaBHOGEPEHHOTO o
TpeyronbHuka BOC. Bricota AM Tpe-

yronbHUKa ABC siBNIsieTcs ero MeNnaHoM, 4
M03TOMY TpeyroibHUK ABC paBHOGen-
PEHHBIH. 18
6) VI3 mpsMOYTOJIBHOTO TPEYrOJTbHU- 26 M 24
C 1 1 B
ka OMB HaxoguM, 4To [ 7 \
< 25
OM = vOB?>—BM? = V252242 = 7. o

[Toatomy AM = OA — OM =25 —7=18. CiefoBaTenbHO,

AC = AB = VBM?2+ AM? = v/242 +182 = 30.

11.42.1. [la" TpeyroJbHUK CO CTOpOHaMU 25, 25 u 48.

a) JlokaXxyTe, 9TO OH TYIIOYTOJTbHBIM.

6) HaiiguTe paccTossHIE MEXIY LEHTPAMU €r0 BIIMCAHHOM UM ONKCAH-
HOI OKPY>KHOCTEH.

575
Omesem: 17 -
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A Pewenue. a) Ilyctb AB = AC = 25,
25 < BC = 48 —ctopoHnl TpeyronbHuka ABC.
3 77 N [To TeopemMe KOCHHYCOB
_ AB*+AC>—BC? _ 2542548  2.252—48
COSLBAC= =735 2¢c - 22525 — 2.2525 -0

CrnepmoBarenbHO, ZBAC >90°.

6) [lycts AH — BBICOTa paBHOOEApEeHHOTO TpeyroabHuKa ABC. Torga
H —cepeauna BC, a Tak Kak AH — 6ucceKkTpuca TpPEyroibHUKA, TO
1eHTp O, BOIMCAHHOU OKPY>KHOCTH JIEXXUT Ha oTpe3ke AH. [ToCKOIbKY Tpe-
yronbHUK ABC TYTIOYTOJNBHBIY C TYTIBIM YIJIOM IIPU BepluuHe A, neHTp O
€ro ONMCAaHHOU OKPY:KHOCTU U BepIINHA A jiexkaT 110 pasHble CTOPOHBI OT
npamoit BC, mpuuyéM Touka O JIEKUT Ha CepeJJUHHOM IepIeHANKYIsIpe
k cTopoHe BC, T.e. Ha npamoii AH. 3uaunTt, O0; =0A — 0, A.

o

13 1pAMOYTrobHOTI'0 TpeyroabHUuKa AHB HaxoAuM, 4TO

. AH 7
— 2 2 — 2 _ 2 — = _ 1
AH = VAB2—BH? = v252-242 =7, sin/ZABC = B = 75

[Tycts OA =R — paZiyc OMMCaHHOU OKPY)XHOCTH TpeyronbHuka ABC. I1o
TeopeMe CUHYCOB

AC 25 625
2sin/ABC — 2.2_75 14

OA=R=

[Iycth S — mnowagps TpeyronbHuka ABC, p — nonynepumerp, r=0,H —
pazuyc BIMCaHHOMN OKpy:xHOocTHU. Torza

Saapc = %BC-AH = %-48-7:24.7, p= 25+225+48 — 49,

ST 2 0 A=AH-OH=AH-r=7-2'=2,

Tp 49 T 7
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CiiegoBaTebHO,

00,=0A-0,A=2 2 -5
11.43.1. Tpanenusa ¢ OCHOBaHUAMHU 1 U 3 TakoBa, YTO B HEE MOXKHO
BIIMCATh OKPY>KHOCTb M OKOJIO HE€ MOKHO OIMUCATh OKPY>KHOCTb.
a) JlokaxuTe, YTO LIEHTP OIMCAHHOMN OKOJIO Tpaleluy OKPY:KHOCTHU
pacIioNoXeH BHYTPHU TpallelnHu.
6) HaiizuTe ruromazsp Kpyra, ONMCAaHHOT'O OKOJIO TPAIEIHH.

Omsem: 73—n

Peuwenue. a) Ilycte ABCD — Tpanenus ¢ ocHoBaHusasMu AD u BC. Ilo-
CKOJIBKY OKOJIO He€ MOYKHO OTIMCATh OKPY>KHOCTD, TpaTlelys paBHOOeIpeH-
HadA, AB=CD. TlockonbKy B He€ MOXXHO BIIUCATb OKPY>KHOCTb, CyMMBI €€

IIPOTUBOIIONIOXKHBIX CTOPOH PaBHBL, 103TOMy AB=CD = 12L3 =2.
[lycte CH — BhicoTa Tpamenuu. Torma DH = ADT_BC = 3—;1 =1,

AH =3 —1=2. O6o3naunm ZADC = a. B npsAMOyTOIbHOM TPEYTOIbHU-
ke CHD xateT DH paBeH HOJOBUHe TUNoTeHy3bl CD, 3HauuT, LADC =
=/HDC=60°, a CH=+/3.

L 607
A\ 2 H 1 /D

VI3 mpsAMOYTo/IbHOTO TpeyronbHuKa ACH HaxoguM, 4To

AC = VAH2+CH? = V443 = /7.

I[To Teopeme KOCHHYCOB

AC?+CD?>—AD? _ 7+4-9
2AC-CD T 2.47-2

3HauuT, ZACD < 90°. DTOT yrom Hambomblnii B TpeyrombHuke ACD,
TaKk KaK OH JIEKUT NPOTUB HauOomblleil cTtopoHbl AD. IloaTomy Tpe-
yrombHUK ACD oCTpOyTonbHBINA. LI€HTP OKPY:KHOCTH, OIMCAHHOU OKO-
JIO OCTPOYTOJIBHOI'O TpeyronbHuka ACD, JIeXXUT BHYTPU TPEYroOJNbHUKA,
cjlej0BaTeIbHO, LIEHTP TOM K€ OKPY)KHOCTH, OIIMCAHHOI OKOJIO Tparie-
uuu ABCD, neXXuT BHyTPU TPaIleLuU.

cos ZACD =

> 0,
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6) IlycThb pazuyc aTol OKpY)XHOCTHU paBeH R. [To TeopemMe CHHYCOB

R__ AC____AC__ V7 _ [7
© 2sinZADC T 2sin60° T 9. ¥3 V37
2
9 7
CrreoBaTeNbHO, TUIOIIAAb KPyTra paBHa mTR* = 3

11.44.1. B napannenorpamme ABCD c yriom A, paBHBIM 60°, IpoBeze-
Ha OucceKkTpuca ymia B, mepecekatomas ctopony CD B Touke M.

a) JlokaxxuTe, 9TO TpeyronbHUK BCM paBHOCTOPOHHUU.

6) B TpeyronmbHuk BCM BImcaHa OKpYXHOCTb paauyca +/7. Jlpyras
OKPY>XKHOCTb BIIMCaHa B Tpamneruio ABMD. Halifure paccTosgHue MeEXAY
LIeHTPaMU 3TUX OKPY>KHOCTE.

Omeem: 7.

Pewenue. a) JIya BM — 6uccekTpuca yria ABC, moaToMmy

/ZBMC = ZABM = ZMBC,

3HAYUT, TpeyroabHUK BMC paBHOGE/PEHHBIN, a TaK Kak ZBCM = /BAD =
=60°, To paBHOOEPEHHBIN TPeyTroabHUK BCM — paBHOCTOPOHHMUIA.
D M ) c
60°

60° 60°
A B A

6) [Iyctb O; u O, — IIEHTPHI OKPYKHOCTEH, BIICAHHBIX COOTBETCTBEH-
HO B TpeyroimbHUK BCM u B Tpanernuio ABMD, a paguyc epBOi OKPYX-
HocTu paseH r. Torma O1M =2r.

Tpeyronbuuk O MO, TpAMOYTONBbHBIN, TOCKOIbKY Z0, MO, =90° Kak
YTOJI MeXAY OUCCeKTprcaMu CMEXHBIX yIioB. TpeyronbHuk BO,M Take
MPSIMOYTObHBIH, Tak KaKk ZBO,M =90° KaK yroa Mexay 6UCcCeKTprucamMmu
BHYTPEHHUX OJHOCTOPOHHUX yI710B ABM u BMD 1nipu napa’siiebHbIX [IPs-
MbIX AB u CD u cexyteit BM.

[Iycte MH — BBICOTA paBHOCTOPOHHero TpeyronbHuka BCM. Torza
BHMO, — npAMOYTr'oOJbHUK, 3HAYUT,

O,M = BH = MH ctg60° = 3r- ? =r+3.
CiiegjoBaTebHO,

0,0, = y/O;M?+0,M? = V4r2+ 3r? =rd7=V7-V7=7.
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11.45.1. [lnunbl ctopoH AB, AD, BC y CD BBIIIYKJIOTO YeTBIPEXYTOJIb-
HUKa ABCD B ykazaHHOM TOpsifike 06pasyioT aprudpMeTUIECKYIO IIPOrpec-
CHIO.

a) Jlokaxkurte, 4YTO B 3TOT YETHIPEXYT'OJBHUK MOKHO BIIMCATh OKPYXK-
HOCTb.

6) HaiiguTe paguyc aTo# OKpyXHOCTH, eciu AB=6, AD =8, BC =10,
CD=12wu BD=BC.

Omeem: 4.

Pewenue. a) Ilyctb AB=a, AD=a+d, BC=a+2d, CD=a+ 3d. Torzaa
AB+CD=a+a+3d=2a+3d u AD+BC=a+d+a+2d=2a+3d. 31a-
uutT, AB+ CD = AD + BC. CyMMBI IIPOTHUBOIIONIOXKHBIX CTOPOH BBIITYKJIOI'O
4yeTbIpE€xyronbHuKa ABCD paBHEL, CJIeZI0BATEIBHO, B HErO MOXKHO BIINCATh
OKPY>KHOCTb.

B
a A 6 B
A T
. o)( /L
i S 8¢ 105+ |8 | X0
el H
D a+3d A D 6 H 6 C

6) V3 IyHKTa a) C/IeZIyeT, YTO B IAHHBIN YeTHIPEXYTOTHHUK MOYKHO BITH-
CaTb OKPYXHOCTb.

TpeyronbHUK ABD TIPSIMOYTOJIBHBIN C MIPSMBIM YTJIIOM IIPU BEPIIUHE A,
Tak kak AB%+ AD? =36+ 64 =100= BD?. Tpeyronbuuk BCD paBHOGes-
peHHBIH, ero BeicoTa BH ABIAETCA MeJUaHOMN, I03TOMY

DH = %CD:6:AB, BH = VBC2—CH?2 = +/100—-36 = 8 = AD.

[TpoTHBOMONOXKHBIE CTOPOHBI YeTHIpEXYTONIbHUKA ABHD mnonapHO paBHBI,
3HAUUT, 3TO [IapaUlesiorpaMM, a Tak Kak /BAD = 90°, 3TO IIpAMOYTO/b-
HUK. [Tockonbky AB || CD, maHHBIM 4eTBIpEXYTOTbHUK ABCD — mpsamo-
yronpHaa Tpanenus. /luaMeTp BOMCAHHOM B Heé€ OKPY>KHOCTU paBeH
MeHblIell 60KoBol cTtopoHe AD. CrleZoBarenbHO, PAJUYC ITOU OKPYXK-

HOCTH paBeH %AD =4.

11.46.1. B TpeyronpHuK ABC BImcaHa OKpPY»KHOCTb pazuyca R, kacato-
masaca ctopoHsl AC B Touke D, nmpuuém AD =R.

a) Jlokaxxure, 4TO TpeyroibHUK ABC NpAMOYTOJbHBIN.

6) BriricaHHast OKpPY)KHOCTb KacaeTcsi CTOpoH AB u BC B Toukax E u F.
Haiigure tiomazas TpeyrombHuka BEF, ecniu R=5 u CD =15.
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Omeem: 40.

Pewenue. a) ITlycTb O — LIeHTp BIIMCAHHOM OKPY)XHOCTH TpPEYTOJb-
HUKa ABC. LIeHTp OKPY>XHOCTH, BITUCAHHOU B YTOJI, JIE)XUT Ha €ro Oumc-
cexTpuce, 3HauuT, AO — buccekTpuca ymia BAC. TpeyrombHuk AOD
MIPSIMOYTONBHBIM M paBHOOeApeHHBIN, moaToMy ZOAD = 45°. CnemoBa-
TeabHO, ZBAC =90°.

C C
15
15F
F
R o
D1 0 D X
RY45> 5
.l n
A B A5 E X B

6) O6o3naumMm BF = x. I[lo TeopeMe O paBeHCTBEe OTPE3KOB Kaca-
TeJNbHBIX, MPOBEAEHHBIX K OKPYKHOCTU W3 OAHOW TOuku, AE = AD =5,
CF =CD =15 u BE = BF = x. Ilo teopeme Iudaropa BC? = AC? + AB?,
wm (15 +x)? =202+ (5+x)2. VI3 3Toro ypaBHeHHUs HaxoAuM, 9To x = 10.

Torga
- - _AC_20_+4
BC =25, sinZABC = Be =3k =%
CiezoBaTesbHO,
SaBEF = %BE-BFsinLABC = %.10.10.% — 40,

11.47.1. /laH BBIIYKJIBIM 4eTBIpEXYToabHUK ABCD co ctopoHamu AB =
=3, BC=CD =5, AD =8 u auaronainbio AC =7.

a) JlokaxuTe, 4YTO OKOJIO HET'O MOKHO OIUCATh OKPY>KHOCTb.

6) Hamigure guarosans BD.

Omeem: %
Pewerue. a) [1o TeopemMe KOCUHYCOB
_ AB*4+BC*-AC*> _9425-49 1
CosLABC="""upBc ~ 235 ~ 2
_ AD?’+DC?—-AC*  64+25-49 1
CosZADC ="3pbc ~ 285 2

3HauuT, ZABC =120° u ZADC = 60°. CymMa IIPOTHUBOIIONIOXKHBIX VIJTIOB
4eThIpEXyTOoNbHUKA paBHa 120° 4+ 60° =180°, ciefoBaTeIbHO, OKOJIO HEro
MOXXHO OIIMCATh OKPY>KHOCTb.
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6) O6o3naunM /BCD = a. Torza 1mo CBOWCTBY BIIMICAHHOTO YeTBHIPEX-
yronbHUKa /BAD =180° — a. [1o TeopeMe KOCUHYCOB

BD? =BC?+CD?—-2BC-CDcosa=25+25—2-5-5-cosa =50—50cosa,
BD? = AB?>+ AD?> —2AB-AD cos(180° — @) =
=9+64+2-3-8-cosa=73+48cosa.

N3 paBencTBa 50 — 50cosa =73 + 48 cosa HaxoAuM, 4TO COSQ = —3—2.

CiiegoBaTebHO,

— /50—-50cosa = 232 —2.11=2

BD 50—-50cosa 50+50 8= 7 98 +23 5 11 7

11.48.1. Ctopona AC tpeyronbHuka ABC 6osble cTopoHbsl AB. Briu-
CaHHasA B TPEYTONbHUK OKPY)KHOCTBb KacaeTcs CTOpPoHbl BC B Touke M,
a BHEBIIMCAaHHasA — B TOUKe N.

a) Jokaxure, uto MN = AC — AB.

6) HatiznTe paccTossHME MEXKIY LIEHTPaMU OKPYKHOCTEH, eC/Ii CyMMa
X pazuycos pasHa 24, a MN =10.

Omaesem: 26.

Pewenue. a) Ilycte BC=a, AC=b, AB=c, p= %b—i—c — IOJIyTIepU-

METp TPEeyTrOoJbHUKA, & BHEBIMCAHHAA OKPY>XHOCTb KacaeTCs IIPOZAOIDKe-
HUM cTopoH AB u AC B Toukax K u L cooTBeTcTBeHHO. Torzia

CN =CL, BN =BK, AL=AK,
2p = AC+CN +BN + AB = AC+CL+BK +AB = AL+ AK = 2AL,

MTO3TOMY

AL=AK=p=2F2%¢ oN—cL=AL-AC=p-b=

a+c—>b
5 .

2
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atc—b

— CJIe,Z[OBaTeJII:HO

AHaIOTUYHO 0KakeM, 4To BM =p —b=

MN:BC—CN—BM:a—CH-;_b —a+§_b -

=a—(a+c—b)=b—c=AC—AB.

e ﬁ :

B
g, 0 H

A

=

6) Ilycte O — LIEeHTp BIKMCAHHOM OKPY)KHOCTH TpeyrosbHuka ABC,
O, —1IeHTp BHEBIIMCAHHON OKPY>KHOCTH, Kacarolleiica cTopoHbl BC.
Paguycet OM u O;N 3THUX OKDPYXHOCTeH MapasjelbHbl, TAK KaK OHU
TIepIIeHAVKYJISIPHBI OHOW U TOU ke mpsimoit BC.

[Tycts H — ocHOBaHMe NIepIIeHANKY/IAPA, OIYIeHHOro 13 Touku O, Ha
npamyro OM. Torza MNO;H — npAMOYT'OJIbHUK, [I03TOMY

HO, =MN =10, HM = O;N, OH=OM+HM = OM+O;N = 24.
W3 npaMmoyronsHoro TpeyroiabHruka OHO, HaxXoAuM, 4TO

00, = /HO2 + OH? = v10%+ 242 = 26.

11.49.1. OKpy)XHOCTb, IOCTPOEHHAsI Ha MeAraHe BM paBHOOepeHHO-
ro TpeyronbHuka ABC Kak Ha JjuaMeTpe, iepecekaeT ocHoBaHue BC B Tou-
ke K.

a) Jlokaxkute, 4yTo 0Tpe3oK BK BTpoe bosbiie oTpeska CK.

6) IlycTh yKa3aHHas OKPY)XHOCTh TlepeceKkaeT cTOpoHy AB B Touke N.
Hatizute AB, eciu BK=18 u BN =17.

Omeem: 18.

Pewenue. a) Ilycte AH — BeIcOTa TpeyrombHuKa ABC. Touka K je-
KUT Ha OKPYKHOCTHU C AuameTpoMm BM, mostomy /BKM = 90°, 3HauwuT,
MK || AH, a Tak xak M — cepeguHa AC, To MK — cpegHAA TUHUA Tpe-
yronbHuKa AHC. Toraa K — cepepuna CH, ciejoBaTelbHO,

1 11 1
CK = ECH_ E-EBC— ZBC’ BK = 3CK.
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-
B\ 2 /-/5//(5[

6) IMomoxxum AB=AC =2x, Z/BAC = a. Torga AM =x, AN =2x —17.
W3 npamoyronbHoro TpeyroibHuka AMN HaxoauM, 4TO

cosq = AN _ 2x=17
=AM T x

a tak kak BC=BK + CK =18+ 6 =24, To 10 TeopeMe KOCHHYCOB

AB?+AC?—BC*  4x*>+4x*-24*> x*-72
2AB-AC  ~  2-2x-2x  x®

VI3 ypaBHEeHUA X272 _ 2x-17
yp 2  x

B mepsom ciydae AN =2x — 17 = —1, 4TO NPOTUBOPEYUT YCIOBUIO
(Touka N fmomxHa JexxaTh Ha oTpe3ke AB). BTopoe pelreHue yzoBieTBO-
pseT ycnosuto 3aza4uu. CiefoBaTenbHo, AB=2x=18.

cosa =

HaxoAuM, 4yTo x =8 i x =9.

11.50.1. [lnaronanu AC u BD BBIYKJIOr'0O 4eThIpEXyroabHuka ABCD
TIepIIeHANKYISAPHBL.

a) Jlokaxure, 9aro AB? +CD?=BC?+ AD?.

6) V3BeCTHO, YTO B ITOT YETHIPEXYTOJBHUK MOXKHO BIIMCATb OKPYK-
HocTb. HaizuTe eé paauyc, ecnmu BC=8, CD=12, Z/ZBAD =150°.

Omeem: 2,4.

Pewenue. a) IlycTh P — TouKa nepeceyeHUs Aua-
roHasnei yeTelpéxyronpbHuka ABCD. Ilo Teopeme I[Tu- g A‘

daropa M3 TNPAMOYTONBHBIX TPEYTONbHUKOB APB, " ?
BPC, CPD u APD HaxoauMm, 94TO
AB? = PA2 4+ PB?, BC? = PB?+PC?, A
CD? = PC?+PD?  AD? = PD? 4 PA2%.
CiiejoBaTebHO,
AB? +CD? = (PA% +PB?) + (PC?+PD?) =
= (PB%+PC?) + (PD?+ PA?) = BC*+ AD?.
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6) O6o3nauuM AB=x u AD =y. [IOCKOJIbKY YeTHIPEXYTOIHHUK OIIU-
caHHBIY, TO X + 12 =y 4+ 8, oTkyZa y — x = 4. /luaroHanau 4YeTBHIPEX-
YTO/IbHUKA TepIeHAUKYIAPHbI, Mo3ToMy X2 + 144 = y? + 64, 3Hauwr,

¥?—x?>=80, a Tak KaKk x —y =4, T0 x + y = 20. U3 cucremsr

y-x=4,
y+x=20

HaxoguM, 4To x =8, y =12.

TakuM 06pa3om, 4YeTHIPEXyToNbHUK ABCD pa3buBaeTcs AuaroHa-
JibI0 BD Ha ZiBa paBHBIX TpeyrojbHuKa. Torza

Sasco = 2Saasp = 2+ 3AB-ADsin150° = 8-12. 7 = 48.

B TO ke BpeMmA IUI0IIaAb OIIMCAaHHOI'O LIeTLIpéXy’l"OJH:'HI/IKa paBHaA IIpoU3Be-
AC€HUIO €r'o IoaynnepruMeTpa Ha paguyc r BIIMCAHHOM OKPY?KHOCTH, CJIEA0-
BaTeJIbHO,

SaBcp 48

"= AB+AD — 8+12 — >%

11.51.1. CTOpPOHHBI TPEYTroJIbHUKA OTHOCATCA Kak 2:3: 3.

a) JlokaxxuTe, YTO TOUYKU KacaHUs BIIMCAHHON 1 BHEBIIMCAHHOU OKPYX-
HOCTeH TpeyrolbHUKA AeAT ero OOJBIIYI0 CTOPOHY Ha TPH PaBHBIX OT-
peska.

6) HaiiuTe OTHOLIIEHHE PAINYCOB 3TUX OKPYKHOCTEM.

Omeem: 1:4.

Peutenue. a) ITyctb AB = AC = 3a, BC = 2a — CTOpOHBI TPEyTOJbHU-

Ka ABC, p= % (2a+ 3a + 3a) =4a — ero nonynepumeTp, M u N — TOUKU
KacaHUsA COOTBETCTBEHHO BIIMCAHHOU M BHEBIIMCAHHOMN OKPYKHOCTEU co
cTopoHoii AB, K — Touka KacaHUs BHEBIIMCAaHHON OKPY>XHOCTHU C IIPOZOT-
’)KeHueM cTopoHbl AC, H — Touyka KacaHWs BIHCAHHON OKPY)XHOCTHU CO
ctopoHo# BC. [ToCKONBbKY TPeyTONbHUK paBHOOeApeHHbIH, H — cepefiriHa
ocHoBaHusA BC.

Torgma

BM =BH =a, AN=AK=CK-AC=p-3a=4a-3a=a,
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3HAYMUT,
MN =AB—-BM —-AN =3a—a—a =a.

CnepgoBarenbHo, BM = MN = AN.

c a H a B L

6) Ilycts O 1 O; — LEHTPHI COOTBETCTBEHHO BIIMCAHHON U BHEBITH-
CaHHOU OKpy)XHOCTel TpeyronbHUKa ABC, r © R — ux paguycsl, L — To4-
Ka KacaH{A BHEBIIMCAHHON OKPY>KHOCTH € IPOJO/KeHreM ocHoBaHUA BC.
Torza

/AHL = /ZHLO, = 90°,

a Tak KaK IIeHTP OKPY>KHOCTHU, BIIMCAHHOHN B YTOJI, JIEKUT HA €ro OUCCEK-
Tpuce, To0 AO; u AH — GUCCEKTPUCH] CMEXHBIX yIVIOB, 3HaUUT, ZHAO,; =
=90°. Torga AHLO; — IpAMOYTONbHUK, I03TOMYy AH =O0;L=R.

ITo cBOMCTBY OUCCEKTPUCH TPEYTOMbHUKA

OH BH _a _1

OA ~ BA ~ 3a 3"
CiegoBaTebHO,
r OH OH 1
R~ AH OH+OA %

11.52.1. K oxpyXHOCTH, BIIMCaHHOM B kBazpaTr ABCD, mpoBesieHa Ka-
caresibHasd, Iepecekarwlnasa cTopoHsl AB u AD B Toukax M u N cooTBeT-
CTBEHHO.

a) JlokaxxuTe, 94TO ITepuMeTp TpeyroibHUKa AMN paBeH CTOPOHE KBa-
Jpara.

6) [psmas MN nepecekaeT npsmyto CD B Touke P. B kakoM OTHO-
LIeHUHU JIeJIUT CTOPOHY BC IpaMas, NMpoxozAlas yepe3 TOYKy P U LieHTp
OKpy>XHOCTH, ecii AM : MB=1:3?

Omeem: 1:3.
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Pewenue. a) IlycTb OKPy>XHOCTb, BIMCAaHHAA B KBaZpaT, KacaeTcs ero
cropoHsl AB B Touke M;, cTopoHbl AD — B Touke N, a npsamoii MN —
B Touke T. Torza

MM, = MT, NN = NT,
AM +MN + AN = AM + MT + NT + AN =
= (AM +MM,) + (NN, + AN) = 2 AB+ 3 AD = AB.

NP 2a D 2a K 2a (
o L]
o
Za
Ja
N1 Za 0
\ [+
N\ P H
Za N
T a
A [

A aM bM7 2a B

6) TTomoxkxum AB = 4a. Torza paguyc OKPYKHOCTH paBeH 2a, AM =
= 2AB=a.
ITycts O — neHTp OKpy:kHOCTU. Torza
MT = MM, = AM; —AM =2a—a =a.

TpeyronbHuk POM mnpaMOyronabHbIN, OcKoabky ZMOP = 90° kak yroma
MeXxAy OucceKTprcaMyu BHYTPEHHMX OJHOCTOPOHHMX YIJIOB TIPHU Tapa-
nenbHbIX TpsAMbIX AB, PC u cekymeit MP. Ilyctb K — Touka KacaHWA
OKpYKHOCTU cO cTopoHou CD, H — Touka mepeceyeHus npsamour PO co
cTopoHoit BC. O6o3uauum ZMOT = a. Torza

MT a 1
/0OPK = /ZOPM = /Z/MOT = a, tga= ﬁ = % =3
PK =OKctga =2a-2=4a, CP=PK+KC=4a+2a=6a,

3HAYUT,

CH=CPtga=6a-3=3a, BH=BC—CH=4a—3a=a.

CiiejoBaTeIbHO,
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ITogroToBUTE/IbHBIE 3aJaYH

12.1. Touka M BHYTpU OKPY>XHOCTH JIEJIUT XOP-
[Iy 9TOM OKPY>KHOCTU Ha OTPe3KH, paBHBIE a U b.
UYepes Touky M npoBezeHa xopza AB, fenamasncsa
TOuKOoW M momnosnaM. Hatizurte AB.

Omsem: 2vab.

Pewenue. O6o3nauum AM = BM = x. Ilo Teo-
peMe 06 OTpe3Kax MepeceKaroIuxcst Xopa x2 =ab,

oTKyZa x = vab. CrnemoBarenbHO, AB = 2x =
=2+vab.

12.2. /luaroHaau BOIMCAHHOTO YeThIpEXyroabHUKa ABCD mepeceKkaroT-

¢ B Touke K. MsBecTHO, yT0 AB=a, BK =b, AK =c, CD =d. Hatigute AC.
ac+bd
—

)‘g

Omeem:

Pewenue. V3 mogobus TpeyrombHUKOB ABK
u DCK (1o AByM yryiam) CJeZAyeT, YTO

AB _ BK
CD =~ CK*
[TosTomy
BK db
CK =CD- 2B a-
CiegoBaTebHO,

AC = AR +KC = c+ 2 = 2e+bd,

12.3. V3 TOYKH, PacIoNoKeHHOW BHe OKPYKHOCTH Ha PAaCCTOAHUU /7
OT LIeHTpa, IpoBeZieHa CceKyllas, BHyTPeHH:AA 4acTb KOTOPOU BABOE MeHb-
IIle BHEITHeW U paBHA paiuycy OKpY:KHOCTU. HaliziuTe pazuyc OKpy:KHO-
CTH.

Omeem: 1.

Pewenue. TlycThb cekyias, IpoBeJE€HHAA W3 TOYKU M, IepecekaeT
OKPYXKHOCTBb ¢ IleHTpoM O B Toukax B u C (B nexur mexzay C u M),
a mpsimast MO miepecekaeT OKPY>KHOCTb B TOUKax A U D (A JIeXKUT MEXAY
M u O). Torma MB-MC = MA - MD (o6a mpousBeZieH!sT paBHBI KBaZpaTy
KacaTeJbHOU, IPOBEAEHHON K OKPYKHOCTHU U3 TOUKU M).

O603HauYMM Yepe3 I paZuyc OKpy:KHOCTH. Torza

BC=r, BM=2r, MC=3r, MA=MO—-0A=+7-r,
MD = MO+0D = 7+,
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sHauut, 2r - 3r = (V7 —r)(v/7 +r). U3 3TOro ypaBHeHHs HAXOAWM, YTO
r=1.

12.4. Yepes Touky M mpoBezeHE! Be IpsAMble. OfHA U3 HUX KacaeTcs
HEKOTOPOU OKPY>XHOCTHU B TOUKe A, a BTOpasi lepeceKaeT 3Ty OKPYKHOCThb
B TouKkax B u C, npuuém BC =7 u BM =9. Hatizute AM.

Omeem: 12 umu 3v/2.

Pewenue. Tlycth Touka B 1exuT Mexay Toukamu M u C (CM. PUCYHOK
cnesa). [To Teopeme 0 KacaTeNbHOM U CEKyIIeN

AM? =MC-MB = (94+7)9 = 16-9 = 122,

CnepgoBartenbHo, AM =12.
A M A M
N
B
c B
Ecu Touka C nexuT Mexay ToukaMul B 1 M (cM. PUCYHOK CITpaBa), TO

aHaAJIOTMYHO MOTyYuM, uTo AM =3v/2.

12.5. V3 Touku A IIpOBeZeHBl ABa Jyya, I€peceKarollue JaHHYIO
OKPYKHOCTb: OZIUH — B Toykax B u C, apyroi—B Toukax D u E. U3-
BeCTHO, uTro AB=7, BC=7, AD =10. Hatigute DE.

1

Omeem: T
Pewenue. fcHo, 4TO TOYKa B pacmnonoxeHa Mexay ToukamMu A u C.
[Tpeamnonoxum, 9To TouKa D pacmosoxeHa Mexxay Toukamu A u E (cm. pu-
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CyHOK cjieBa). Torza o cjieZICTBUIO U3 TeOPEMBI O KacaTeJbHOU U ceKyllei
AB-AC =AD-AE, wm 14-7 =10(10+DE).

1
Orcroga HaxoauM, 4yTo DE = — 3, UTO HEBO3MOXHO. [ToaTomy Touka E pac-
nosioxkeHa Mexzay A u D (cMm. pucyHOK cripaBa). Torga

AB-AC =AD-AE, wm 14-7 =10(10-DE).

OTcioga HaxoauM, uto DE = %

12.6. Touka M yzmasneHa OT LieHTpa OKPY>XHOCTU pauyca R Ha paccTo-
sauue d. [Ipsamas, npoxogsamas dyepe3 TOUuKy M, mepecekaeT OKPY:KHOCTb
B Toukax A u B. Hatiaure nipousBegerue AM - BM.

Omseem: |R? —d?|.

Peuwierue. PaccmoTpuM cityyaii, korzia Touka M JIeXXUT BHYTPU OKPYX-
HocTU (CcM. pUCYyHOK cieBa). IlycTe O — IIeHTp OKpY)XKHOCTH, R — pajau-
yc, PQ — guamertp, npoxogauuit yepes Touky M (M mexzay O u P). Ilo
TeopeMe O IMPOU3BEAEHUAX OTPE3KOB MEPECEKAIOIIUXCS XOPA, AJIA JI0O0H
XOopzbl AB, IpoxozsIiel yepe3 TOUKy M,

AM -BM = PM-QM = (OP—OM)(0Q +0M) = (R—d)(R+d) = R>—d>.

- S
5 B

Ecnu ke Touka M JIeXXUT BHE OKPY>KHOCTH (CM. PUCYHOK cIipaBa), TO
aHaJIOTMYHO MOMyduM, uTo AM - BM =d? — R?.

12.7. B xBagpaT ABCD co CTOPOHOM a BIIMCaHa OKPYXXHOCTb, KOTOpasd
KacaeTtcsa cTopoHbl CD B Touke E. HalifuTe Xop/y, CO€ZIMHAIONIYIO TOYKH,
B KOTOPBIX OKPY’KHOCTbD IlepecekaeTcs ¢ mpsaMoi AE.
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2a
Omeem: —.
V5

Peuwtenue. Ilycte PE — uckoMas xopza, M — To4yka KacaHUA OKPYKHO-
ctu co ctopoHoi AD. Torma

4 8 T 4B
AE = VADZ+DE? = a2+ L = 22, AM =4
P \

[To Teopeme 0 KacaTelbHOMN U ceKylel

AM? = AE-AP, wm & =93 (2Y5 pp
; 47 2 | 2 :
D & F
2

X Nia

Nl

2
{ W3 aToro ypaBHEHUsI HAXOAUM, 4TO PE = 7%.
12.8. B npsimoyronbHOM TpeyronbHuKe ABC yron A npsaMoi, kateT AB
paBeH a, pajguyc BIIMCAaHHOM OKPY>XHOCTU paBeH r. BrucaHHas OKpyx-
HOCTb KacaeTcs kateta AC B Touke D. Halimre XopAy, COeIUHSIONIYIO

TOYKU TIEpeCeYeHUs OKPYKHOCTH ¢ TIpsiMo# BD.
2ar

Peutenue. ITyctb O — LIeHTp BIMCAHHOW OKPY)KHOCTH TPeyTrOJbHU-
ka ABC, E—otmmmyHadg oT D Toyka mepeceyeHHWs mpsaMou BD c aToit
OKPY>KHOCTBIO, F — TOYKa KacaHusA OKPYKHOCTH ¢ kaTeToM AB. O603Ha-
yuM DE =x.

YeTwipéxyrombHuK AFOD — KBazpaT cO CTOPOHOU r, moaToMy AF =
=0D=r u AD =OF =r. [lo Teopeme I[Tudaropa

L BD = VAB2+ AD? = Va2 +r2.

Omsem:

ITo TeopeMe O KacaTeJbHOU U CeKylleid
BD -BE =BF?, wm

Va2 +r2(Va2+r2—x) = (a—r)%

W3 >3TOro ypaBHEHUA HAXOAUM, 4YTO X =
2ar

r a-r =T
A F B /—r2+a2

12.9. Ha 60KOBOI CTOpOHE paBHOOEAPEHHOTO TPEYTOJbHUKA KaK Ha
AViaMeTpe IOCTPOeHa OKPY>KHOCTb, AeJIIIas BTOPYI0 OOKOBYIO CTOPOHY Ha
OTpe3KH, paBHble a u b. Haliiure ocHOBaHUe TpeyTroIbHUKA.

Omeem: v/ 2a(a+b) wim +/2b(a+b).

Pewenue. Ilepebiii cnocob. IIycTh OKPY>KHOCTB, MOCTPOEHHAsA KakK Ha
auaMeTpe Ha 60KOBOH cTopoHe AB paBHOGepeHHOro TpeyroabHuka ABC,
nmepecekaeT 60koByl0 cTopoHy AC B Touke K, mpuuém CK =a, AK =b.
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Torma ZAKB =90°. VI3 npAMOyToNbHOTO TpeyroabHuKa AKB 110 Teopeme
[Mudaropa HaxoAUM, YTO

BK = VAB2—AKZ? = y/(a+b)2—b2 = /a(2b+a),

a 13 IpAMOYTOJIBHOI'0O TpeyronbHuka BKC — 4To

BC = vBK2+CK? = \/a(2b—|—a)—|—a2 = \/Za(a+b).

Eciu CK =b, AK =a, To aHaJIoTU4YHO Toiny4yuM, uto BC =4/2b(a+b).
Bmopoti cnoco6. ITycTb OKPY>KHOCTb, IIOCTPOEHHAsA KaK Ha uaMeTpe Ha
6OKOBOM cTOpoHEe AB paBHOOGEpeHHOTO TpeyronbHuka ABC, epecekaeT
60oKoByI0 cTopoHy AC B TouKe K, a ocHoBaHue BC — B Touke M, Ipu4éM
CK =a, AK =b. Torna ZAMB=90°, T.e. AM — BBICOTa paBHOOEZIpPeHHOTO
TpeyroJbHUKA, NIPOBEeAEHHAA K OCHOBAHUIO. 3Ha-
uuT, M — cepeauHa BC. A
W3 Touku C K OKPY’KHOCTU IIPOBEZIEHEI /IBE Ce-
Kyliue, IO3TOMY

CM-CB=CK-CA, wm %CBZ —ala+b),

otkyzaa CB=4/2a(a+Db).

Ecmu CK =b, AK =a, To aHaJIOTUYHO TTOJTyIUM, B M C
yro BC=+/2b(a+Db).

12.10. B oxpyxHocTHU ¢ 1neHTpoM O IpoBezeHbl XopAsl AB u CD, ne-
pecekarommuecs B Touke M, npuuém AM =4, MB=1, CM = 2. Hatizure
yron OMC.

Omseem: 90°.

Pewenue. W3 pasenctBa AM - MB =
=CM -MD cnenyert, 4TO

AM -MB 4-1
Mb="cy =72 =2
T.e. M —cepeguHa xopzbl CD. IlockonbKy
JraMeTp, MPOXOJALUINY Yyepe3 cepeHy XOp-
[Ibl, He ABJAMINeNcsa AuaMeTpoM, MepIeHJUKYIIpeH 3TON XopJe, TO
ZOMC=90°.

TpeHupoBOYHBIE 3aja4U

12.11. B OKpy>XHOCTb BIIMCaH YeTHIPEXYToNbHUK ABCD, ipuyém AB aB-
JIAeTCA JUuaMeTpoM OKpyxkHocTu. [luaronamu AC u BD mnepecekaroTca
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B TouKe M. M3BecTHO, uTOo BC=3, CM = %, a mowmazab TpeyroibHuka ABC
BTpoOe Gosblile IUIOIAAu Tpeyronbarnka ACD. Hatizure AM.

.17
Omeem: 7

Pewtenue. Ilyctb DK — BeIicOTa TpeyrosbHUKa ADC. IIOCKONBKY BIIU-
canHbld yron ACB onwmpaetca Ha guameTp AB, To ZACB = 90°. IloaTo-
My DK napainensHo BC, a Tak Kak IUIomazab TpeyroibHuka ADC B Tpu
pasa MeHbllle IUIOIIaAu TpeyroabHuka ABC, To ero Beicota DK BTpoe
MeHblIe BbICOTBI BC TpeyronbHuka ABC. CiefoBaTenbHO, TPEYroyb-

HUK DKM mopo6eH TpeyronbHuKy BCM ¢ koabduiirieHTOM % Nmeem

BM = VBCZ 4 CM? = %1_7, DM = 1BM =

ITockonexy AM -MC =DM -MB, TO

fa
N

_DM-MB _ 17
AM==ye =%
D
c
K

12.12. Yepes BepmuHel B 1 C TpeyronbHuUka ABC npoBeZieHa OKPYX-
HOCTb, KOTOpaa IepecekaeT CTOpoHy AB B Touke K, a cropony AC —
B Touke E. Haiigute AE, 3Has, uro AK =KB=a, /BCK=a, ZCBE=.

.2 .2 .
- y/ sin sin“a—sinf ).
2sina ( p+8 B )

Pewenue. O6o3HaunM Yepe3 R pasuyc AaHHOMN OKPYKHOCTU. TPeyronb-
a
2sina
TaKXXe BIIMCAH B 3Ty OKPY>KHOCTb, [IO3TOMY

Omsem:

HUK BCK BnucaH B OKPY>KHOCTb, [I03TOMY R = . Tpeyronbuuk BCE

CE = 2Rsin g = L50F
sina
a Tak Kak AC-AE=AB-AK, TO
(AE—I— a?‘nﬁ) AE = 2a2,
sina
Wi
asinf3 - AE

AE? + 2a% =0.

sina
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OTcioga HaX0ANM, YTO

AE

(\/sin2ﬁ+851n2a—sinﬁ) .

12.13. Oxpy>XHOCTb, IOCTPOEHHAasA Ha cTopoHe AC TpeyroimpHUKa ABC
KakK Ha JuaMeTpe, IPOXOJUT dYepe3 cepefiuHy CTOPOHBI BC U mepecekaeT

~ 2sina

B TouKe D mpofo/KkeHHe CTOPOHBI AB 3a TOYKy A, npuuém AD = %AB.
Haiigute miomazap TpeyronbHuka ABC, eciu AC =1.

V5

Omeem: 5

Pewerue. Ilycte M — cepeguna BC. luamerp AC BuJeH U3 Touku M
[IOZ, NPAMBIM YyIJIOM, 3Ha4uT, AM — BBICOTA UM MeAWaHa TPEYTrOJIbHU-
Ka ABC, TO3TOMY 3TOT TPEyroJbHUK paBHOOeApeHHBIN, AB = AC = 1.
Torma
5

2 2 2
AD—gAB—g, BD—1+§—§,

a Tak xax BC-BM =BA-BD, To 2BM?= %, BM = \/g [TosTomy

AM = VABT—BMZ = 1/1-2 = L

6 /6
Cire0BaTENbHO,
SaaBc = %BC'AM =BM-AM = \/g% = %ﬁ
D

12.14. Kaxxzgaa u3 60KOBBIX CTOPOH AB u BC paBHOOEIPEHHOTO Tpe-
yronbHUKa ABC paszenieHa Ha TPU paBHbIE YaCTH, U 9€Pe3 YeThIPe TOUKHU
JIeJIeHWA Ha 3TUX CTOPOHAaX NpoBeZleHa OKPY>KHOCTb, BhICEKAOIasA Ha OcC-
HoBaHuM AC xopzy DE. HalizuTe oTHOIIeHUe IIolaieil TpeyroibHUKOB
ABC u BDE, ecntu AB=BC=3u AC=4.

Omeem: V2.
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Pewenrue. TTockonbKy TpeyronbHUK ABC paBHOOeApeHHBIH, TO AD =
=EC. O6o3Hauum DE = x. Torza

4—x 4+x
CE = — CD = —
V3 touku C K yka3saHHON OKDYXHOCTH IIPOBeZieHHl ABe cekylue. IIpo-
u3Be/leHde Bcell cekylllell Ha e€ BHEIIHIONO
B 4acTb AJIA JAHHOM TOYKU U JAHHOU OKPY>XKHO-
CTH IIOCTOAHHO, II03TOMY
16 —x?

CE-CD=2, wm = =2

OTcrofla HaXOAUM, YTO X = 24/2. CiiemoBaresnb-

A Dwf -
Sansc AC 4 V2
= — = = 2_
DE 22

S ABDE

12.15. OKpY»KHOCTb, AHaMeTp KOTopoii paBeH 10, IPOXOAUT uepes
coceHUe BepIINHHE A U B nnpamoyronbHuka ABCD. /lnvHa KacaTeabHOH,
IIpoBeAIEHHOU U3 Touku C K OKPY>KHOCTH, paBHa 3, AB = 1. HaliguTe cTo-
pony BC.

Omeem: % (V/5+1).

Pewenue. 3ametuM, 4To BepiirHa C pacliosoKeHa BHE OKPY>KHOCTH.
[Tycts CK — ykasaHHas kacaTenbHasa (K — Touka kacaHus). Eciau okpyx-
HOCTb He MMeeT OOIIUX TOYEeK C JAaHHBIM HMPSIMOYTOJTbHUKOM, KPOME TO-
4yeKk A U B, TO, IPOJO/KUB OTPe30K CB [0 NepeceyeHnsa ¢ OKPY>KHOCTBIO
B TOYKe P, MOSydYuM NIpSMOYTONBHBIN TpeyronbHUK ABP, rumnoreHys3a AP
KOTOPOTr'0 — ZiuaMeTp OKPY>KHOCTHU. [ToaTomy

BP = VAP2—-AB%2 = y/10—-1 = 3.
ITo Teopeme o0 kacaTeJIbHOU U CeKylleil
BC(BC+BP) =CK?, wm BC(BC+3)=09.

OTcioga HaXoAXM, YTO

BC = %(@—1).
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Eciu xe OKPY?KHOCTB II€peCeKaeT IIPAMOYT'OJIbHUK elié B TOYKax, OT-
JIMYHBIX OT A U B, T0 COOTBETCTBYIOIIEE YPaBHEHUE UMEET BU/

BC(BC—-3) =09.
Ero xopenp —
BC = 3(V/5+1).
K
&4
B P A
[ ]
1 0 )
A D

12.16. OKpy»XKHOCTb IIPOXOJUT Yepe3 coceZHUe BepuuHbl M u N mps-
MoyronbHUKa MNPQ. [lnvuHa KacaTelbHOMW, MPOBEAEHHOUW M3 TOYKUA Q
K OKpY)XHOCTH, paBHa 1, PQ = 2. HaiiauTe miomagp NpsAMOYTOJIbHU-
ka MNPQ, ec/ii ;aMeTp OKPY»HOCTH paBeH /5.

Omeem: V5+1.

Pewerue. ITycte npamasn MQ BTOPUYHO IlepeceKaeT OKPY>KHOCTb B TOU-
ke K. Torma ZNMK =90°, moatomy NK — iuameTp okpyxHocTd, NK = /5.
[To Teopeme ITudaropa

MK = V/NK2—-MN2=,5-4=1.

[TycTs mpsAMas, IpoBeJEHHAA Yepe3 BepUIMHy Q, KacaeTca OKpPY»KHO-
ct B Touke A. ITo Teopeme o KacaTelbHOM U cekymeil QM - QK = QA2.
0O6o03Hauum QM = x.

N P N P
ﬁ) 2 V4 @\\
1 M x u 1 K x-1
K 1 a M 1 a
A A
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Ecnmu Touka K JIEXKUT Ha MPOAOIKEHUU CTOPOHBI QM (CM. PUCYHOK

cneBa), To x(x+1) =1, otkyza x = . CiemoBaTeNbHO,

2

Ecmu ke Touka K nexxut Ha oTpe3ke QM (CM. pPHCYHOK CIpaBa), TO

V5+1
2

x(x—1)=1, oTkyza x = . CiemoBaTeNbHO,

Sunpg = QM -PQ = ﬁz“ 2=V5+1.

12.17. Touku A, B, C, D — niocieoBaTeIbHbIE BEPIIUHEI IIPAMOYTOJIb-
HuKa. OKPYy>KHOCTb IIPOXOAUT Yepe3 BepPIINHBI A U B U KacaeTca CTOpo-
HbI CD. Yepes BepumnHy D npoBezieHa IIpsAMasi, KOTopas KacaeTcs TOH ke
OKPY>KHOCTHU B TOuYKe E, a 3aTeM IepecekaeT NPOAO/LKEHUEe CTOPOHE AB
B Touke K. Haiizute mmomazp Tpaneruu BCDK, eciu U3BeCTHO, YTO

AB=10uKE:KA=3:2.

LsmMs D Omeem: 210.

o Pewenue. ITycts M — cepenuina CD. Torza
DE =DM = 5. Tlono:xxum AK = 2x, KE = 3x.
ITo Teopeme 0 kacaTeJbHOU U CeKyllei

(€3
*

KE?> =BK-AK, wm 9x? = (10+2x)2x.

U3 aToro ypaBHeHUA HaXoAUM, 4To X =4. [To-
STOMY

B 10 A 2x K

AK =8, BK=18, KE=12, KD=KE+ED=12+5=17.

[To Teopeme ITudaropa u3 TpeyronpbHuka KAD HaxXoAUM, YTO

AD = vVKD?2 — AK2 = V172 - 82 = /225 = 15.

CiiegjoBaTebHO,

Spepk = %(BK'FCD) -AD = %(18+10)-15 =210.

12.18. HaiiguTe pagnyc OKpYKHOCTH, KOTOpasi BhICEKAeT Ha 06enx CTo-
POHax yIJia, paBHOTO a, XOPAbI, PaBHBIE d, €CJIX U3BECTHO, YTO PACCTOAHUE
MeXAy OMKaNIIMMU KOHIIaMU 3TUX XOPZ, PaBHO b.

/@*+b*>+2absin§

a
2cos 5

Omeem:
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Pewenue. Ilyctb M — BepuivHa JaH-
Horo yrmna, AB u CD — faHHBIE XOPZBI,
AC=b, AB=CD =a, R— paguyc OKpyx-
HOCTH.

ITockoneky MA - MB = MD - MC u
AB = CD, to MA = MC. Tlostomy Tpe-
yronbHUK AMC paBHOGenpenHnsbiii. Cie-
JIOBaTeJbHO,

/BAC = 180° — ZMAC = 90° + %
[To Teopeme KOCHHYCOB
BC? = AB?>+ AC?—2AB- AC cos (90" + %) = a%®+b%+2absin %,

272 G
BC Ja*+b +2absm2

R= 25in(90°+§) - 2.cos 5

12.19. Cropona kBazpaTa ABCD paBHa 1 u ABJIAETCA XOPAOH HEKOTO-
pO¥i OKPY»KHOCTH, IPUYEM OCTaIbHBIE CTOPOHBI KBaipaTa JiekaT BHE 3TOM
okpyxHocTu. KacaTtesbHasa CK, npoBes€HHadA 13 BeplIMHBI C K 3TOH XKe
OKPY’KHOCTH, paBHa 2. HalifuTe AuamMeTp OKPY:KHOCTH.

Omeem: V10.

Pewerue. ITycts AD — x0pZia OKPY>KHOCTH, Jiyd CD 1iepeceKaeT OKpyX-
HOCTB B TOuKe M, omiumaHoi ot D. Torna CM - CD = CK?. OTcroza HaxoouM,
yTto DM =3.

K

c D M
[ ]
/)
[Tockonbky ZADM =90°, To AM — fuameTp oKpy:kHOCTH. CieZioBa-
TeJIbHO,

AM? = AD>+DM?=1+9=10, AM = +/10.

12.20. B npamoyronbHOM TpeyroibHuke ABC ¢ kareramu AB =3
u BC =4 4epes cepeanHbl CTOPOH AB 1 AC IpoBeZileHa OKPY»KHOCTD, Kaca-
foufasca kateta BC. Haligure anuHy oTpe3ka runoreHy3sl AC, KOTOPBIM
JIEXKUT BHYTPU STOU OKPY:KHOCTH.

11
Omeem: 10
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Pewenue. ITycte M 1 N — cepegunbl AC 1 AB cOOTBETCTBEHHO, K —
Touka kacaHud. Torza MN — cpefHada nUHUA TpeyronbHuka ABC; nua-
METp OKPY:KHOCTH, NMPOXOJALIMN Yepe3 TOUKy Kaca-

£ nuda K, nepnengukynaped BC, a sHauut, u MN. Ilo-
3TOMY
MN = 2BC =2,
2
Y 1
CK =CB—-KB = CB—EMN =4-1=3.
T N\NT
K ol [Tycts T — BTOpas TOYKA IEPECeYeHUs OKPYKHOCTHU
T c rurnoreHysoii AC. Torga
ul
T CT-CM =CK2, wm (3+MT)3=9.
11

OTcioga HaxoauM, uTo MT = 10

12.21. B tpeyronbHuke ABC cropoHa BC paBHa 4, a MeauaHa, IIpo-
BeZi€HHAA K 9TOH CTOpOHe, paBHA 3. HaiizuTe anuHy 06IIEN XOPABI ABYX
OKPY>KHOCTeM, KaxkZiad M3 KOTOPBIX IIPOXOJUT depe3 TOYKy A U KacaeT-

ca BC, mpuuéM opHa Kacaetca BC B Touke B, a BTropasg — B Touke C.

Omeem: é.

Pewernue. Tlycte D — BTOpasA TOYKa IlepecedyeHUA YKa3aHHBIX OKPYX-
HocTel, a mpsimast AD niepecekaet BC B Touke M. Torzia mmo Teopeme o Ka-
caTesbHOU U CeKyIeln

MB? = MA-MD = MC?,
nosroMy MB=MC, 1.e. AM — mezauaHa tpeyroabHuka ABC, AM =3. U3
YpaBHEHUA
MA(MA—-AD) = MB?, wm 3(3—AD) =4,

HaxoauMm, 94To AD = %

12.22. OKpy>XHOCTB, ITpOXOAALaA yepe3 BeplInHkl B, C u D napainie-
sorpamma ABCD, xacaetcs npsaMoii AD u nepecekaeT npamMyto AB B Tou-
kax B u E. Haiizute anuHy otpeska AE, eciu AD =4 u CE =5.

Omeem: 1?6
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Peuterue. IlycTb TOYka E JEXUT MEXAY
Toukamu A u B. Tpanenua BCDE BnucaHa D /_\[
B OKPY)KHOCTb, IT03TOMY OHa paBHOOepeHHas. ‘
3Hauut, BD = CE = 5. Xopza BC mnapanneinb-
Ha KacaTeJIbHOM AD, MO3TOMY TpPeyroJbHUK
BDC paBHOGeApeHHbIN (TTpsiMasi, MPOXOAAIIas
yepe3 TOYKy D IepHneHAUKYIAPHO KacaTesb-
HOU AD, poXoAuT depes I[eHTP OKPY>KHOCTH,
NIepleHAUKYIApHa Xopze BC U fenuT e€ mnormo-
nam). CnepoBaTtenbHO, AB=CD =BD =CE =5, 1 1o TeopeMe 0 KacaTejb-
HOM u cexymeii AD?=AB-AE, otkyaa AE = % = 1?6

Ecny Touka He JIeXUT MeXJy ToukaMu A U B, TO 3azada He UMeeT

peleHuii (B 3TOM ciydae, paccyx/asf aHaJOTUYHO IIepBOMY CJIydalo, II0-

~
™
@

1
Jyqum, 4to AE = ?6 <5, 9TO HEBO3MOXKHO).

12.23. 13 Touku A, HaxoAALelcA Ha PaCCTOAHUU S5 OT IleHTpa OKPYK-
HOCTHU pazuyca 3, npoBezeHsl ABe cekymue AKC u ALB, yron Mexay KOTo-
peimu paBeH 30° (K, C, L, B— TOYKU TiepecedeHus CEKYIINX C OKPY>KHO-
cThi0). Hatigure miomazap TpeyronbHuka AKL, eciu Iiomasb TPEyroib-
HukKa ABC pasHa 10.

.8
Omsem: <

Peutenue. ITpoBeséM 13 TOUKN A KacaTeNbHYIO K JAHHON OKPY>KHOCTH.
ITycte M — Touka Kacanus, O — [eHTP OKPY>KHOCTH.

M3 mnpAMOYroIbHOrO TpeyTroJbHUKA
OMA HaxoguM, 4TO

AM? = AO?>—-0OM? =25—-9 = 16.
Torgma
AK -AC = AL-AB = AM? = 16.

[ToaTomy

Saak, = 3AK-ALsin30° = JAK-AL =1 5228 =

64 16 16 1616 _8

" AC-AB~ 1AC-AB~ 1AC-ABsin30°  Samc 10 5

12.24. Ha npamoii pacronoxeHsl Touku A, B, C u D, cienyomue gpyT
3a IpyroM B yKa3saHHOM Iopszake. M3BecTHO, 4To BC =3, AB=2CD. Yepes
To4kUd A 1 C IIpoBeZileHa HEKOTOpasi OKPYKHOCTb, a yepe3 TOUku B u D —
napyras. Fix o61as xopzia mepecekaeT oTpe3ok BC B Touke K. Hatizute BK.
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Omsem: 2.
Pewenue. ITycts CD =a, AB=2a. O6o3naunm BK = x. Torza
KC=3-x, KD=DC+KC=a+3—x, AK =AB+BK =2a+x.

[lycts MN — ob1mast xopZia yKasaHHBIX Okpy)kHocTell. Torma AK - KC =
=MK -NK =BK - KD, moatomy AK - KC =BK -KD, vnu (2a+x)(3—x) =
=x(a+ 3 —x). V3 aToro ypaBHeHHUs HaXOAUM, YTO X = 2.

12.25. B paBHOGeapeHHOM TpeyronbHuke ABC (AB = AC) TpoBeieHbI
6uccektpuckl AD, BE, CF. Haiizute BC, eciu u3BecTHO, uTo AC =1, a Bep-
myHa A JIeXKUT Ha OKPY>KHOCTH, IIPOXOZAIIel yepe3 Touku D, E u F.

V171

Omeem: —

Pewenue. Tlyctb BC = x. [Io CBOMCTBY OGUCCEKTPUCH TPEYTOIbHUKA
CE _BC x 1 X
AE=AB— 1 . Otcioga HaxoauM, uTo CE=x-AE=x"- P e B

A
F £
B D c

Iockonbky CD?=CE - AC, To

(5)2 _ o x
2) T 1+x°
M3 sToro ypaBHeHI/IH HaXoauM, 4TO
Vi7-1
X =
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12.26. OxpyxHOCTB KacaeTcsa cTopoH AB u AD npamoyronbHuka ABCD
U npoxoauT depes BepunHy C. CtopoHy DC OHa nepecekaeT B TOYke N.
Haiigure wiomazap Tpaneuuu ABND, ecnui AB=9 u AD =8.

Omeem: 40.

Pewenue. O6osHaunm DN = x. IlycThb
P u Q—TOuKKM KacaHUA OKPYKHOCTU CO
CTOpPOHaMU COOTBETCTBeHHO AD u AB paH-
HOr'O IMPAMOYTOJIbHUKA, a IePIeHAUKY/IAD
K CTOpPOHe AB, IPOBEAEHHBIN Yepe3 TOUKY Q,
nepecekaer cropoHy DC B Touke F. Torpa
IIEHTP OKPY>KHOCTU JIEXKUT Ha mpaAMoi QF,
a TaKk KaK JuaMeTp, NepIeHUKYIIpHbIN
Xopze, AenuT e€ momonam, To F—cepeguHa 4
xopzsl CN.

ITo TeopeMe 0 KacaTeabHOH U cekymeit PD? =DC - DN = 9x, m03ToMy
PD =3./x. Toraa

DxN

By
~

>
a B

AQ = AP =AD—-PD =8-3//x,
QB=AB—-AQ =9-(8-3y/x) =1+3//x,
NC = 2CF = 2QB = 2+64/x.
ITockonbky NC +ND =9, TO
246y/x+x=9, wm x+6y/x—7=0.

OTcioza HaxoauM, 4To X = 1. CiefoBaTeIbHO,
Samvp = 223 AD = 10-4 = 40,
12.27. Ha ogHO¥ U3 CTOPOH yryia, paBHOTO a (a < 90°), ¢ BepIIMHON
B Touke O B3ATH Touku A u B, npuuém OA =a, OB =b. Haligute paau-
yC OKPY>KHOCTH, IIPOXOZsAlIel yepe3 Touku A U B U Kacaroleiicsa fpyroi
CTOpOHHI yTIa.

a+b—2vabcosa

2sina
Pewenue. ITycTs D — TOYKaA KacaHUA OKPY>KHOCTHU C JPyroii CTOPOHOM

yrna, H —mpoeknua Touku D Ha mpd-
Myto AB, R— nckoMblil pazguyc. Ilo Teo-
peMe O KacaTeJbHOW W CEKyIlel Haxo-
auM, 9yto OD = Vab. Torza no Teopeme
KOCUHYCOB

Omsem:

AD? = ab+a?*—2avabcosa =
=a(a+b—2vabcosa).
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Tpeyronbuuku ODB u OAD niofo6HsI (110 ZBYM yriiaM) ¢ KoapdUuiirieHTom

OB_ b _ b
OD = Vab ~ va

W3 nipaMoyrosbHOro TpeyrojibHuka DHB HaxoAuM, 4TO

k =

DH _ OD-sina vabsina  asina

sin/DBH = =" DB = % a0 ==
va
CiiegoBaTebHO,
.V)) __AD _ _AD?> _ a(a+b—2vabcosa) _a+b—2vabcosa
" 2sin/DBH — ZGAS'# " 2asina 2asina 2sina :

12.28. Ha karete AC mnpaAMOYyrojbHOro tpeyroiabHuka ABC Kak Ha
JuaMeTpe IIOCTPOeHa OKPY>KHOCThb. OHa nepeceKkaeT ruioTeHy3y AB B Tou-
ke E. Ha cropone BC B3daTa Touka G Tak, 4TO OTpe30oK AG mepeceka-
€T OKPYXXHOCTb B Touke F, mpuuém orpe3ku EF u AC mnapaseibHbl,
BG=2CG u AC =2+/3. Haiigute GF.

Omeem: 1.

Pewenue. Iycts CG =t, ZCAG = a. Torma BC = 3t, a Ttak kak CE —
BBICOTA IIPAMOYT'OJIBHOI'O TpeyroibHuka ABC, IpoBeiéHHAA U3 BEPIIVUHEI
npsamoro yria, To ZABC = ZACE. TlockonbKy Tpanenus AEFC BnucaHa
B OKPY’KHOCTb, TO OHa paBHObGepeHHas, moatomy ZACE = ZCAG = a. 3Ha-
yut, ZABC = ZCAG = a. Crie1oBaTeNbHO, TIPSIMOYTOIbHBIE TPEYTONbHUKHU
ABC u GAC 1ofioGHBI TI0 IByM yIJIaM.

c t G 2t B
CG _ AC 9 5
W3 paBeHcTBA —— AC = pC CVIeAyer, uTo AC*=CG-BC, nnu 12=3t*, ot-
Kyza t=2.
W3 npaMoyronabHOro tpeyronbHuka ACG HaxoAuM, 4TO
ga=CSG -2 _ L
AC 2v3  VF

noatomy a=30°. Torga AG =2CG =4.
[To Teopeme o kacarenbHOU U cekyuleil GF - AG = CG?, wnu 4GF = 4.
CnepoBarenbHo, GF =1.
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12.29. B napasienorpaMmme ABCD yron BCD pasen 150°, a cropo-
Ha AD pasHa 8. HaiizuTte paanyc OKpy»KHOCTH, Kacarolielica npamoii CD
U IIpOXOZAlleli yepe3 BepIIMHY A, a Takke IlepeceKarolleld cTopoHy AD
Ha pacCTOAHUU 2 OT TOYKU D.

Omegem: 2(5+2v/3).

Pewenue. TTycte R — vicKOMBIN pazmyc, K — TOYKa KacaHUs yKa3aH-
HOI OKPY>KHOCTH ¢ IpaAMo# CD, M — Touka niepeceueHus 3TOH OKPYKHO-
ctu co ctopoHoit AD (DM =2). Torga

DK = VDM -DA = v2-8 =4.

Ecnu Touka K nexurt Ha jgydye DC, TO

MK? = DM?+DK?—2DM - DK cos30° =

S

=4+16-2-2-4- %2 =20-8v3 = 4(5-2v3).
/3 Teopembl 06 yIiie MeKIy KacaTeJbHON U XOpAoH caeayeT, uto /MAK =
=/DKM. Torga

. . DM sin 30° 1
sin /MAK = sin /DKM = MK = WK

(TeopeMa CHHYCOB), ITIO3TOMY

MK

_ I e NPV
R=ogn/max = 2MK™ =26 2v3).
B c
30° K
<
A 6 M2D

Ecnu Touka K y1eXXKUT Ha IPOAO/DKeHUHU cTOpoHbl DC 3a Touky D (cM. pu-
CYHOK Ha cjefiyIolllell cTpaHulle), TO

MK? = DM?+ DK? —2DM -DK -cos 150° = 4(5+ 2+/3),

. . DM sin150° 1
sin /MAK = sin /DKM = — MK~ MK

CiegoBaTebHO,

MK

_ MK 1.0
R = 5 7aR = 3MK* =2(5+2v3).
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Jo°
M D

12.30. OxpyKXHOCTb U IIpAMasd KacaroTca B Touke M. 13 Touek A u B
3TOU OKPYKHOCTH OITyIeHbI IIePIIeHANKY/IAPHI Ha MPSAMYIO, paBHbIEe a U b
cooTBeTCcTBeHHO. HaiinTe paccTosHue ot Touku M 10 mpsimoit AB.

Omeem: v ab.

Pewenue. ITycTh yka3aHHadA KacaTeslbHad U IpsAMad AB mepecekarTcs
B To4Ke K 110z yIJIOM a, a X — UCKOMOe paccrogHue. Torza

sing = 2 — X _ @
®=BK = MK ~ AK"

HCPEMHO}KI/IB TIOYWIEHHO paBEHCTBA

TIOJTy9rM

M K

Ecnu npsimas AB napajuiesibHa KacaTeJlbHOM, TO BCé O4eBUHO.

12.31. Oxpy>XHOCTb, BIIMCaHHasA B TpeyroabHUK ABC, JenuT mejua-
Hy BM Ha Tpu paBHble yactu. HaiizuTe otHOmeHme BC : CA: AB.

Omeem: 5:10:13.

Pewenue. ITycts K, L 1 N — TOYKY KacaHWSA BIIMICAHHOU OKPY>XHOCTU
co cropoHamu AC, BC u AB cooTBeTCTBeHHO; F U Q — TOYKU Iiepece-
YyeHUs OKPY>XHOCTU ¢ MeAuaHou BM (F nexut Mmexzay B u Q). Ilpearmo-
JIOXKUM, 4TO To4Ka K pacrmonoxeHa Mexay Toukamu M u C. O603HaYUM
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A a M xZ K C

BC=a, BF=FQ=QM =x. Torga
BL? = BQ-BF = 2x2.

[TosTtomy BL=x V2, BN =BL=x+/2. AHaJIOTU49HO HaXoAuM, uT0 KM =x+/2,
a Ttak Kak CL=CK, To

MC=BC=a, AC=2a, AB=AN-+NB=a+xv2+xv2=a+2x+2.
Bripasum meguany BM depes cTOPOHEBI TpeyronbHUKa ABC:
4BM? = 2-BC%?+2-AB%> - AC?, wm
36x% = 2a +2(a+2xv2)? — 4a?.

5xv/2
I/IS O9TOI'O ypaBHeHI/IH HaXoauM, 4TO a = T TOI'Z[a
BC—a=3V2 (p_gq- V2
4 2
AB = a+2xv2 = 13);&'

CnepgoBartenbHo, BC:CA: AB=5:10:13.

12.32. /IBe OKpPY>KHOCTU pasnycoB R u r nepecekaroTca B TOukax A u B
U KacaroTca npsaMoi B Toukax C 1 D cooTBeTCTBeHHO; N — TOUKa Ilepece-
yeHus npAMbIXx AB u CD (B mexzay A u N). Haiigure:

1) paguyc OKpy>KHOCTH, OIIKCAaHHOM OKOJIO TpeyronbHuKa ACD;

2) oTHOIIIeHUE BBICOT TPeyroabHUKOB NAC 1 NAD, omylieHHBIX U3 BEP-

Omeem: VTR, %

Pewenue. O6o3nauum ZACN =a, ZADN = f3. Torza 1mo TeopemMe CHUHY-

COB
AC _ AD 2Rsina _ 2rsinf

AC = 2Rsina, AD =2rsinf3, snf — sina snf — sina -

OTcrofa HaxoAuM, 4TO sina —1/1
A AM, sin~ VR’
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7

Ecmu R; — pazuyc OKPY>XHOCTH, OIIMCAaHHOM OKOJIO TpeyrolbHUKa
ACD, To

T 2sinf ~ 2sinf " sinf

R, AC _ 2Rsina sina JTR.

[To TeopeMe 0 KacaTeJbHOM U CEKYIEN
CN? = NA-NB, DN? = NA-NB.

[Tostomy CN =DN. Eciut h, 11 h, — BBICOTEI, O KOTOPBEIX TOBOPUTCA B YCJIO-

BUU 3a/Ia4U, TO
hy _ CN:sina _ sina _ /T
h, = DN-sinff = sin =~ VR’

12.33. PaBHOGeApeHHas Tparmenus ¢ ocHoBauusamMu AD u BC (AD > BC)
oIrcaHa OKOJIO OKPY)KHOCTH, KOTopas KacaeTcs cTopoHbl CD B Touke M.
OTpe3ok AM mepecekaeT OKpY:KHOCTb B Touke N. HalifuTe oTHolIeHUe
AD k BC, eciu AN : NM =k.

Omeem: 8k — 1.

Pewenue. O603"HauuM AD =a, BC =b,
MN = x. Ilycte Q 1 F — TOUKM KacaHud
OKPY>XKHOCTHU ¢ ocHoBaHuAMU BC u AD co-
OTBETCTBEHHO. Torza mo TeopeMe o Kaca-
TEeJbHOU U CEKYyIIel

b b
B2Q@7C b P

D a?

7 7 AF* =AM AN, wm % =k(k+Dx>

[Mpogomxum AM gao mepeceuenus c¢ npamoi BC B Touke P. VI3 paBeH-
crBa DM =FD = % u nogobus TpeyronbHukoB CPM u DAM ciefyet, 4To
CP AD

oM = DIl =2. IToaTomy CP =2CM =2CQ =b.
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[To TeopeMe O KacaTelbHOM U CeKylei

2
PQ? =PN-PM, wm % = (bx(li;l) +x) . bx(li;l)

(Taxk xak PM = g -AM). PazzenuB OWIEHHO 3TO PaBEHCTBO Ha loKa3aHHoe
pagee, noxy4um, 9to 9bk =b(k + 1) + a. Orcroza HaX0AUM, YTO % =8k—1.

12.34. B Tpaneuuu ABCD c ocHoBanusaMmu AD u BC yron A paBeH 45°,
yron D paBeH 60°. Ha amaroHasisax Tpamnenyu Kak Ha AruaMeTpax MOCTPO-
€HBI OKPY>KHOCTH, Iepecekaromueca B Toukax M u N. Xopza MN nepece-
KaeT ocHoBaHue AD B Touke E. Haiiute oTHomeHue AE : ED.

Omeem: /3.

Peuterue. IlycTb OKPYKHOCTB € guaMeTpoM BD mepecekaeT OCHOBa-
Hue AD tpanenuu ABCD B Touke QQ, a OKPY>XHOCTb ¢ guamerpom AC —
B Touke P. Torna CP u BQ — BBICOTHI TpAIlELIUN.

M
B C
h
h
45 - -/ 60
A a E P D
N

O6o3naunm CP =BQ =h. Torga DP = %, AQ =h. Ilo TeopeMe 0 TIpoO-
M3BEe/IEHUSX OTPE3KOB ITE€PECEKAIOIINXCA X0/,

DE-EQ = NE-EM = AE-EP, wmm (% +PE) EQ = (h+EQ)PE.
EQ
Orcroza HaxoauM, uyTo PE = —. CinezsoBaTesbHO,

V3

o FQ
DE _DP+PE _ At H 1

AE ~ AQ+QE ~ h+QE _ 3°

3azayu Ha A0Ka3aTe/IbCTBO M BhIUHCIEHHE

12.35.1. Touka M — cepefnHa r'UNIOTeHY3bl AB IIPAMOYI'OJBHOIO Tpe-
yronbHUKa ABC. Ha orpeske CM Kak Ha AuaMeTpe IIOCTPOEHA OKPYX-
HOCTb.
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a) JlokaxxuTe, 4YTO OHA IIPOXOJUT Yepe3 cepelHbl KaTeTOB.

6) AP 1 BQ — KacaTe/bHbIe K 3TOM OKPYXHOCTH (P ¥ Q — TOYKU Ka-
caHus). Hatizure otHommeHue AP : BQ, ecnu tg ZABC =2.

Omeem: 2:1.

A Pewenue. a) IlycTb OKPYKHOCTBb C AuameTpoMm CM
nepecekaeT kareTel AC u BC IpAMOYIOJbHOI'O Tpe-
yronbHUKa ABC B Toukax K 1 L COOTBETCTBEHHO. Tou-
ka K JIeXUT Ha OKPYy:KHOCTU ¢ guameTrpoM CM, 1io-
K M atoMy ZCKM =90°. [Ipamele KM u BC napaJeibHsl,
s TaK KaK OHU IepHeHAUKY/IAPHBI OJHOU U TOU e IpA-
Mot AC. 3HauuT, KM — cpefHAsA IUHUA TPEYTOTbHUKA
ABC. CnepoBatensHo, K — cepeaya AC. AHaJIOTUYHO
L — cepenuina BC.

.
C ! B 6) O6o3nauum CL=BL=a. Toraa
BC =2a, AC=BCtg/ABC =2a-2 =4a,
A AK = CK = 2a.
[To Teopeme 0 KacaTeNbHOMN U ceKylel
Za
p y BQ? =BL-BC =a-2a = 24d°,
] AP? = AK-AC = 2a-4a = 8a?,
P a
2a TIO3TOMY
| AP: 8,
C a I a B BQ2 2a2 ’
AP
CiegoBaTebHO, BQ = 2.

12.36.1. B npssmoyronpHOM TpeyronbHuKe ABC ¢ runioTeHy30u AB 1po-
BeZieHbl MeguaHbel AM u BN. Okosno 4yeTwlpéxyrosbHuka ABMN MOXHO
OIINCATh OKPY>KHOCTb.

a) Jlokaskute, 4TO TPEYroabHUK ABC paBHOOEPEHHBIMN.

6) Hatizure paguyc OKpy»KHOCTH, OTIMCAHHOMN OKOJIO YeThIPEXYTONbHU-

ka ABMN, ecmi AB=4+/5.

C Omeem: 5.
Peuwtenue. a) Otpe3ok MN — cpeansas
N M JUHUA TpeyroibHuUka ABC, n03TOMY

MN || AB. Tlockonbky ABMN — Tparmenus,
BITMCAHHAs B OKPY)KHOCTh, OHa PaBHOOE/-
peHHad. 3Hauut, AN =BM. CnepoBateib-
/A B\ Ho, AC=2AN = 2BM = BC.
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6) T'unoreHysa AB paBHOOEAPEHHOTO IPSMOYTOIBHOT'O TPEYrONbHU-

ka paBHa 4+/5, 3HAYUT, €ro KaTeThl PaBHBI 4/5 =2+v10. IToaTtomy NC =

V2
1

= EBC =+ 10. U3 npamoyronpHOro TpeyroasHruka BCN HaxofuM, 4TO

BN = VCN2+BC? = V10 +40 = 5v2.

[Tyctb R — pasuyc OKPY:KHOCTH, OIMCaH-
HOI OKO0JIO YeThIpéxyronpHuKa ABMN. 1o
TeopeMe CUHYCOB

BN 5v2

= 2sin/BAN — Zsinds — >

12.37.1. Otpe3ok CD — buccekrpuca TpeyronbHuka ABC. OKpyX-
HOCTb, IpoxozAmas dyepe3 Touku C u D, KacaeTca CTOPOHBI AB u ne-
pecekaeT ctopoHbl AC 1 BC B Toukax M 1 N COOTBETCTBEHHO.

a) Jlokaxxure, uto MN || AB.

6) Hatigutre MN, ecoiu AD=2,BD=4u AM=1.

Omeem: 4,5.

Pewenue. a) IlpumeHasa Teopemy
06 yIe MeXay KacaTeIbHOU U XOpAOU
U TeopeMy O BIIMCAaHHBIX yIVIaX, IIOJY-

YUM, YTO
/ADM = /DCM = /DCN = ZDMN. p N
CnepoBarenbHo, MN || AB.
A D B

6) ITo TeopeMe 0 KacaTeJbHOU U ce-
kymeii AM - AC = AD?, ortkyza AC =
2
=40 — 3 — 4 Torga MC=AC - AM =
=4 — 1= 3. Tlockonbky MN || AB, Tpe-
yronbHUK CMN momo6eH TpeyroabHU-
Ky CAB, mpuuém Ko3bbUIneHT mogoous

dBE€H C_M = § CiiejoBaTeIbHO
PaBEH o = 7. MIeA ’

_3ag=3. _2
MN =Z2AB=3-(2+4) = 3.

12.38.1. V13 Touku A npoOBeZeHbI CeKyllasa U KacaTeJbHasd K OKPY>KHO-
ctu paguyca R. Ilycte B — Touka Kacanud, a D u C — TOYKM [lepeceyeHns
ceKyllel ¢ OKPY>KHOCTBIO, IPpU4EM Touka D yexxut Mexay A u C. l3Bect-
HO, 4T0 BD — 6uccekTpuca tpeyroibHuka ABC u eé anuHa paBHa R.

a) Jlokaxxkure, 9TO TpeyronbHUK ABC TIPAMOYTOTBHBIN.
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6) HaiiguTe paccTosiHUE OT TOYKU A Z0 IIeHTPa OKPY>KHOCTH.

RV7

Omeem: —

Pewenue. a) ITycts O — neHTp okpy>kHOCTH. [Tockonbky BD = R, 11eH-
TpaJibHBIN yron BOD paBeH 60°, moatomy ZBCD = 30°. 3 TeopeMbl 00
yIzie MeXxy KacaTeJlbHOUW U XopJoul ciexyet, uro ZABD = /BCD = 30°,
3Hauut, LZABC =2/ABD =60°. CinegoBatenbHo, ZBAC =90°.

6) V13 mpsAIMOYTOIbHOTO TPEYTOAbHUKA BAD HaX0IUM, UTO

AB = BD c0s30° = %g.

CiegoBaTebHO,
2
0A= VAR 0B = /2K 1 g2 = BY7,

12.39.1. Okono TpeyronpHUKa ABC onucaHa OKpPY>XHOCTb. KacaTesb-
Hafd K OKPY>XHOCTH, IIPOXOAAIIAA Yepe3 TOUKy B, repecekaeT npaMyo AC
B Touyke M.

a) Jlokakxurte, 4TO TpeyronbHUKU AMB u BMC 1of00HBL.

6) Hatigute otHomenue AM : MC, eciu usBecTHO, 4yTo AB:BC=3:2.

Omeem: 9:4.

Pewenue. a) [TycTb Touka C JTEXKUT MEXKIY
A u M. VI3 TeopeMbl 06 yriie MeXAy Kaca-
TeJIbHOU M XOPZ0 cileflyeT, 4To

/CBM = ZCAB = /MAB.

CneposarenbHO, TpeyronbHUKU AMB u BMC
MOZ0OGHEI IO ABYM ymiaMm (yron mpu Bep-
murHe M ob61mui).

6) Koadouiment nozobus TpeyrombHUkoB AMB u BMC paBeH OT-

HOIIIEHUIO COOTBETCTBYIOIIUX CTOPOH, T.€. % = % 3Hauut, AM = %BM
_3 3 3pmc=2 AM _ 9
uBM= 2MC. [Toatomy AM = 5 2MC— 4MC. Cef0BaTenbHoO, WC =3
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12.40.1. OKpy>XHOCTb, IIPOXOAAIIAA yepe3 BeplIuHbl A, B u C mpsAMo-
yronpHOM Tpamneuuu ABCD c NpsAMBIMHU yIJIaMU IIpU BepuiMHax A U B,
nepecekaeT oTpe3kud AD 1 CD cOOTBETCTBEHHO B TOYkax M U N, IpU4€éM
AM:AD=CN:CD=1:3.

a) JokaxxuTte, uto CD = AD.

6) HaliguTe miomazp Tpamneluu, eciiu paguyc OKPy>KHOCTU paBeH 3.

Omeem: 124/5. B C

Pewenue. a) V3 Touku D mpoBeeHbI
K OKpyxHoctu cexkymue DMA u DNC. 3Ha- N

aut, DM - AD =DN - CD, a Tax kak DM = 2 AD
u DN= % CD, To %AD2 = %CDZ. CJiefoBaTe Nb-

6) OKpY)XHOCTb OIKMCAHA OKOJIO TPSMO-

YrolbHOTO TpeyronbHuka ABC, mnosToMy 8 . L
AC — eé nmametp. 3Ha4ymuT, AC =06. 3 & N
Touka M y1eXXUT Ha OKPY>KHOCTHU C lUaMeT-
poMm AC, 3HauuT, CM 1L AD, T.e. CM — BBICO- <
Ta Tpaleluu. 3
O6osnaunm AM = x. Torma DM = 2x, o
CD = AD = 3x. Tlo Teopeme ITudaropa A XM 2x D

CM? = AC?> - AM? =36 —x2, CM? = CD? —DM? = 9x? —4x? = 5x2.
U3 ypaBHenus 36 — x? = 5x? naxoaum, uto x = v6. Torza

CM =+V36—x2=+36—6=1+30, AM =6, AD =36.

CiiegoBaTebHO,
Sascp = 3 (AD+BC)-CM = 5 (AD+AM)-CM = 3 (3V6+v6) V30 = 12V5.

12.41.1. OcHoBaHUe U 60KOBasi CTOPOHA PaBHOOEAPEHHOTO TPEYTOb-
HUKa paBHBI 26 U 38 COOTBETCTBEHHO.

a) JlokaxxuTe, 4TO CpeZiHAA IMHUA TPEYTOIbHIKA, TapaJjiesbHas OCHO-
BaHUIO, IlepeceKaeT OKPY>KHOCTh, BIINCAHHYIO B TPEYTOJIbHUK.

6) HailizuTe AJUHY OTpe3Ka 3TOM CpeJHEN JUHUHU, 3aKII0YEHHOTO
BHYTPHU OKDPY>KHOCTH.

Omeem: 5.

Peutenue. a) IlycTb O — IEHTP OKPYKHOCTHU, BIIMICAHHOM B TPEyroyib-
HUK ABC co cropoHamu AB = AC =38, BC =26, AH — BbICOTa TPEYyToJb-
HUKa, Touku M u N — cepesuHbl cTOPOH AB 1 AC COOTBETCTBEHHO, K —
Touka nepeceyenusa AH u MN, p —nonynepumMmerp TpeyroibHuKa ABC.
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[MockonbKy MN — cpefHssa TUHUS PaBHOOGEIPEHHOTO TPEYTOIbHUKA, TOY-
ka K — obmras cepeanna MN u AH.
W3 ipaAMOyrosbHOro TpeyronbHuka ABH Haxogum, 4To

AH = VAB>—BHZ = v/382— 132 = 5+/51,

3HaumT, KH = %AH = %ﬁ

19 19 [lycTs r— paZuyc BIWCAHHOW OKPY>XHOCTU
TpeyronbHuka ABC. Torza

M N 1
K - Samsc _ ;BC-AH  13.5/51 65451
- p ~ AB+BH =~ 38413 = 51
19 *0 19 o —
a AWaMETp BIIMCAHHOW OKPYXHOCTU PAaBE€H 2r =
130v'51
=57 - ITockonbky
B 13 H 13
130v51 5v51 130 _ 5
51 > < 01 >5 & 260 > 255,

avaMeTp OKpy:kHocTu 6osbiie KH. CiefoBaTeNbHO, BIMCAHHAS OKPYK-
HOCTb IIepeceKaeT Cpe/HIOw JUHUI0 MN TpeyrojibHUKA.

6) IlycTh BIMcaHHast OKPY>KHOCTh KacaeTcss CTOpoH AB 1 AC B TOUKax
D u E cOOTBETCTBEHHO, a cpeAHAA IMHUA MN 1nepeceKaeT 3Ty OKPY»KHOCTb
B Toukax P u Q (P mexxay M u Q). Torza (cm. [2],
c. 109)

AD =p—BC =51-26=25,
MD = AD - AM =25-19 =6.

Ilo TeopeMe O KacaTeJbHOM M cekymeil MD? =
=MP -MQ, a TaK KaK

MP =NQ = %(MN—PQ) = %(13—PQ),

MQ = MP+PQ = 2(MN +PQ) = (13+PQ),

T0 36 = %(13 — PQ)(13 + PQ). OTCioza HAXOIKM,
yTo PQ =5.

12.42.1. ITycte CQ — 6uccekTpuca Tpeyronbuuka ABC. KacarenpHas
K OIMCAHHOW OKPYKHOCTU TpeyroibHUKa ABC, mpoxozdAuias yepes TOU-
Ky C, nmepecekaeT nIpsaMyr AB B Touke D.

a) Jlokaxxure, 4To TpeyroambHUK CDQ paBHOGEPEHHBI.

6) Hatigute CD, ecii BQ=a u AQ=Db (a>Db).



3aZlayy Ha JI0Ka3aTeJbCTBO U BBHIYHCIEHUE 313

Omeem: %.
Pewenue. a) [IpeAmnonoKuM, 4To ToYKa A nexxut mexay B u D. O6o-
3HauuM ZABC = f3, ZACB =Y. VI3 TeopeMbl 006 yIjie MeXIy KacaTelbHOU

U Xopzo# cienyer, uto ZACD = ZABC = f3, a Tak kak CQ — 6ucceKkTpuca

yria ACB, To ZACQ = % [Tosatomy ZDCQ=f3 + % AHAJIOTUYHO AJIA CIIy-
4Jas, KorJa To4ukKa B jiexXuT Mexay A u D.
Yron DQC — BHewmHu# yron TpeyroibHuka BCQ, mostomy ZDQC =

=B+ % 3Hauut, /DCQ = /ZDQC. CneznoBarenbHO, TpeyroabHUK CDQ
paBHOOEIPEHHBII.

6) O6o3Haunm CD = x. TpeyronbHuUK ADC 1ozo0€eH TPeyTrOoMbHUKY
CDB 110 AiByM yTyiaM, Ipu4éM K03bOUITUEHT og00UsT paBeH % = % = g
(buccekTpuca TPeyrolbHUKA JEUT €ro CTOPOHY Ha OTPE3KH, IIPOIIOPIH-

b bx

OHAJIbHBIE [IBYM /IDYTUM CTOPOHaM). 3Ha4uT, AD = r CD= o

Torma x=CD=DQ=AQ+AD=b+ %x‘ Ortcioma HaxoauM, uTto CD =

ab
a-b’

=X=

12.43.1. Xopasl AD, BE u CF OKpPY>XHOCTHU JeJAT APYT pyra Ha Tpu
paBHBIE YaCTH.
a) Jloka)kuTe, YTO 9TU XOPAbl PABHEL
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6) Haiigure twromags mectTuyronbHuka ABCDEF, ecniu Touku A, B,
C, D, E u F nocnefoBaTelbHO PaCIIONIOXKEHBl HA OKPY>XHOCTH, a pasuyc
OKPYXHOCTHU paBeH 2v/21.

Omeem: 117+/3.

Pewenue. a) ITycts xopasl AD u BE niepecekaroTcs B Touke P. [Tonoxum
AD =3x v BE =3y. Ilo TeopeMe O IIPOU3BELEHUN OTPE3KOB IlepeceKaro-
muxca xopA AP -PD =BP - PE, wiu x - 2x =Yy - 2y. OTcrofa HaxoAuM, 4TO
x =Y. 3Hauut, AD =BE. AnanoruyHo AD =CF.

B .

6) ITycts xopaet AD u CF mepecekatoTcs B Touke Q, a xopzabt BE u CF —
B Touke T. PaBHBIE XOp/ibl paBHOYZAQJIEHBI OT LIEHTPAa OKPY>KHOCTH, II0O3TO-
My LIEHTP PaBHOCTOPOHHero TpeyroibHuUKa PQT coBrazaer ¢ neHTpom O
JAHHON OKPY>KHOCTH.

Omnyctum nepneHauKynap OH U3 IieHTpa OKPY>XHOCTU Ha CTOPOHY PQ.
Torma H — cepesuna AD, a OH — pazauyc BIUCaHHOMN OKPY:KHOCTU PaBHO-
cTopoHHero TpeyronbHuKa PQT co cTOpOHOU X. 3HAYMT,

on=% an=1ap=2
Io Teopeme ITudaropa OH? +AH 2=0A2, win
112x + x = (2V21)2.
OTciofa HaxoAuM, 4TO X =6.
UYepes Touku P, Q u T ipoBeiEéM IpAMBIe, COOTBETCTBEHHO Iapasiesb-
Hble xopgaM CF, BE u AD. Otu nipsimble u xopzbl CF, BE 1 AD pa36uBaioT
mecTuyronbHUK ABCDEF Ha 13 paBHBIX paBHOCTOPOHHUX TPEYTOJILHUKOB

€O CTOPOHO# X. [LnomIab KaXKA0ro U3 HUX paBHA

1 1. xV3 _ x*V3
PP TH =50 ="~

CiiegjoBaTebHO,

2
S ABCDEF = 13'x£1/§ = 13'%§ =13.94/3=1173.
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12.44.1. YeTnlpéxyronbHUK ABCD ¢ nieplieHAUKY/IAPHBIMU JUaroHais-
MU AC u BD BIucaH B OKPY>KHOCTb.

a) [loxaxkure, 4TO NpsAMasd, NMPOXOAAILasd yepe3 TOUKY IlepecedeHud
JyaroHasell 4eThIPEXYrolbHUKA IEePIeHAUKYIAPHO cTopoHe BC, gemut
romnosiaM CTopony AD.

6) HaiimuTe cTOPOHBI YeThIpéxyronbHuKa ABCD, eciii U3BECTHO, YTO
AC =84, BD=77, a AzuamMeTp OKpPy>XHOCTH paBeH 85.

Omeem: 40, 68, 75, 51.

Pewenue. a) Ilycts P — TOuKa mepeceue-
Hus guaroHaned AC i BD 4eThIpEXyTombHU-
ka ABCD, PH — nepneHAUKYIAp, OIyIEeH-
HBIM U3 Touku P Ha cropoHy BC, K — TOuKa
nepeceueHus npamont PH co cropoHoii AD.
06031aunm /DAC = /DBC = a. Torga

/KPD = /BPH = 90° —q,
Z/KDP = 90° —a = /KPD,
/APK = 90° — Z/KPD = 90° — (90° — a) = a.

3Hauut, TpeyronbHUKU PKD u PKA paBHO-
6enpennnsie, KA = KP = KD. CiefoBaTelbHO,
K — cepeayna ctopoHsl AD.

6) ByzeM cuuTaTh, 9TO IeHTp O OMMCaH-
HOU OKPY)XHOCTH 4YeThIpEXyronbHUKa ABCD
pacrionoXKeH BHyTpU TpeyronbHuka CPD.

IIycte TOukM M um N — IIpOEKIUU TOY-
Ku O Ha auaroHanu AC u BD cooTBeTCTBeH-
Ho. Torga M u N — cepeilvHBI AaroHaaei.

W3 IpAMOYTroNbHBIX TPeyronbHUKOB OMC
u OND HaxoauM, 4TO

oM = Voo —MC? = |/ (£)" —422 = ¢—-42 )

11
2
8 7 85 77
(T DD
ON = vOD4*—-ND 2 2 2+2
_ /8 162 _
=\V3 3 =18.
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Torgma

np=om=2, pp=pN-np=Z - L -3
DP =BD—-BP =77-32=45, MP =O0N =18,
AP =AM —-MP =42-18 =24, CP=AC—-AP =84-24=060.
V3 1pAMOYTONBHBIX TPeYyroNbHUKOB ABP 1 BCP HaxoAuM, 4TO
AB = v AP? + BP? = V242 4 322 = 40,

BC = v/CP2+BP2 = v/602 + 322 = 68.

TpeyronbHuk CPD mofiobeH TpeyronbHUKY BPA ¢ kKoadduiirmeHTOM % =
60 15
= 32 = g, IIO3TOMY
cp=2AB="2.40=7s.

AHaJIOTUYHO HAXOAWM, YTO
_ 24 _3 . o
AD = —32BC =7 68 = 51.

Jl71s1 mF060T0 APYyroro BO3MOXKHOTO PaCIoNIoKeHH HeHTpa O MoIyduM
TOT K€ Pe3yJsbTar.
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IToaroroBuTebHBIE 3a4a4YU

13.1. OKpyXHOCTb KacaeTcsl CTOPOH yIJla C BepUIMHOW A B TOYKax
B u C. Hatigure rpaZycHble Mephl yT, Ha KOTOPble OKPY)KHOCTb JIeTUTCSA
Toukamu B u C, ectu Z/BAC =70°.

Omsem: 110°, 250°.

Peuwierue. Tlycte O — LIEHTP OKpPY>KHOCTHU.
B yeTrpipéxyronbHuke ABOC yIvibl IIpY BepIIU-
Hax B u C npsAMble, 3Ha4uT,

ZBOC = 180° — ZBAC =180° - 70° = 110°,
CJleZloBaTeNbHO, IpaflycHas Mepa MeHbIIeH -

ru BC raxxe pasHa 110°. Torga rpagycHas Me- 4 T
pa 6ombiiei ;yru BC paBHa 360° — 110° =250°.

13.2. [Tycts AB u AC — paBHble Xopabl, MAN — KacarebHasd, rpagyc-
Has Mepa ayru BC, He cozepxkalieil Touku A, paBHa 200°. HaiizuTe yribl
MAB u NAC.

Omeem: ZMAB=/NAC =40° wiu /MAB = /NAC =140°.

Pewerue. 3ameTHM, 9TO

wCAB = 360° —200° = 160°, wAB = UAC = —— = 80°.
Eciu yron MAB ocTpbiii (CM. PUCYHOK CJIeBa), TO
/MAB = £ UAB = 40°.
Torga u ZNAC =40°.

Mo AN N A M
B©[B©[

Ecnu »xe yron MAB Tymno#i (cM. pUCYHOK cIipaBa), TO
ZMAB = 180° —40° = 140°.
Torma u ZNAC =140°.
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13.3. Tpeyrombuuxk ABC paBHOGeapeHHbIN. Paguyc OA ommcaHHOTO
Kpyra obpasyer ¢ ocHoBanueM AC yron OAC, paBubiii 20°. Haiigure
yroin BAC.

Omegem: 35° wnu 55°.

Pewenue. Ecu Touku O u B yiexar 1Mo pasHble CTOPOHBI OT IpsiMoii AC
(cM. pUCYHOK ciieBa), TO

UABC = ZAOC =180° —2-20° = 140°.
Torma yron ABC omnupaeTcst Ha yTy, YIJIOBas BeIMYMHA KOTOPOM paBHA
360° —140° = 220°.
[TosTomy

/ABC =110°, /BAC = M

Ecnu Touku O u B jiexat 1o ofiHy CTOpoHYy oT npsamoil AC (cM. pUCYHOK
cIpaBa), TO aHaJOTUYHO HaxoAuM, uto ZBAC =55°.

m
A 70 J
A

13.4. OKpy:KHOCTBb OIIKCaHa OKOJO PaBHOCTOPOHHEI'O TPEYTOJbHU-
ka ABC. Ha ayre BC, He cozep:Kaiieil TOUKy A, pacrosioxkeHa Touka M,
JleniAas rpaflyCHyto Mepy 3Toi Ayru B oTHomleHuu 1: 2. Haiizute yrubl
TpeyronbHuka AMB.

Omasem: 20°, 60°, 100° wtu 40°, 60°, 80°.

Pewenue. TTyctb wBM : wCM =1:2 (cM. pucyHOK cieBa). Torza

= 35°.

UBM = %uBMC = % .120° = 40°.
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Ilo TE€OopeEME O BIIMCAHHOM YTJIE€

/BAM = %UBM - 20°,

a Tak Kak BuucaHHble yIibl AMB u ACB onuparoTca Ha OLHY U TY XKe AyTy,
T0 ZAMB = /ACB=60°. CnefoBaTenabHO,

/ABM = 180° —20° —60° = 100°.

Ecimu s)xe WUBM : oCM =2:1 (cM. pUCYHOK CIIpaBa), TO aHAJOTUYHO
HauzEM, 4TO

/BAM =40°, ZAMB =60°, ZABM = 80°.

13.5. Touku A, B, C u D nocienoBaTeIbHO PaCIONOKEHBI Ha OKPYX-
HOCTHU. V3BeCTHO, 4TO rpajycHble Mepsl MeHbIux aAyr AB, BC, CD u AD
oTHocATcA Kak 1:3:5:6. HaliauTe yruibsl yeTslpéxyronpHuka ABCD.

Omeem: 96°, 132°, 84°, 48°.

Peutenue. ITycTb rpazycHas Mepa MeHbIIel
Ayru AB paBHa x. Torza rpazyCcHele MepBHI I10-
cienoBaTenbHbIX Ayr BC, CD u AD cooTBeT- &
CTBEHHO paBHHI 3x, 5x u 6x. V3 ypaBHeHUA
X + 3x + 5x + 6x =360° HaxoaUM, 4TO X = 24°, c
CJIefloBaTeIbHO, T'PaZlycHble MepHl MOCIeZ0Ba-
TenbHBIX AyT AB, BC, CD 1 AD COOTBETCTBEH-

HO paBHBI 24°, 3 -24° =72° 5.24° =120° D
U 6-24°=144°.

I'pasycHas Mepa BIMCAHHOTO yIJIa paBHA ITOJIOBUHE TPaZlyCHOU Mephl

ZIyTH, Ha KOTOPYIO OH OIUPAETCH, CIeA0BaTeNbHO,

A,\/B

'

o%

/BAD = %uBCD = %(72°+ 120°) = 96°,

/ABC = 3 UADC = 5(144° +120°) = 132°,

/BCD = 5 UBAD = 3 (24°+144°) = 84°,

ZADC = 3 UABC = 1(24° +72°) = 48°.

13.6. OKpy>KHOCTb IIPOXOAUT uepe3 BepWIMHBI A U C TpeyroJbHU-
ka ABC, nepecekasa cTopoHy AB B Touke E u cTopoHy BC B TOuke F.
Yron AEC B 5 pa3 6osbiie yria BAF, a yron ABC paBeH 72°. Haiinute
pazauyc okpy>kHOCTH, ecimu AC = 6.

Omeem: 3.

Pewenue. O6o3nauum /BAF = a. Torna ZAEC = 5a. BriucaHHBIE YTUIBI
ECF u EAF onupatoTcs Ha OfHY U Ty e Ayry, nostomy ZBCE = ZECF =
=/EAF = /BAF =a.
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[lo TeopemMe O BHeIIHEM YyIje Tpe-
yronbHUKa ZABC + /ZBCE = LAEC, wnu
72° + a = 5a, OoTKyzZa HaxoAuM, 4YTO QA =
= % - 72° = 18°, sHauumt, LAEC = 5a =
=5-18°=90°.

LleHTp OKpY)XHOCTH, OIMCAaHHOU OKO-
JIO IIPAMOYTOJILHOI'O TpeyronbHuka AEC, —
cepeZiiHa TUIOTeHy3bl AC, I0O3TOMY paju-
YC OKPY>KHOCTH paBeH nonosuHe AC, T. e. 3.

13.7. U3 Touku P, pacnonoxeHHOM BHYTPH OCTPOrO yIvia C BepILIHU-
HOU A, OITyIIleHb! NTepreHANKYAIpsl PB 1 PC Ha CTOPOHHI yTiia. MI3BeCTHO,
yto ZCBP =25°. Hatigute yron CAP.

Omeem: 25°.

Pewenue. N3 Toyek B u C orpe3ok AP BuzieH
II0Z, IPAMBIM YIVIOM, 3HAQ4YUT, 3T TOYKHU JIeXKaT Ha
OKPY>XHOCTHU C JuameTpoM AP. BnivicaHHbIE B 3Ty
OKpPY>XHOCTB yIIbl CAP u CBP onuparTca Ha OAHY
U Ty Xe YTy, CJIeZl0BaTeIbHO,

/CAP = /CBP = 25°.

13.8. B okpy>XHOCTB BIIMCaH IIpAMOYronbHUK ABCD, ctopoHa AB Ko-
TOoporo paBHa a. M3 koHna K auamerpa KP, napajieJbHOI'0O CTOpoHe AB,
cropoHa BC BugHa noj yriioM 3. HaiiauTe pazuyc oKpy>KHOCTH.

a
Omsem: 2lcos Bl

Pewenue. Tlycte R —MCKOMBIH pazuyc. PaccMoTpuM citydaii, Korzaa
Touka K nexur Ha gyre AD, He coepkamied TOYKu B (CM. PHUCYHOK
cnesa). Torga B mpsAMOyToNbHOM TpeyroabHuke ABC M3BECTHO, YTO

_ _ . o AB _a
/BAC = /BKC = f3, ZR_AC_COSLBAC_COSﬁ'

a

CnegoBaTebHO, R=

2cosfB”
P K
B c B 7 C
[ ]
a a %/Qz
B Q
A D A D
B
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Ecnu Touka K nexut Ha ayre ABD (cM. pUCyHOK clpaBa), TO aHaso-
a

2cosf’
13.9. B BbImyKIOM 4YeThIpéxyronbHuke ABCD usBecTHO, uTo ZBCD =
=80°, ZACB=50° u ZABD =30°. Haiiaute yron ADB.
Omeem: 50°.
Pewenue. YeTbpéxyronbHUK ABCD BBITTyKJIBIH, 1T03TOMY Jiyd CA TIpO-
XOZUT MeXJy cCTopoHaMu yria BCD, 3Hauur,

TUYHO HaWAEM, 9yTo R =

/ACD = /BCD — LACB = 80° —50° = 30°.

W3 Touek B u C, jexalmux II0 OJHY CTOPOHY
oT npssMo¥ AD, oTpe30ok AD BU/IEH TI0/ OHUM
U TeM e YIJIOM, 3Ha4MT, TOUKU B, C, A u D ne-
’KaT Ha O[HOW OKPY:KHOCTU. BriricaHHbIE B 3Ty
OKPY>KHOCTb yriibl ADB u ACB onuparTcs Ha
OZHYy U Ty e AyTY, CIel0BaTeIbHO,

/ADB = ZACB = 50°.

13.10. B BeimyksioM deThIpéxyronbHuke ABCD m3BecTHO, uTo ZACB =
=25°, ZACD =40° u /BAD =115°. Hatizute yron ADB.

Omeem: 25°.

Pewenue. YeTbipéxyronbHUK ABCD BBITTyKJIBIH, 1TO03TOMY Jiyd CA TIpO-
XOLUT MeXy CTopoHaMu yriia BCD, 3Hauwur,

/BCD = ZACB+ ZACD = 25°+40° = 65°.
Torma
/BCD + /BAD = 65°+115° = 180°,

IIO3TOMY YeTBIpEXYToNbHUK ABCD BHucaH-
HBIH, T. e. TOUYkU A, B, C 1 D nexxaT Ha OHOU
OKPY>KHOCTHU. BriricaHHbIe B 3Ty OKPY>XHOCTb
yribl ADB 1 ACB onuparoTca Ha OZHY U Ty
e AyTy, CIefoBaTeNbHO,

ZADB = LZACB = 25°.

13.11. B BeITyKJIOM 4YeThIpéxyTronbHUKe ABCD m3BecTHO, uTo ZABC =
=116°, ZADC =64°, LZCAB=35° u ZCAD = 52°. HatifuTe yron Mexay
JiMaroHassIMM, OTIMPAIOIIUIiCcA Ha CTOPOHY AB.

Omeem: 81°.
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Pewenue. [TycTe AUaroHaay JaHHOTO YETHIPEXYTOJNbHUKA IIepeceKaroT-
ca B Touke M. [lockonbKy

/ABC+ /ZADC =116°+64° = 180°,

OKOJIO JAHHOT'O YeTHIPEXYTOJIbHUKA MOXKHO OITH-
caTb OKpYXHOCTb. Vckomeii yrom AMB ecTb
BHENTHUU yron TpeyroinbHuka AMD. IloaToMy oH
paBeH

ZCAD + LADB = 52°+ ZADC — /BDC =
=52°+64°—-35° =81°.

13.12. B yeTsipéxyronbHuke ABCD usBecTHO, 4T0 ZABD = /ACD =45°,
/BAC =30°, BC =1. Haiizute AD.

Omeem: /2.

Pewenue. TTockonbKy U3 Todek B 1 C, paclONOXEHHBIX 110 OZHY CTO-
poHy oT npsiMoil AD, oTpe3ok AD BHZIeH IIOZ OAHUM U TeM >Ke YIJIOM, TO
Touku A, B, C u D nexaT Ha OZHOU OKPY>XHO-
cru. Ilycte R — paguyc aToi okpykHOcTU. Torga
u3 TpeyrosibHuKa ABC HaxoguM, 4To

BC 1

R = 5Gn7BAc = Zsin3o°

=1,

a u3 TpeyroabHuka ABD —4T0

AD = 2Rsin ZABD = 2sin45° = V2.

13.13. Bo BmmcaHHOM 4YeTHIpEXyroabHUKe ABCD W3BeCTHBI YIJIBIL:
/DAB = a, ZABC =3, /BKC =, rae K —Touka mepecedeHUs ANaro-
Haneu. Hatigute yron ACD.

_l’_ —
Omeem: m.

Pewenue. O6o3nauum LABD = ZACD = ¢. Torza
/ZDBC = -y, ZCAD = /DBC =f—-o,
/BAC = /BAD — ZCAD = a— (8 — ),
y = /BKC = /BAC+ /ABD =
=(a-f+o)+te=a—-f+2¢.

CiegoBaTebHO,

_Bt+r—a
=
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13.14. Oxorno TpeyronbHuka ABC, B koTopoM BC =a, /B=a, ZC=f3,
OTIMCaHa OKPYKHOCTh. BriccekTpuica yryia A mepecekaeT 3Ty OKPYKHOCTb
B Touke K. Hatizute AK.

_ A
acos%

sin(f+a)”
Pewerue. Ilycte R — paziyC OKpPY>KHOCTH, OIIU-
CaHHOU OKoyo TpeyronbHuka ABC. Torza

/BAC =180° — (B +a), Bw[
9R = BC a

Omsem:

sin(f+a) - sin(f+a)’ K
ZABK = LABC+ ZCBK = a+3(180° — (a+p)) = 90°+ 2L
CiiejoBaTebHO,
a-p B—a acos %

AK = 2Rsin ZABK = 2Rsin (900 + ) = 2R cos

2 2 sin(B+ta)

13.15. Tpeyronpauku ABC u ADC umeloT oburyio cTopoHy AC; cTo-
poHbl AD u BC mnepecekatoTca B Touke M. Ymibl B u D pasHBL 0 40°.
Paccroanue mexay BepmirnHamu D u B paBHO cTopoHe AB, ZAMC =70°.
Haiigure yromer TpeyronsHuKoB ABC 1 ADC.

Omeem: /BAC =110°, ZBCA=30°, ZDCA=60°, ZDAC =80°.

Pewenue. Touku A, B, C, D nexar Ha ofHOU OKpyxHOocTH; AMC —
BHeIHU yron TpeyronbHuka DMC. IToatomy ZDCM = 30°. Torna

/BCA = /ADB = /BAD = /BCD = /DCM = 30°.
CiegoBaTebHO,
/DCA = 60°, Z/BAC =110°, ZDAC = 80°.
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13.16. BayTpu yri1a ¢ BepiminHo# O B3fiTa HekoTopas Touka M. JIya OM
o6pasyeT CO CTOPOHAMU YIVIA YIVIBI, OAMH M3 KOTOPOro GOJIbIe pyroro
Ha 10°; A u B—mpoeknuu To4ku M Ha cTOpoHHI yria. Haliaure yron
Mexay npambeiMu AB u OM.

Omseem: 80°.
Pewienue. Ilyctp

/BOM =a, ZAOM = a+10°,

P — touka nepeceueHus nIpaMbeix AB u OM.
[Tockoneky oTpe3ok OM Bu/ieH U3 ToueK A U B
IO/, IPAMBIM YIVIOM, TO TOYKA A W B JexaT Ha
OKpy>XHOCTU ¢ guamerpoM OM, a APO — BHell-
HUU yron TpeyronbHuka APM. CiefjoBaTenbHO,

LAPO = ZAMO + ZBAM = (90° — LAOM) + ZBOM =
=90°—(a+10°) 4+ a = 80°.

13.17. BepmnHa yriia BeqMUIUHON 70° CIyXUT HadalIoM Jyda, obpa-
3ymolero ¢ ero cropoHamu ymisl 30° u 40°. V3 HekoTopol Touku M Ha
3TOT JIyd ¥ Ha CTOPOHBI yIVIa ONYyIIEHBbI MepHeHAUKYIAPH, OCHOBAHUA
koTopbIXx — A, B u C. HaliguTe yribl TpeyronbHuka ABC.

Omseem: 30°, 40°, 110°.

Peuwienue. Ilyctb A u C — OCHOBAHUA NEPIEHAUKYIAPOB, OYLIEHHBIX
M3 TOYKU M Ha CTOPOHBI ZaHHOTO yIvia ¢ BepmuHoi O, Touka B — ocHo-
BaHWe IepIeHANUKY/IApa, OIYyIEHHOTO U3
TOYKU M Ha Jyd4, IPOXOAAIIUN MeXAY CTO-
ponamu yrna AOC, npuuém ZAOB = 30°
u ZCOB=40°.

U3 Touek A, B u C orpe3ok OM BuzeH
II0Z, IPAMBIM YIVIOM, 3HAQUUT, 3TU TOYKHU Jie-
JKaT Ha OKPYKHOCTHU ¢ guameTpoM OM. Briu-
CaHHBIE B 3Ty OKPY>XHOCTB yriiel ACB u AOB
OIIMPAIOTCA HA OZHY U Ty Xe Ayry, IIo-
atomy ZACB = ZAOB = 30°. Ananorud-
HO /BAC = ZCOB = 40°. CrnemoBaTeibHO,
ZABC=180°—-30°—-40°=110°.

13.18. B octpoyronsHOM TpeyronbHuke ABC 13 ocHOBaHUA D BBICO-
Tl BD omnyieHsl neprneHgukyaapsl DM u DN Ha ctopoHbl AB u BC. U3-
BecTHO, uTo MN =a, BD =b. Hatigure yron ABC.

.a
Omesem: arcsin 3
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Pewenue. ITockonbky ZBMD = ZBND =90°, B

TO oTpe3oK BD BuzieH us touek M u N moz
NIpAMBIM yIJIOM, IIO3TOMY TOYku M u N ine- \
)KaT Ha OKPYXKHOCTH C auaMmeTpoM BD = 2R, NN
rije R—pazauyc 5TOH OKpYXKHOCTU. 3HAYUT, /4 )
MN =2Rsin ZABC. CnefoBaTebHO, M “'

%

. MN MN a -
SIHZABC_ﬁ_ﬁ_B' A D C

13.19. Xopza AesuT OKPY>KHOCTb Ha Jyr'd, rpaZlyCHble Mephbl KOTOPBIX
oTHocATcA kak 11:16. HaiizuTe yron Mexzay KacaTeJbHBIMU, TPOBEJEH-

HBIMH 49€PE€3 KOHIbI STON XOpApbl.

Omeem: 33°20' = 2—77"'
Pewenue. YrioBas BeIMYMHA MEHBIIEH U3 ABYX Ayl PaBHA

1 o0 - 11,0
57 -360° = 5--40°.

CJIeZ[OBaTeJIbHO, yroa MeXxay KacaTE€JIbHbBIMU PaBEH

180° — 13—1 -40° = 33°20'".

13.20. Paccroanue Mexy LEeHTpPaMH HeIlepeceKarluxcad OKpPYX-
HOCTell paBHO a. JIOKaKUTe, UTO TOYKU IepecevyeHrs OOIIMX BHEUTHUX
KacaTeJbHBIX ¢ OOIIMMY BHYTPEHHUMHM KacaTeJbHBIMU JieKaT Ha OHOM
OKPYKHOCTH, ¥ HAUANTE €€ pajuyc.

. a
Omsem: 5
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Peuwserue. T1oCKONBKY IIEHTP OKPY)XKHOCTH, BIIMCAHHOUM B YTOJ, JIEKUT
Ha GHCCEKTpPUCE ITOTO yIVIa, a IOl MEXAY OMCCEKTpUCaMU CMEXHBIX yT-
JIOB MIPSIMOM, TO M3 KaKAOU TOYKU IepecedeHus OOIUX BHEIIHUX Kaca-
TeJBbHBIX C OOMKUMU BHYTPpeHHUMU OTpe30K O;0, ¢ KOHIIAMH B LIeHTpax
OKPY)KHOCTe! BHZEH IIOZ IIPAMBIM YIJIOM. 3HA4YWT, KaXKJasd TaKasd TOYKa
JIOXUT Ha OKPYXHOCTU ¢ guameTpoM O;0, = a. CiezoBaTenbHO, pasnuyc
a
E.

13.21. B TpeyronbHuke ABC mpoBezieHbl 6uccekTpuckl AD u BE, mie-
pecekaromuecsa B Touke O. M3BecTHOo, yTo OF =1, a BepmuHa C JIEXUT
Ha OKPY>KHOCTH, Npoxojsamiel yepe3 Touku E, D u O. Haiiiute cTOpOHBI
U yIiibl TpeyroiabHuka EDO.

Omseem: 1, 1, V/3; 120°, 30°, 30°.

Peuwenue. TTOCKOTBKY OUCCEKTPUCH TPEYTOIBHUKA MEPECEKAIOTCA B OZI-
HOM Touke, To CO — 6uccekTpuca yria ACB. [Toatomy OD=0E=1.

OKPY’KHOCTH paBeH

0O6o3HaunM ZACB =a. Torza
/DOE = /AOB = 180° — ZOAB~ /OBA = 180° ~ £ /A~ 3 /B =
= 180° ~ 2 (LA+/B) = 180° — 1 (180° ~ ZACB) = 90° + &.
[MTockombKy 4eTeipéxyroabHuK CEOD BIUCAHHBIN, TO
/ECD+/DOE =180°, wm a+(90°+7% ) = 180"
Orcroza HaxoauM, uto o= 60°. CiegoBaTeIbHO,
/DOE = 120°, /DEO = /EDO =30°, DE = /3.

13.22. B tpeyronbuuke ABC yron B mpsiMO#, BelndurHa yIia A paBHa
a #45°, Touka D — cepeAiiHa TUIIOTeHy3bl. Touka C; CUMMeTpUYHa TOY-
ke C oTHOocuTenbHO npsAMoil BD. Haiigure yron AC, B.

Omeem: 90° 4+ a, ecniut a <45°; 90° — a, ecnu a > 45°.
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Pewenue. ITycts /BAC < 45° (cM. pucyHoK cieBa). Touka D — IjeHTp
OKPY>KHOCTH, OIMCAHHOMN OKojso TpeyronbHuUka ABC. ITockonpky CiD =
=DC, To Touka C; MPUHAAJIEKUT 3TOH OKPYKHOCTHU. [ToaTOMY

/BC;C = /BAC = a,
a LAC,C =90°, Tak KaKk OH BIIMCAaHHBII M omnupaeTrca Ha AuameTp AC.
CnenoBatenbHo, ZAC;B=90°+ a.

Ecimu Z/BAC > 45° (cM. pUCYHOK CIIpaBa), TO aHAJOTUYHO IOJIYIUM, YTO

ZAC1B=90°—a.

13.23. Ha ctopoHe AB TpeyronbHuka ABC BO BHEILIHIOI CTOPOHY IIO-
CTpPOEH PaBHOCTOPOHHUM TpeyroabHUK. HaliiuTe paccTosiHUe MeXAy ero
LIeHTpoM U BepummnHo# C, eciu AB=cu ZC=120°.

Omeem: % &

Peuwtenue. Touka C JIeXKUT Ha OKPY>KHOCTH, y 120° 5
OTIMCAaHHON OKOJIO IOCTPOEHHOTO PaBHOCTO- c
poHHero TpeyroiabHuKa (60° 4+ 120° = 180°),

[I03TOMY MCKOMOE pacCTOsgHNEe PaBHO pajuycy
3TOU OKPY>KHOCTH, T. €.

c _ ¢ _¢V/3 60°

R=osme0rr = 53~ 3

13.24. B uyetnlpéxyronbHuke ABCD yrinbl B u D npamele. Jluaro-
Hanmb AC obpasyeT co cTopoHOU AB ocTpeiii yron B 40°, a co cTopo-
Hott AD —yron B 30°. Haliute OoCTpHIN YOI MeX- D
Ay puaroHanamu AC u BD. c

Omeem: 80°.

Pewenue. Touku A, B, C u D nexaT Ha OKpyX- 0
HoCTH ¢ AuameTpoM AC. ITosTomy

30°
UAB = 2/ACB = 2(90° — ZCAB) = 40

A B
2(90°—40°) = 100°, wDC = 2/DAC = 60°.
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Eciu O — Touka TrepeceyeHud I[HaI‘OHaJIefI, TO

JAOB = uAB-guDC _ 1€;0o — 80°.

13.25. B npamoyronbHOM TpeyronbHuKe ABC yron npu BepuvHe A pa-
BeH 60°, O — cepeZivHa TUTIOTEHY3bI AB, P — IIeHTD BIIUCAHHOM OKPY>KHO-
ctu. Haiaure yron POC.

Omeem: 15°.

Peutenue. Iepssiil cnocob. ITockombky OC = 0A, a LA = 60°, To Tpe-
yrombHUK AOC paBHOCTOPOHHUH, mosTomy /BOC =120°. C gpyroi cro-
POHBI,

/BPC = 90° + %LA — 90°+30° = 120°

KaK yToJ Mexay buccekTpricamu yrioB B u C TpeyronbHuka ABC. 3HauuT,
Touku B, O, P u C pacmnoioeHbl Ha OHOU OKpy>KHOCTH. CIeloBaTeIbHO,

/POC = /PBC = 15°.

/C B\

Bmopoii cnoco6. Tockonbky OC = OA, a LA = 60°, TO TpPeyroJbHUK
AOC paBHOCTOpOHHUH, 1o3TOMy ZAOC = 60°. IlycTh K — TOuYka Kaca-
HUA BIIMCAHHOM OKPY>XHOCTH C T'MIIOTeHy30U AB, AB = 2a, r — paguyc
BIIMCAHHOU OKPYXHOCTH, p — IOJIyIepuMeTp TpeyroibHuka ABC. Torma

_ AB+AC—BC _

5 =
2a+a—av3 a(V3-1)
=a-— 2 = 2 )

OK=A0—-AK=a—-(p—BC)=a

Kp — = AC+BC—AB _ at+av3-2a _ a(\/§—1).
2 2 2
3Ha4uT, B npAMoyroabHoM TpeyronbHuke OKP kareTsl OK 1 KP paBHBIL.

CnepoBatenbHo, ZKOP =45°, a
/POC = ZAOC — ZKOP = 60° —45° = 15°.
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13.26. B mapamnenorpamme ABCD ocTpsiii yroin paBeH a. OKpy>XKHOCTb
paauyca r IpOXOAUT 4depe3 BeplIMHBI A, B, C U mepecekaeT IpsMble
AD u CD B Toukax M u N. HatizuTe miomazpb TpeyronbHuka BMN.

Omsem: 2r? sin? a sin 2a.

Peuwienue. Tlpepmonoxum, 4To TOuka M 5 ‘ c
JIeXUT Ha ipaMoi AD, a Touka N — Ha mips- S W,

. 7 ‘
Mo CD.

[lycts ZBAD = a. Torza
/BNM = /BAD =a, /BMN =/BCN=a. A D M

OTcioga HaX0AWM, YTO
BN = BM = 2rsina, ZMBN = 180°-—2a.

[TosTomy N

Sapun = 3 BN -BMsin ZNBM = 5 (2rsina)*sin(180° — 2a) =
= 2r?sin® asin 2a.

Ecnu Touka M siexxut Ha nipaMoi CD, a Touka N — Ha nipaMoii AD, To
TIOJIyYUM TOT K€ pe3yJbTar.

13.27. OKpy>XHOCTb, IIPOXOAAIIAA Yepe3 BeplInHbl A, B u C napaiie-
sorpamma ABCD, nepecekaet npsmMble AD u CD B Toukax M u N cOOTBeT-
crtBeHHO. Touka M yzpaneHa oT BepmuH B, C u D Ha paccTosaHud 4, 3 u 2
cooTBeTcTBeHHO. Hatizute MN.

Omeem: %

Peuwerue. TTockonbKy

/ABC = ZADC = /NDM,
/ACB = /MAC = ZMNC,

TpeyronbHuku NDM u CBA niopo6usl. Ciie-
MN _ MD
> AC =~ AB-
ckonmbKy ABCM — paBHOOeipeHHas Tpare-
uuda, AB=MC =3, AC=MB=4. IlosTomy

_AC-MD _ 42 _8 7
-~ AB 3 T 3°

AO0BAaTEJIbHO Kp0Me TOro, IIO-

MN

13.28. B OKpy?KHOCTb BIIUCAH YeTHIPEXYTONbHUK ABCD, viaroHamu Ko-
TOPOT'0 B3aVIMHO IIePIIeH/VIKY/IAPHBI U IlepeceKaroTca B Touke E. [Ipamasd,
IpoxozAmas yepes Touky E v neprneHaukyinapHad K BC, mepecekaeT CTo-
pony AD B Touke M. [lokaxure, yro EM — MezanaHa TpeyroiabHuka AED,
u HatiguTe eé anuHy, ecniu AB=7, CE=3, ZADB=a.
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\/49-9tg%a

Omeem: - .
2sina
Peuwenue. Bnucannwsie yrisl ACB u
ADB onuparnTca Ha OfHY U Ty e JAyry,
II03TOMY

/ECB = ZACB = Z/ADB = a.

[Tycte mpamble ME u BC mnepecekarwTcA
B Touke H. Torga

/DEM = /BEH = /BCE = a,

nosroMy ME = MD. AnanorudyHo ME =
= MA. CrnezgoBarenbHO, M — cepeavHa
AD, 1.e. EM — mezpuaHa TpeyronbHuka AED.

13 1pAMOYToNbHBIX TpeyrolbHUKOB BCE, ABE n AED HaXxoAuM, 4TO

BE =CEtga =3tga, AE = +VAB?—BE?=4/49-9tg%aq,
AE \V/49-9tg%a

AD = =

sina sina

V49-9tg?a

2sina
13.29. Jlan TpeyronbHUK ABC. M3 BeplinHBI A IpOBeJeHA MeAua-

Ha AM, a u3 BepuinMHbl B — meguaHa BP. V3BecTHO, 4TO yrou APB paBeH
yrny BMA. Kocunyc yria ACB paseH 0,8 u BP = 1. Haiizute mwiomazb
TpeyroabHuka ABC.

CnepgoBartenbHo, EM = %AD =

2
Omsem: 3

Pewenue. ITepebiil cnocob. TTockonbky ZAPB = /BMA, To TOYKU A,
B, M u P nexar Ha ofHOU OKpyxHOCcTH; CB u CA — cekylue, M03To-
My CM - CB = CP - CA, umu 2CM? = 2CP?. CnegosaTensHo, CM = CP,
moatoMmy CA = CB, T.e. TpeyronmbHUK ABC paBHOOEApPEHHBIN, TOITOMY
AM=BP=1.

ITIycte MC =x. Torma AC = 2x. [lo Teopeme Ko-
CUHYCOB

AM? = CM?+ AC? —2CM - AC cos ZACB, wu
1= x2+4x2—2x-2x-g.

OTcCIoZa HaXOAuM, 4TO X2 = g Torna

Saapc = %AC-BC sin/ZC = %-(zx)z.% -
_6x 6 5_2
~ 5 7597 3
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Bmopoti cnoco6. Ilycte O — TOYKa IepecevyeHuss MeAUaH TPeyroyib-
Huka ABC. Tpeyronpuuku AOP u BOM momo6Hbl (IO ABYM yIjiam).
[Tostomy AO : OB = PO : OM. CnegoBarenbHo, AO - OM = BO - OP, wiu
2am?=2
meHun 2 :1, cyuTas OT BEpPUIMHBI TpeyroibHUKa). [loaTomy AM = BP.
CrnezoBaTenbHO, TpeyronbHUK ABC paBHOOeAPEHHBIN. /lajsiee CM. TIEPBBIH
criocob.

BP? (Tak KaK MeJWaHbl eATCA TOUYKOM IepecedeHrs B OTHO-

13.30. B Tpeyronpuuke ABC yron ABC paseH a, yron BCA paseH 2a.
OKpy»KHOCTbB, IpoxozAlias yepe3 Touyku A, C U LIEHTP ONKCAHHOW OKO-
Jio TpeyronbHUKa ABC OKPYXKHOCTH, IIepeceKaeT CTOpoHy AB B Touke M.
Haiigure oTHomenve AM K AB.

Omeem: .
4cos? a

Peuwsenue. IlycTb O — LIeHTP OKPY>KHOCTH, OTIMCAHHOU OKOJIO TPEYTOJib-

Huka ABC. Torza 1o TeopeMe 06 U3MepeHUH BITMCAHHOIO yIJia U IO TEO-

peMe o BHeIIHeM yTJie TPeyroJIbHUKa
LAOC =2/ABC =2a, LAMC = LAOC = 2a,
/ZMCB = ZAMC — ZMBC =2a—a = a,

a Tak kak ZACB=2a, To CM — 6uccekTpuca Tpeyroibauka ACB. Crezo-
BaTeJIbHO,

AM _ AC _ sina __ sina
MB = BC = sin(180°—3a) = sin3a’
[ToaTomy
AM sina sina sina 1

AB ~ sina+sin3a =~ 2sin2acosa ~ 4sinacos?a  4cosla’

13.31. Touka E JeXWAT Ha NPOAOKEHUU CTOPOHBI AC IIPaBUIbHO-
ro tpeyroabHuka ABC 3a Touky C. Touka K — cepesuHa orpeska CE.
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[Ipamasn, npoxozamas yepes TOUKy A NepIeHAUKYIApHO AB, U npsaMmasd,
IpoxozAmas yepes Touky E nepneHaukynapHo BC, nepecekarorca B TOY-
ke D. HatizuTe yribl TpeyronbHuka BKD.
Omeem: 90°, 60°, 30°.
Peuwtenue. Tlycte M — Touka nepeceyenus npambix BC v ED. TTockoib-
Ky
/BAD = /BMD = 90°,

TO TOYKU A, D, M, B siexxaT Ha OKPY>XHOCTU € JruameTpoM BD.

B

[Tockonbky MK — MefuaHa nIpAMOYIoabHOro TpeyroiabHuka CME, To
CK =KM, /BMK = /ZCMK = ZKCM = ZBCA = 60°,

a Tak kak ZBAK =60°, To Touka K npuHaJIeXUT OKPY>KHOCTH, TTPOXOZs-
et yepe3 Touku B, A u M, T. e. OKpy»XKHOCTH ¢ AuaMeTpoM BD. CiesoBa-
TeJIbHO,
/BKD =90°, /BDK = /BAK = 60°,
/DBK = 30°.

13.32. BHe nnpaBwibHOro TpeyroiabHuka ABC, HO BHyTpH yriia BAC B34-
Ta Touka M Tak, uro yron CMA pasen 30° u yron BMA paBeH a. HaiianTe

yrosn ABM.
M Omeem: 180° — 2a.

c /fé Pewenue. TIpoBeséM OKpPYXHOCTb C I€H-
TpoM B Touke B u pazuycom BA. Torma Tou-
Ka M mpUHaJJIeKUT 3TOU OKPYKHOCTHU. 3HAYUT,
TpeyroabHUK ABM paBHObGenpeHHbIH. CrieZioBa-
TEJIbHO,

£\

A B ZABM = 180°—-2/ZAMB = 180° —2a.
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13.33. B Tpanenuu MNPQ (MQ || NP) yron NQM B ABa pa3a MeHbIIe

yrna MPN. U3BecTHO, 4yTOo NP = MP = 1—23, MQ = 12. HaiguTte mwiomazab

Tpalenuu.
185

Omeem: 3

13
Pewenue. Toukn M n N jexaT Ha OKPY>KHOCTH paJuyca — CIEeHTpOM
B BepunHe P. [TycTs npamMasa MQ BTOPUYHO IlepeceKaeT 3Ty OKPYKHOCTb
B TouKe Q;. Torza BrimicaHHbIN yron MQ,N paBeH IMOJIOBUHE COOTBETCTBY-
olIero neHTpanbHoro yrina MPN, T. e.

/MQ,N = $MPN = ZMQN,

. 1
3HAYMT, TOUYKa Q COBIAZAeT C TOYKOU Q;, a PQ=PM = 73
N [ 13/2 P
73 2>
1
13 L
M 6 H 6 a

[Tycth H — BBICOTa paBHOOEIpeHHOTO Tpeyronbarka MPQ. Toraa H —
cepenuHa ocHoBaHMA MQ. ITo Teopeme [Tudaropa

PH = /PQ2— Qi = /22 ~36= 2.

13
_2*t12 5 185

CiiegoBaTebHO,

PN +MQ
Suneq = "5  PH="7F5—5=""

13.34. [lan yron, paBHbIi a. Ha ero 6uccekTpuce B3sita Touka K;
P u M — npoexkuuu K Ha cTOpoHH! yriia. Ha oTrpeske PM B3dTa TO4YKa A,
npuuéM KA = a. IIpamasd, npoxozauiasa yepe3 A NepHneHAUKYIApHO KA,
IepeceKaeT CTOPOHHI yIyia B Toukax B u C. HaliguTe miomnazb Tpeyroib-
Huka BKC.

Omeem: a?ctg %.

Pewenue. 3ameTHM, 4TO

/PMK = /MPK = %
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[Tockonbky orpe3ok CK BuzseH u3 Touek A U M 1oJ NpAMBIM YIJIOM, TO
touku C, A, K u M nexar Ha OJHON OKpy>XHOCTU. [loaToMy

ZACK = ZAMK = 3.
AHajIOTUYHO
ZABK = ZAPK = 3.
3 nmpsiMoyronbHOTO TpeyroabHuKa ACK HaXozuM, 4To
AC = AK ctg ZACK = actg %.

CiiegoBaTebHO,
BC =2AC =2actg %, Sapxc = 3BC-AK = d>ctg 3.

13.35. Ha 6uccekTpuce yria ¢ BepUIMHON L B3fATa Touka A. Touku
K n M — ocHOBaHUA MNepHeHAUKYIAPOB, ONYIIEHHBIX M3 TOYKU A Ha
cropons! yrma. Ha orpe3ke KM B3sita Touka P (KP < PM), u 4epe3 Heé
NIepIeHAUKYIAPHO K OTpe3Ky AP mpoBeZieHa IpAMasd, IepeceKarolas
npamyto KL B Touke Q (K nexut Mmexay Q u L), a npamyto ML — B Touke S.
W3BecTHO, yT0 ZKLM =a, KM =a, QS =b. Haiizure QK.
Vb%—a?

2cos§ ’

Pewenue. TTockombky ZAKQ = ZAPQ =90°, To Touku P, K, Q u A ne-

JKaT Ha OKPY»KHOCTHU ¢ AuameTpoM AQ. CieoBaTeNbHO,

Omeem:

ZAQS = /AKM = /ALK = %
Ananornuyno ZASQ = %. [ToaToMy TpeyronbHUK QAS paBHOOEIPEHHBIMN.
Torza

[ SRSy

QP

a = —
Ccos 3 co

AQ =

»
N IR
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3 paBHOGeIpEHHOTO TpeyroabHUKa AKM HaXOAUM, YTO
1 a
KM

AK = 2 =
COSE CO

(2]
N R

ITo Teopeme ITudaropa U3 NpsAMOYTOIbHOTO TpeyronbHUKa AKQ HaXoauM,
YTO

QK: /AQZ_AKZZ —"bz_az

a
2cos )

13.36. B BBIIYKJIOM 4eThIpéxyronbHuKe ABCD npoBe/ieHbl AuaroHaau
AC u BD. sBecTHO, uTo AD =2, ZABD = ZACD =90°, a paccTossHIE MeX-
Zly LleHTpaMU OKPY>KHOCTel, BIMCAaHHBIX B TpeyroibHUku ABD u ACD,
paBHO /2. Haiizure BC.

Omsem: V3.

Pewenue. Ilycte O; u O, — LIEHTPHl YKa3aHHBIX OKpYKHOcTel. Ilo-
CKOJIBKY

ZAO\D = ZAO,D = 90° + £ ZACD = 90° +45° = 135°,

Touku A, O;, O, u D nexxaT Ha OfHOU OKpyHocTU. [TycTh O — 1eHTp
3TOM OKpPYy>KHOCTH, R — e€ pazawuyc. Torza neHTpanbHbIl yron AOD paBeH
360° —2£A0,D =360° —270° =90°, 3HayuT, Touka O (Tak ke KaK U TOU-
kU B u C) JeXUT Ha OKPY>KHOCTH € AiuaMeTpoM AD, T. e. Ha OKPY:KHOCTH,
ONMCAHHOM OKOJIO JAHHOT'O YeTHIPEXYTONbHUKA.
TpeyronbHUK AOD TIPSIMOYTOMbHBIN U paBHOOEIPEHHBIHN, TIO3TOMY
AD 2
R=0A=0D = 7= fz—«/i,

Touka O — cepeauHa ayru AD, He cozepxaied Touku B, 3Hauut, CO
1 BO — 6uccekTpuch yrinoB ACD u ABD, noatomy BO;0 — ofHa npsimMast
u CO,0 — opHa npamasd.
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i 60° \
| X/ ‘|
0

TpeyronsauK 00,0, paBHOCTOpOoHHMIT (00; =00, =R=+v/2=0,0,),
nostomy ZBOC = /0,00, =60°. CiezoBaTelbHO, IO TEOPEMe CHHYCOB

BC:ADsin60°:2-§ = /3.

13.37. B Tpeyronbauke ABC mepleHAUKY/IAp, IPOXOAALINi depes ce-
peaviHy cTOpoHEBI AB, nepecekaeT npAaMyro AC B Touke M, a nepleH uKy-
JIAp, IPOXOJAIINM Yepe3 cepeHy CTOPOHBI AC, lepecekaeT npamyio AB
B Touke N. M3BecTHO, yTo MN = BC u npamasda MN neprneHAUKY/IApHa
npsaMoi BC. Haiiaute yrinl TpeyronbHuka ABC.

Omeem: LA =060°, /B=15°, ZC =105° wiu ZA =60°, ZB =105°,
ZC=15°.

Pewenue. ITyctb BC=a; D u E — cepenunbl AB u AC. Touku E, M, D
u N siexxat Ha OKpyXHOCTH ¢ fuameTpoM MN (tak kak ZMEN = /MDN =
=90°), MN =a, ED = % (cpennsasa nuHua TpeyronbHuka ABC). Torga mo
Teopeme cuHycoB DE = MN sin ZDME. CiefoBaTenbHO,

. DE 2 1
sin /DME = WUN =272
Torga mubo /DME =30°, tubo Z/DME =150°.
[ycts /DME =30°. Torga

ZBAC = ZMAD = 90° — ZEMD = 60°.

Brincannsie yriel EDN 1 EMN onuparTcs Ha OfHY U Ty Xe ayry, DE || BC
(kak cpemuss muans), a ZABC = ZDMN (Kak yIJIbl C COOTBETCTBEHHO TIEP-
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M

A N D B

MIeHIUKYIAPHBIMU CTOpoHaMu). [TlosTomy

/EMN = /EDN = /EDA = ZABC = ZDMN.
CiiegoBaTebHO,

/ABC = § ZEMD = 15,
Torgma
ZACB = 180° - 60° —15° = 105°.
Ecnu xxe ZDME =150°, paccyx/jas aHaJIOTUYHO, TIOJIyYUM, YTO
/BAC =60°, ZACB=15°, ZABC =105°.
C

60°
D\ B /N

n
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13.38. B paBHOCTOpOHHUM TpeyronbHUK ABC BIMcaHa IOIYOKPYX-
HOCTb ¢ IeHTpoM O Ha cTropoHe AB. Hekoropad KacaTelbHas K IIOJIY-
OKPY>XKHOCTHU IepecekaeT cTopoHel BC u CA B Toukax M u N cOOTBeT-
CTBEHHO, a IIpsAMasi, [IPOXOAALIAA Yyepe3 TOUYKU KacaHuda cTOpoH BC u AC
C MOJNYOKPY:KHOCTBIO, IlepecekaeT orpe3sku OM u ON COOTBETCTBEHHO
B Toukax P u Q. Haiigute PQ, ecntu MN = 2.

Omeem: 1.

[Tyctb X 1 Y — TOYKM KacaHUA MOIYOKPY>KHOCTU CO CTOpoHamu BC
u AC. Torga

/NOM = 1 /XOY = 5(180° ~60°) = 60°, ZCXY = 60°.

[Moatomy Touku M, X, O u Q nexkaT Ha OHOM OKPY>KHOCTH, TpudéM MO —
JraMeTp 3TOU OKpyHocTu. CiezoBarenbHO, M(Q — BBICOTA TPEYTOIbHU-
ka MON. AHaslorn4Ho fokaxeM, yTo NP — BeIicoTa TpeyronbHuka MON.

C

[ToaTomy TpeyroabHUK POQ mozio6eH TpeyronbHUKy NOM ¢ k0addu-
LIIEHTOM

cos ZNOM = cos60° =

CiegoBaTebHO,

N
1
Y

PQ = MN cos60° = 2-

3aZla4y Ha J0Ka3aTeJbCTBO U BBIYHCICHHE

13.39.1. B OKpYy>KHOCTb BIIMCAH YETBIPEXYTONBHUK C TPEMs PaBHBIMU
CTOPOHAMH.

a) [lokaxxuTe, 4YTO B 3TOM YETHIPEXYT'OJIbHUKE eCTh [1apaJjjiebHble CTO-
POHBL.
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6) HalizuTe [uaroHamu 4eThIPEXYTOIbHUKA, €CJTH PAANYC OKPYKHOCTU
paBeH 25, a Kax/asd U3 TPEX paBHBIX CTOPOH YeThIpEXyrosbHUKa paBHa 30.

Omeem: 48.

Pewenue. a) Ilyctp deTrIpéxyrombHUK ABCD BIMCAaH B OKPYXKHOCTb,
npudéM AB=BC = CD. Briucaunsie ymisl ACB u CAD onupaloTca Ha paB-
HbIe Xopzabl, moatomy ZACB=/Z/CAD. CnenoBatenbHo, BC || AD.

B C

6) O6o3naunM ZBAC = a. [1o TeopeMe CHHYCOB

. CB _30_3
S =395795 =50 5°

a Tak Kak a < 90° (xak nonosuHa yrina BAD tpeyronpHuka BAD), To

cosa = \/1—sin2a: %

[Tycts BH — BBICOTa paBHOGeApeHHOro TpeyronbHuKa ABC. Torza
AC =2AH =2-ABcosa =2-30- 7 = 48.

Ananoruuno BD =48.
13.40.1. /laH BBITYKJIBIN 4eThIpéxyroabHUK ABCD. VI3BecTHO, 4TO

cos ZABC = —cos ZADC.

a) JlokaxxuTe, 4YTO STOT YETHIPEXYTONBHUK BIIMCAHHBIN.

6) HaiizuTre paguyc OKPy>XHOCTH, OTIICAHHOM OKOJIO YeTHIPEXYTOMbHU-
Ka, ecniu ZACB=30°, BC =6, a BBICOTHI TpeyronbHukoB ABD u CBD, mipo-
Be/IEHHbIE 13 BePUINHB! B, paBHBI.

Omeem: 6.

Pewenue. a) VI3 paBeHcTBa cos ZABC = —cos ZADC crenyet, 94To CyM-
Ma MPOTUBONOJNOXKHBIX yIoB ABC 1 ADC 4eThIpéxyronbHuka ABCD pas-
Ha 180°. 3HauUT, OKOJIO HEr0 MOXKHO OIIMCATh OKPY>KHOCTB.

6) Touka B jiexxuT BHyTpHU yia ADC U paBHOyZajleHa OT €ro CTOPOH
DA u DC, 3HaunT, DB — 6uccekTpuca 3Toro yria. [loatomy AB=BC =6.
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[Tlyctb R — pajguyc OKpY)KHOCTH, ONMCAHHOM OKOJIO YeThIpEXYTOIbHU-
ka ABCD. I'lo TeopeMe CUHYCOB

AB 6

R=5507ACE = Zsm30° —

13.41.1. /luaroHanu Tpanenuy MepreHAUKy/IApHBl OOKOBBIM CTOPOHAM.
a) Jloka)kuTe, YTO Tparelus paBHOOeApeHHas.
6) HaliguTe miomaap Tpamneuuu, eciu eé ocHoBaHuA paBHel 10 u 26.

Omeem: 216.

Pewenue. a) Ilyctb AD u BC — ocHOBa-
Husa tpaneruu ABCD. IMockonbky ZABD =
= /ACD =90°, Touku A, B, C u D nexar
Ha OKPY>KHOCTHU ¢ AuameTpoM AD, T.e. OKO-
A\ ip Jio Tpanenyuu ABCD MOXHO ONMCaTb OKPYX-

B 1 ¢ HocTb. ClleZloBaTeIbHO, TPalelys paBHObOe -
peHHasd.

6) [Tyctb AD =26, BC =10, CK — BbICOTa
Tpanenuu. Torga

___ C

12

L __AD-BC _

4 w Kk @ 0 KD=42 AD+BC _

8, AK = 5

18,

a Tak kak CK — BpICOTa IIPAMOYTOJIBHOI'O TpeyronbHuka ACD, npoBesEH-
Has M3 BepIIWHbI mpsiMoro yria, To CK = v AK -KD =+/18-8=12. Cnefio-
BaTeJBHO,

Saco = 224EE ok = 18-12 = 216

13.42.1. Jan napannenorpaMmm ABCD. [Ipamaa CD KacaeTcs OKpY>KHO-
CTH, ONIMCAaHHOU OKOJIO TpeyronbHuka ABD.

a) Jlokaxxute, 4TO AuaroHanab BD paBHa OfHOM U3 CTOPOH Iapajuieso-
rpamma.
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6) HaiiguTe 1wromniazib mapaienorpamma ABCD, ecii BD=2u /BCD=
=45°.

Omeem: 4.

Pewenue. a) IlpoBeném avaMeTp OKPYKHOCTU depe3 Touky D. Ilo-
ckobKy CD — KacaTenbHasA K OKPY>KHOCTH, 3TOT AUAMETP IMeplIeHAUKY-
nsapeH CD, a 3HAYUT, EPIEHANKYIAPEH U XopzAe AB, mapamnensHoit CD.
JlvameTp, neprneHJUKY/IAPHBIN X0p/e, AeJIUT e€ MOIoIaM, 3HaYUT, BICOTa
TpeyroiabHUKa ADB, IpoBe/iéHHaA U3 BepUIMHBI D, ABIAETCA MeJUaHOM.
3Ha4YuT, TpeyroibHUK ABD paBHOGeApeHHbIN ¢ ocHOBaHueM AB. Crefo-
BaTesnbHO, BD = AD.

B C

6) B paBHOGeIpEeHHOM TpeyroibHUKe ABD yros Ipu OCHOBAHUU pa-
BeH 45°, 3Hauut, ZADB=90°. CienoBaTenbHO,

Sasco = 2Saapp =2 3AD-BD = AD-BD =22 = 4

13.43.1. /IBe OKpPY>XHOCTH IlepeceKaroTca B Toukax A u B. Yepes Tou-
Ky B mpoBezieHa IipsAAMas, epecekaromas OKpy»KHOCTHU B Toukax C u D, ye-
’KalllUX 10 pa3Hble CTOPOHBI OT npAMoi AB. KacaTenbHble K 3TUM OKPYX-
HOCTAM B Toukax C U D nepecekaroTca B TOUKe E.

a) Jlokaxxure, 4TO 4eThIpéXyroabHUK ACED BIMCaHHBIN.

6) Hatigure AE, ecntu AB=10, AC=16, AD=15.

Omeem: 24.

Pewuenue. a) V13 TeopeMel 00 yIyie MeX/Y KacaTeIbHOU 1 XOPZAOH ciezy-
eT, uto /BAC = ZECD u /BAD = ZEDC. IToCcKONBbKY Jiyd AB J€XKUT MEXAY
cropoHamu yria CAD, To

ZCAD = /BAC + /BAD = /ECD+ /EDC = 180° — ZCED.

CrefoBaTeIbHO, OKOJIO YeThIPEXyTroabHUKa ADEC MOXXHO OIIMCaTh OKPYXK-
HOCTb.

6) JlokaxxkeM mogobuie TpeyronbHUKOB ABC u ADE. JleiCTBUTENbHO,
TaK Kak 4eTbIpEXyroabHUK ABCD BrnmcaHHBIH, To ZBAC = ZECD = ZEAD
(BriMCcaHHBIE YIJIBI, ONUpAlolyecs Ha OAHY Ayry). AHasormyHo LACB =
= /AED. CnefoBaTeybHO, TpeyronbHuku ABC u ADE TOf06HBI 1O BYM
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Torga AE — AD

yriaaM. lorga AC — AB’ OTKyZa HaxoJuM, 49TO
AD-AC 15-16

AE = B~ 10 = 24.

13.44.1. B octpoyronbHOM TpeyroabHuKe ABC u3 BepmiidH A u C orry-
meHb! BoICOTEL AP 1 CQ Ha ctopoHsl BC u AB.

a) Jlokaxkute, yto /BPQ = /BAC.

6) V3BecTHO, YTO IUIOIIaAb TpeyroabHuka ABC paBHa 96, miomazb
yeThIpEXyronbHIUKa AQPC paBHa 72, a paguyc OKpPYKHOCTH, OITMCAHHOMN

OKoOJI0 TpeyronbHuka ABC, paBeH 1—6. Hatiaure PQ.

V3

Omeem: 8.

Pewenue. a) V3 Touek P u Q oTpe3ok AC
BU/IEH I107 IIPSAMBIM YIJIOM, 3HAYUT, 3TU TOY-
KU JIeXKaT Ha OKPY>KHOCTH ¢ fuaMmeTpom AC.
Torma ACPQ — BIIMICAaHHBIA YETHIPEXYTOIb-
HUK, [I03TOMY

/BPQ = 180° — ZCPQ = /QAC = /BAC.

6) TpeyronbHuk BPQ mojobeH Tpe-
yronpHUKy BAC 1o AByM yriiam (yrosa mpu
BepIrvHe B — 06IInii), a TaK Kak

SaBpq = Sasac —Sagec = 96— 72 = 24,

TO OTHOIIEHUE IUIOLIaZIeN STUX TPEYTOIbHU-
24 1 o

KOB PaBHO 5o = 7. C ozHOU CTOPOHEI, KO-

abdurmenT mozobus paBeH KBaZpaTHOMY

" 1
KOPpHIO M3 OTHOLIECHUA IUIomIazeu, T.eE. 5

3HauuT, PQ = %AC .
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C apyroii cTOopoHBI, K03gdUlreHT mogobus paBeH % = cos 4B. Ilo-

9TOMY COS /B = % Torza

/B =60°, sin/B =sin60° = ?
[TycTs R — pazuyc ommcaHHOW OKPYyKHOCTU TpeyrombHuka ABC. ITo Teo-
pemMe CHHYyCOB 16 V3 _

AC=2RsinZB=2-ﬁ 5 16.

CnepgoBarenbHo, PQ = %AC =8.

13.45.1. B TpeyronbauKe ABC u3BecTHO, uTo Z/BAC =60°, ZABC =45°.
[Tponomkenya BBICOT TpeyroibHUKa ABC IepeceKaroT ONMKUCAHHYIO OKOJIO
HEro OKPY>XHOCTb B Toukax M, N, P.

a) Jlokaxxure, 94TO TpeyroJabHUK MNP IIpAMOYTOJbHBIN.

6) HatizuTte mwioniazs TpeyronbHuka MNP, eciu BC =12.

Omeem: 24+/3.

Pewenue. a) TlycTb TpOAOMKEHUS BBICOT TpeyrombHukKa ABC, mpo-
BeIEHHBIX U3 BeplinH A, B U C, mepecekarT OINKUCAHHYI OKOJIO HEero
OKDY>KHOCTh B Toykax M, N u P coort- c M

BeTCTBeHHO. Torza BnucaHHble Ykl PNB N
U PCB onuparoTcsa Ha OHY U Ty Xe AyTY, I10-
atomy ZPNB = /PCB. Ananorudso ZMNB =
= /MAB, 3Ha4uT,
/PNM = /PNB+ /MNB = s0° 45°
B
P

— /PCB+ /MAB = A
— (90° — ZABC) + (90° — ZABC) =
— 90° — 45° +90° — 45° = 90°.

6) AHaJOTUYHO TToy4YuM, uTo ZNMP = 60°. Torna ZMPN =30°. ITycTb
R — paauyc onrcaHHOM OKpy>KHOCTHU TpeyronbHuKa ABC. ITo Teopeme cH-
HYyCOB

BC 12 12
~ 2sin/BAC ~ 2sin60° ~ 3 4v3.

Torma
MN = 2Rsin ZMPN = 2Rsin30° =R =4+/3,
NP =2Rsin ZNMP =2Rsin60° =R+v/3=12. 4

a

CiiegoBaTebHO,
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13.46.1. B mpAMOYyTONbHBIN TPEyroJIbHUK BIIMCAH KBaZpaT TakK, YTO /iBe
ero BepIIVHBI JieXXaT Ha TUIIOTeHy3e, a /IBe Ipyriue — Ha KaTeTax.

a) JlokaxuTe, YTO LEHTP KBaZpara JIEKUT Ha OUCCEKTPHUCE MPSMOTO
yIJIa TPeyroNbHUKA.

6) Pazuyc OKpy>KHOCTHU, OIIMCAHHOM OKOJIO TPEYTOIbHUKA, OTHOCUTCS
K CTOpPOHe KBazpaTa kak 13:6. HalizuTe yribl TpeyroibHUKA.

c Omeem: arctg 3, arctg%.
Pewenue. a) ITycts cTopoHa MN kBajpa-

- Ta KLMN c nerTpoM O JIeXXKUT Ha TUIIOTEHY-
3e AB IpsAMOYIoJabHOTO TpeyronbHuka ABC,
0 a BepwnHbl K u L — Ha kaTtetax AC u BC co-
oTBeTCTBeHHO. V3 Touek C u O orpe3ok KL
BU/IEH II0Z, IIPAMBIM YIJIOM, 3HQ4YUT, TOYKHU
C m O JexaT Ha OKPY)XHOCTH C JAUaMeT-
poMm KL. Brica"Hble B 3Ty OKpPY»KHOCTb yIibl OCK u OCL onuparorca Ha
paBHBIE AyTH, clegoBaTeabHo, CO — b6uccekTpuca yria ACB.

6) O6o3nauum AB=c, MN =x, Z/BAC = a. Torga /BLM = a. I3 tips-
MOYT'OJIBHBIX TPEYTrOoAbHUKOB AKN u BLM Haxogum, 4To

AN =KNctga =xctga, BM = MLtga =xtga,
a tak kak AN +MN +BM =AB, To xctga+x+xtga=c. OTcroza

13 13 1 10
—Z-F—?, tga+tg_a_?

= vie

ctga+l+tga = % =2-

(pa;u/lyc OIMCaHHOM OKPYXHOCTHU NIPAMOYT'OJIBHOI'O TPEYI'OJIbHUKA paBEH

[ 1
II0JIOBMHE TUIIOTEHY3BI, T. €. E)‘ CrneznoBaTesbHO, tg o =3 WK tga =3

3
C
K L
[
X X
o
A xctga N X M xtga B

13.47.1. OxpykHOCTb C LeHTpoM O, BIKMCAHHAA B TpeyronbHUK ABC,
kacaetcs cTopoH AB 1 AC B Toukax M u N cooTBeTCcTBeHHO, AH — BBICO-
Ta TpeyroiabHuka. [Ipameie MN u BC nepecekaroTca B ToUke K.

a) Jokaxurte, yto ZMKB = Z0AH.
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6) Haiigute AK, eciu ZABC =77°, ZACB=17°, a OTpe30K, COeIUH-
founii Touky H c cepeguHoii MN, paBeH 8.

Omseem: 16.
Pewenue. a) Tlockonbky AH 1 BC u AO 1. MN, yroet MKB u OAH pas-

HBbI KaK yTIJIbl C COOTBETCTBEHHO IIE€EPIIEHAUKYJIAPHBIMH CTOPOHAMM.

A

K B H c
6) [Iyctb P — Touka mepeceueruss MN u AO. Torna ZAPK = ZAHK =
=90°. 13 Touek P u H oTpe3ok AK BHJeH IIOZ IPAMBIM YIJIOM, 3HAYUT,

3TH TOYKHU JIEXKAT Ha OKPYKHOCTH ¢ AmaMmeTpoM AK, a Tak kak AO — 6uc-
cekTpuca yrna BAC, To

/PAH = LOAH = ZOAB— /BAH = % /BAC — /BAH =
- %(180" — /ABC — ZACB) — (90° — ZABC) =
- %(LABC — /ACB) = %(77" —17°) = 30°.

I[To Teopeme CUHYCOB
PH 8

AK = G540 = smaos — L6
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IToaroroBHUTEILHBIE 3a4a9H

14.1. BokoBas CTOpPOHA TPEYTOJIbHUKA Pa3jesieHa Ha IATh PaBHBIX Ya-
CTeli; yepe3 TOYKH /JleJIEHUA IIPOBe/IeHbI IPSIMbIE, TTapajlle/IbHble OCHOBA-
Huto. HaliiuTe OTpesKy 3TUX MPSAMBIX, 3aKIIOUYEHHBIE MEXAY OOKOBBIMU
CTOpPOHAaMH, €CJIU OCHOBaHHUe paBHO 20.

Omeem: 4, 8, 12, 16.

Pewenue. Kaxziad U3 4eTHIPEX YKa3aHHBIX IIPA-
MBIX OTCEKAeT OT JaHHOTO TPEYroJIbHUKA IT0J00HbIH
eMy TPeyroibHUK (IpU3HAK MOAOOUS TPEyroibHU-
KOB TIO IByM yruiaM). KoapduiiueHThl ozio6usa paB-

123 4
HBI g, g, g u g Toma COOTBETCTBYIOIIUE OTPE3KU
PaBHBI
1502 2 50— 3 .90 = 4 50 =

20 $-20=4, £-20=8, £-20=12, -20=16.

14.2. Touka M pacnosoxeHa Ha 60KOBOI cTopoHe AB Tpanenuu ABCD,
npudéMm AM : BM =2 1. IIpAamas, IpoxozAIas yepes TOYKy M napaJieib-
HO ocHoBaHusAM AD u BC, nepecekaeT 60KOByt0 cTopoHy CD B Touke N.
Haiigure MN, eciu AD =18, BC =6.

Omeem: 10.
b o6 ¢ Pewenue. ITpoBegém auaronans BD. IlycTb
M N OHa Iepecekaercs ¢ oTpeskoM MN B Touke P.
P ITo Teopeme 0O MPONOPLIMOHATIBHBIX OTPE3Kax
BP _CN _BM _1
PD ND AM 2°
A 18

Tpeyronbuuk BMP 1of06eH TpPEYronbHU-

Ky BAD c xoadoduimeHTOM % = 3, @ TPEYTONbHUK DNP mnopoben
TpeyroabHUKy DCB ¢ K03bduiineHToOM % = %, II03TOMY

1 1 2 2
MP—gAD—§'18—6, NP—§BC—§'6—4,

cnepoBaTtenbHo, MN =MP + NP =6+4=10.

14.3. Ha 60xoBbIx cTopoHax AB u CD tpamneruu ABCD oTMedeHbI TOY-
MuN 530 AM _ DN _
Ku M 1 N COOTBETCTBEHHO, MIPHYEM 7 = 1y = =

BC=au AD=b.

%. Hatizute MN, eciu
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2a+3b
5 ’ .
Pewenue. TIpoBeném dyepes TouKy M MpAMYyO, IapalieJbHyH0 OCHOBA-
HuaAM. [lycte N; — Touka eé nepeceuyeHus ¢ CD. 113 Teopemsl Paneca cie-

Omeem:

Ayet, uto CN; = %CD =CN. [lostomy TOouka N; coBnazaet ¢ N. Cieznosa-

TenbHO, MN || AD.
ITepswlii cnocob. ITpoBeaém anaronanb AC 1 0603Ha4uM yepe3 K TOuKy
eé mepeceuenus ¢ MN. V3 mozio6us Tpeyroib-

HUKOB AMK u ABC HaxoauM, 94To MK = %b,
a u3 nozo6us TpeyronbHUKOB CKN u CAD Ha-

xoauM KN = %a. CiiegoBaTebHO,

2a+3b

MN = MK +KN = 5

Bmopoti cnocob6. [Ipeamonoxum, 4to a > b. Yepes BepimuHy C IpoBe-
JIEM TIPAMYIO, MTapajuleibHyio 60KoBoM cTropoHe AB. IlycTh P — TouKa eé
mepecevyeHus ¢ ocHoBauueM AD, a Q — c oTpe3koM MN. U3 mozo6us Tpe-
yronbHUKOB CQN u CPD HaxoAuM, 4TO

2 2
QN = gPD = g(a—b).
Torma

2a+3b

2
MN:b+§(a—b): 5

Anasioruuso st a < b.

14.4. Ha pguaronanax AC u BD tpaneuuu ABCD c ocHoBanuamu AD
u BC B34TBI cOOTBeTCTBeHHO TOUKU M u N, npuuém AM : MC=DN :NB=
=1:4. Ha#igute MN, eciu AD=a, BC=b (a>Db).
4a-b
e
Pewenue. TIpoBeném dyepes TOUKy M NpAMYyI0, IapalielbHyI0 OCHOBA-
HuaAM. Ilycts K 1 N; — eé Touku nepeceyeHUs co cTopoHoyt CD u pguaro-
Hasblo BD cooTBeTcTBEeHHO. 13 Teopembl Pa-
Jleca cieyeT, 4To B b

Omsem:

DK :KC=AM:MC=1":4,
DN,:N,B=DK:KC=1:4.

[TosTomy Touka N; coBmazaeT c TOYKON N. M N
CneposarenbHo, MN || AD. A a D
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V3 opo6us TpeyronbaukoB CKM u CDA HaxXoguM, 4TO
_4,np_14
MK = 5AD =3a
a u3 nozobusa TpeyronbHUKOB DKN u DCB — 4T10
1 1
KN = gBC = gb.

CiegoBaTebHO,

4a-b
R
14.5. B 1pAMOYTOIBHBIN TPEeyroAbHUK € KaTeTaMu 6 1 8 BIIMCaH KBaJ-
paT, UMEIOIIN C TPEYTOIbHUKOM OOIIMI TpsiMo#t yron. HaliiuTe cTOpoHy
KBaJpara.

MN = MK — KN =

Omeem: 2—74

Pewenue. Ilycte BepminHa M kBagpata CKML 1€XUT Ha TUIIOTEHY-
3e AB mpaMoyronbHOro tpeyroibHuka ABC, a BepmnHbl K U L —Ha
katetax AC u BC cootBeTcTBeHHO; AC =6, BC =8. O603HaYUM CTOPOHY
KBaJipara 4yepes X.

ITepeslil cnocob. V3 momo6us MPSIMOYTOMbHBIX TPEYTrOIbHUKOB ABC
u MBL cnepyer, 4To

BL _ LM g 8=X_x
BC ~acc ™ 8 ~ 6
24
OTKyza x ="
A Bmopoti cnoco6. Coeauaum C u M. Torga
Gy SaaBc = Saamc +Sapmcs
M
Pl TAC-BC = $AC-MK + $BC-ML,
X X 1 1 1
- 2.6:8=1-6x+78x,

- 2
c x L 8x OTKy,ZI;ax=74.

14.6. B npamoyronbHOM TpeyronbHuke ABC kaTeT AB paseH 21, a Ka-
TeT BC paBeH 28. OKpy:KHOCTb, IIeHTp O KOTOPOMU JIeXKUT Ha TUIIOTeHYy-
3e AC, kacaetcs oboux KaTeToB. HaliiuTe pasinyc OKPy>KHOCTH.

Omeem: 12.

Peutenue. ITepswlil cnocob. ITycTb P — TOYKA KaCaHUs OKPYKHOCTH C Ka-
tetoM BC. O603HaYMM dYepe3 R pajguyc OKpyKHOCTH. V3 mozpobus Tpe-
yronbHUKOB CPO u CBA cieznyert, 4ToO

28—R _ 28
R 21°

OrTcroza HaxoAuM, 9YTo R=12.
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Bmopoti cnoco6. CoepuauM B u O. Torga

Sanos = %ABR = QZR, Saco = %BCR = 14R.

[Tockonbky A
1 1
= = = . = =. . 21-R
Saaos+Sacos = Sassc = 5AB-BC = 5-21-28, AN o
uMeeM ypaBHeHHe
R R

2R 14r =3 21.28,

U3 KOTOPOT'O HaX0AuM, 4yTO R=12. B R P 28-R [

14.7. Touka M snexxut Ha 60K0BO cTopoHe AC paBHOGEAPEHHOTO Tpe-
yrompHUKa ABC ¢ ocHOBanmeM BC, npuuém BM = BC. Hatizute MC, eciu
BC=1u AB=2.

1
Omeem: 3¢ y
Pewenue. Tpeyronbauk MBC paBHOGeIpEHHBIH, TTO3TO-
My
/BMC = ZBCM = /BCA.

PaBHOGeApeHHbIe TpeYToNbHUKU BMC 1 ABC T10ZI0GHBI TI0 z
ZIByM yIJIaM, 3HQ4UT, IBWCC ﬁc CrefoBaTeNbHO, M
1 1
MC—BC-R—l'i—E. B 7 I

14.8. Touka D nexut Ha cTtopoHe AC TpeyrombHuka ABC, NpU4EM
ZABD = /BCA. Haiigure otpesku AD u DC, eciu AB=2u AC=4.

Omeem: 1 u 3.

Pewenue. TpeyronbHuku ABD u ACB nozo6H#bI 1o AByM yriiaMm (ZA 06-

i, ZABD = ZBCA 1o ycnoBuio). IloaTromy % = %. CiegoBaTebHO,

_AB* _ 4 _ _ _ _
AD = 2 _4_1, CD=AC—AD=4-1=3.
A, 5
1 7
B C

14.9. lnaroHaau BBIITYKJIOTO YeThIPEXyTronbHUKAa ABCD paBHBI 12 11 18
u nepecekatorcs B Touke O. HalifiiTe CTOPOHBI YeTHIPDEXYTOIBHUKA C Bep-
IIMHaMU B TOYKax IlepecedeHus MeauaH TpeyroabHukoB AOB, BOC, COD
u AOD.
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Omeem: 4, 6, 4, 6.

Pewenue. ITycte M 1 N — cepefuHbl cTOPOH AB 11 BC COOTBETCTBEHHO;
P 1 Q — TOYKM mepeceyeHUsa MeAuaH TpeyronbHUKoB AOB u BOC cooT-
BeTcTBeHHO; AC =12, BD =18.

oP _0Q_2
[Tockonbky OM — ON — 3 TPEYrOIbHUKN OPQ u OMN 1nopo6HEI ¢ KO-
adpdueHTOM %, nosaromy PQ = %MN , a Tak Kak MN — cpefHAA JIUHUA

TpeyronbHuka ABC, To MN = %AC . CiiegoBaTebHO,

2 1 1
PQ=3-5AC=73-12=4.

AHaJIOTUYHO HaﬁﬂéM OCTaJIbHbIE OTPE3KU.

TpeHHUpPOBOYHbBIE 3a4a4U

14.10. B xpyre mposezeHH! ABe xopAbl AB u CD, mepecekaromuecsa
B Touke M; K —Touka mepecedeHus OuCCEKTpuchl yrima BMD c xop-
nout BD. Haiizute otpe3ku BK u KD, eciiu BD =3, a miomagu Tpeyroib-
HUKOB CMB u AMD oTHOcATCS Kak 1: 4.

Omeem: 1u 2.

Pewenue. Tpeyronbuuku BMC u DMA mopo6un (Z/MCB = /DCB =
=/DAB = ZDAM). IToCKONBbKY IO 3TUX TPEYTOJIbHUKOB OTHOCATCS

D Kak 1:4, To k03ddunmeHT mofobusa paBeH %
[Tostomy DM =2BM.
IMockonbKy MK — 6ucceKTpHca TPeyToJib-
HHuKa BMD, TO
KD _ DM _
A B KB~ BM ~
CiegoBaTebHO,

2.

c KD=%BD:2, BK=%BD:1.



TpeHHpPOBOYHBIE 3a/a4U 351

14.11. B ipsAMOyTOIbHOM Tpareluy OCHOBaHUA paBHbI 17 u 25, a 661b-
1rast 6okoBas cropoHa paBHa 10. Yepes cepeanty M 3TO# CTOPOHBI TIPO-
Be/IEH K Hel NepIeHANKYJLAP, epeceKaonil IPoAoDKeHe BTOPoi 60-
KOBOU CTOPOHEI B Touke P. Haiiaure MP.

Omeem: 35.

Pewenue. TTycth N — cepeiiHa MeHbIIlell 60KOBOI CTOPOHBI AB Tpa-
neuyu ABCD, K — npoexiina BeplinHb C MeHbIIero ocHobaHusa BC Ha
6osnbiee ocHoBanue AD. [To Teopeme [1u-

S
M

_ _ _ Np o
CK=vCD2—KD?=+/CD?*—(AD—-AK)*= "F AN
= /CD?— (AD—BC)? =107 —82=6. oD
V3 mogobus TpeyronbHuKoB NMP u KCD
MN PM

(o AByM yT71aM) HaXOAUM, UTO =7 = =~

CK ~ CD-
MIE{CD. ITockonbky MN =

= %(AD + BC) (cpegHad IWHUA Tpare-

[ToaTtomy PM =

LIK), TO

PM:L;O:BS. 1

14.12. B Tpanennu ABCD gaHubl ocHoBaHuA AD =12 u BC =8. Ha npo-
JO/DKeHUU CTOPOHBI BC otnoxxeH oTpe3ok CM =2,4. B KaKkOM OTHOLLIEHUN
npamada AM penut momazae tpaneuuu ABCD?

Omeem: 1:1.

Pewenue. ITyctb oTpesku AM u CD nepecekatrorcs B Touke K. V13 mozo-
6us TpeyronbHukoB MKC 1 AKD HaxoguM, 4TO

K _CM _ 24 _ 1

KD AD 12 5°
OnyctuMm neprieHAUKY/Apbl KP v CH Ha AD. V3 mozo6us psaMOyTOIbHBIX
TpeyrosbHUKOB KPD u CHD cieznyeT, 4To

KP _KD _ 5 B 8 L24M
CH CD 6
5 K
nosroMmy KP = ECH . 3HAuuT,
Sacp = 224 . ch = 212 . cH = 10CH,
_1 _1 ScH = L
Saakp = 5AD-KP = 5-12-2CH = 5CH. ¢ e
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CiegoBaTebHO,
Saap _ 1 Saa _ 4
SABCD o 2’ SABCK o
14.13. Yepes TouKy nepecedyeHus AuaroHajueil Tpamelyuu NpoBeseHa
npsAMasi, apajelbHas OCHOBaHUAM. HaliiuTe AiuHy oTpe3Kka 3Toi mps-
MOM, 3aKJII0YEHHOIO0 BHYTPHU Tpalleliiy, ecjy OCHOBaHUA Tpalleliuy pas-
HBI a U b.

2ab
Omeem: P

Pewenue. ITycte M — Touka nepeceuyenus guaronaneir AC v BD Tpa-
nenyu ABCD, X u' Y — TOYKU IlepeceyeHUs JaHHOM MPAMOI ¢ OOKOBBIMU
croponamul AB u CD. VI3 mofio6ust TpeyronbHuKoB BMC u DMA HaxouM,

Hro AM AD
a
a2 4 MC T BC ~ b
X Y o AM _ a
m 03TOMY 4=~ =%
U3 mozo6us TpeyronbHUKOB AMX u ACB Ha-
XOZUM, 9TO
A a D MX_AM _ _a
BC = AC ~ a+b’
[TosTomy
a ab
MX = a+b BC = a+b’
AHasOru4YHO HaxoAuM, uTo MY = aa—fb' CiiegoBaTebHO,
2ab
XY = MX+MY = e

14.14. B yron BiMcaHbl Kacaroupecs BHELIIHUM 06pa3oM OKPYKHOCTH
paguycoB r U R (r <R). [lepBas U3 HUX KacaeTCA CTOPOH yIJla B TOYKax
A u B. Haiigute AB.
4rvRr

R+r ~
Pewenue. Ilycts O, — LEeHTP MeHbIEH OKPY)KHOCTU, a OO/bIIas OK-

PYKHOCTB ¢ ieHTpoM O, kacaercs ayda OA B Touke C, a MEHbBIIIEN OKPYX-
HOCTH — B TOuUKe K.

JIMHUA LIeHTPOB JIBYX KacalollUXcsA OKPYKHOCTeH IIPOXOAUT depes UX
TOYKY KacaHUA, [I03TOMY

0102 = K01 +K02 =r+R.
OHyCTI/IM NEepIneHauKyIAap OlF "3 IEHTpa MeHbIIIeH OKPYKHOCTU Ha

paauyc O,C 6onbiieit okpyxaoctu. Toraa O; ACF — IpsAMOYTONbHUK, TT0-
3TOMY

Omeem:

0,F = 0,C—FC =0,C—0;A=R—r.
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V3 mpssMoyrosnbHOTO TpeyroabHrka O; FO, HaxoguM, 4To

O,F = /0,03 —0,F? = \/(R‘H”)Z—(R—T)z = 2+/Rr.

[lycts ya OO, (6uccektpuca yrna AOB) mepecekaeT oTpe3ok AB
B Touke D. Torga AB 1 O0O;, D — cepeauna AB u

ZAOlD = 900 - ZFOloZ == 101021:',

MTO3TOMY TPSIMOYTOJIbHbIE TpeyroabHUKu AO,D u O,0,F mogobHbI, 3Ha-

YUT. AD _ A0, WIn AD _ T oT a HaxoauM, yTto AD = 2rvRr
> 0,F 0,0, ovRr _ R+r> OTKYA AM, = R+r
CnepgoBatenbHo, AB=2AD = 4; +' lir.

14.15. OcHoBaHUA Tpaneuuu paBHel a u b. [IpAmas, napasienbHas oc-
HOBaHMAM, pa3bUBaeT Tpaleuio Ha JBe TPalelny, IUIOMAAN KOTOPhIX
oTHocATcA Kak 2 : 3. HaliguTe AnuHy oTpeska 3TOU NpSAMON, 3aKII0YEH-
HOT'O BHYTpH Tpaleluu.

) \/ 3a® +2b? \/ 2a® +3b?
OTBerT: B WIn s .

Pewenue. Tlepebtil cnoco6. Ilycte M 1 N — TOYKHU Ha GOKOBBIX CTOPO-
Hax coOTBeTCTBeHHO AB u CD Tpaneiiuu ABCD, u mycte AD =b u BC =
=a (b>a), MN || AD; P —Touka nepecedeHus ¢ MN TpsAMOMH, MPOXoas-
el yepe3 Touky C napasienabHo AB, Q — Touka IepeceyeHus ¢ AD nps-
MO¥, poxoZsiieli yepe3 Touky N mapamienbHo AB. O6o3uauum MN = Xx;
h; u h, — BBICOTHI TIOZIOOHBIX TpeyrombHUKOB PCN u QND.

[TycTs oTHOWIEHUE TUIOIMAzAel Tpanenuit BMNC u MADN pasHo 2: 3,
TOorZa

(x+a)h, = %-(b +x)h,,
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B a ( U3 mogobus TpeyronbuukoB CPN u NQD
/‘ / CIIe/IyeT, 9TO h_ X—4 Tlosromy
h, ’ h, b-—x
M $il N 2 b+x _x-a
/ a P ox-a h) 3 x+a  b-x
Il V3 3TOro ypaBHEHWs HAXOAWM, UYTO X =

A X d b-x D B 3a2 + 2Db2
_’/—5 X

Eciu ke oTHOIeHue miomazgei Tpamnenuit BMNC u MADN paBHo 3: 2,

T ap2
TO aHAJIOTMYHO HaWAEM, 4T0 MN = %.

Bmopotii cnocob. ITycte O — TOYKa MepecedeHus MPOAOIKeHNH 60KO-
BBIX CTOPOH AB 1 DC, S — 1iomazib TpeyroabHuka BOC, OTHOLIEHME IUI0-
mazel Tpanenuiit BMNC u MADN paBHo 2: 3, MN =X — UCKOMBIU OTpe-

2
s0k. TorAa Samno — S = 5(Saaop — Samno)
WIH

5 3a®+2b?
Ortcroza HaxoAUM, 9TO X~ = —

Eciu ke oTHOIIeHHWe IUIOIIAZed Tpare-
unit BMNC u MADN pasHo 3:2, To aHajo-

2 2
TMYHO HalzéM, uto MN =4/ %.

14.16. OKOI0 OKPY>KHOCTH OIIMCaHa paBHOGeApeHHas Tparelusa. Boko-
Bas CTOpPOHA Tpalelluy paBHa 4, OTPE30K, COeAUHAIOIMUIN TOUKN KacaHUs
GOKOBBIX CTOPOH C OKPY>KHOCTBIO, paBeH 1. HaliiuTe AruaMeTp OKPY>KHO-
CTH.

Omeem: 2.

Pewenue. IlycTh BIHCAaHHAs OKPYKHOCTb KacaeTcs GOKOBOM CTOpPO-
HbI AB paBHOGeZpeHHOU Tpamenuu ABCD B Touke M, a 6OKOBOI CTO-
poHbl CD —B Touke N. Torma MN || AD. Ilentp O 3TOH OKpPYXHOCTH
pacrionoxxeH Ha cpefHei muHuM PQ Tpanenuu (Touka Q — cepesuna CD),
a npoekuua K touku O Ha MN — cepeauna MN.

[To cBOMCTBY OIMCAaHHOTO YeTHIPEXYTONbHUKA

__ AD+BC _ AB+CD _ 4+4 _
PR="7H—"="75 =73 =4
Torga 0Q=1-4=2.
V3 opobus TpeyronbaukoB OKN u QNO ciefyer, 4To

KN _ ON
ON ~— 0Q’
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A D

OTKy,Z[a HaxoAguM, 4TO
ON? = 0Q-KN = 2-% -1

[MTockonbky ON — pazinyc BINCAHHON OKPY>XHOCTH, AlaMeTp OKPY>KHOCTHU
paseH 2.

14.17. B HEeKOTOPHIN yros BIIKCaHa OKPY:KHOCTb pajguyca 5. Xopza, co-
e/IMHAIoNas TOYKU KacaHusd, paBHa 8. K okpy:XHOCTH IIpOBeZieHH! /iBe Ka-
caTesbHBIE, IapasuieNbHble XopZe. HaliiyuTe cTOpOHEI OIy4eHHOU Tparie-

IUU.
25 25
Omeem: 5, 20, 5 5

Pewenue. Ilyctb O — LIEHTP OKPY>KHOCTU, P M1 Q — TOYKU KacaHUA
OKDY)XHOCTHU € 60KOBBIMHU cTOpoHamu CD u AB moiy4eHHOHM paBHOOes-
penHoii Tpanenyuu ABCD, K — cepeauna PQ, M — cepexguna CD.

K
[

C
4 §;\P
9
M
| / \
N D
KP
13 mogobus TpeyroabHUKoB PKO 1 OPM HaxoouM, 4TO OM = op> 1o
OP? 25

25
aTomy OM = 5 = 7. TIoCKONbKY Cpe/iHAA TMHUA TPaNeluy PaBHa =,

A

CD=AB=22—5.

[Iycth N — mpoeknus BepiuHel C Ha 6osbillee ocHoBaHue AD. U3

ND CN

mofobus TpeyronbHUKOB CND u PKO Haxo[uM, 4YTO Ko = Kp» 3HAUAT,



356 §14. BcriomorareibHbIe OJOOHBIE TPEYTOIBHUKY

CN-KO _10-3 15

ND = =, a Tak Kak oTpe3ok AN paBeH cpeJHel JMHUU

KP — 4 —2°
Tpamnenuu, To AN = 275 CiegoBaTebHO,
AD = AN +ND = %+1—25 —20, BC=AD—2ND =20—15 =5.

14.18. Paccrosnue ot 1eHTpa O OKPYKHOCTH, OIIMCAHHOU OKOJIO Tpe-
yronbHUKa ABC, 5o cropoHsl BC pasHo 1. HaiifuTe paccTosiHMe OT TOYKHU
IiepecedyeHus BBICOT 10 BEPIIUHEI A.

Omeem: 2.

Peuwtenue. Cm. [2], c. 155.

14.19. Yepes Touky C IpoBeZieHHI iBe IpAMbIe, Kacalolecs 3aJaHHON
OKPY)KHOCTHU B TOUKax A u B. Ha 6osbieit us ayr AB B3dTa Touka D, s

kotopo¥t CD =2 u sin ZACD -sin /BCD = l. HaiizuTe paccTossHUe OT TOY-
ku D o xopzast AB.

23

Omsem: 3 -

Pewerue. Tlyctb P, F 1 Q — OCHOBaHUA
NIepIIeHANKYIIAPOB, ONYIIEHHBIX U3 TOYKU D
Ha npamele AC, AB u BC COOTBETCTBEH-
Ho. [TockonbKy oTpe3ok AD BUZEH U3 TOYEK
P u F noj npAMBIM YIJIOM, TO 3TU TOYKH Jie-
JKaT Ha OKPY>KHOCTH ¢ AuameTrpoM AD. AHa-
JIOTUYHO TOYKU Q U F JeKaT Ha OKPY>KHOCTHU
¢ guameTpoM BD. [TosTomy

/DFP = /DAP, /ABD = /ZDQF.

Kpome Toro, ZDAP = ZABD 1o Teopeme 00 yrjie MeXAY KacaTelbHOU
U XopzAoH, ciegoBaTenbHo, /DFP = /DQF. AuanoruyHo /DPF = /DFQ.
3HauyuT, TpeyroabHUku FPD u QFD mogobHbI 1o AByM ymiaMm. CiemoBa-
TEJIbHO,

bp _ DF
DF — DQ’
DF? = DP-DQ = (CDsin ZACD) - (CD sin ZBCD) = %CDZ = %.

Takum o6pazom,
2 _2v3
DF = = = 2£=,
V3 3

14.20. B tpamenuu ABCD gmanHbl ocHoBaHUsI AB=a u CD =b (a <b).
OKpy>XHOCTb, NpOXoZAlIad yepe3 BeplnHbI A, B u C, Kacaercd CTOPO-
Hbl AD. Haligute auaronans AC.

Omeem: v ab.
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Pewenue. VI3 Teopembl 06 yriie Mex-
Jly KacaTeJlbHOW U XOpZAOH ciefyeT, 4YTO
/DAC = ZABC.

[Tockonbky npamele AB u CD mapai-
nenbHBl, /DCA = ZBAC. CnemoBaTenbHO,

TpeyroabHuku ADC u BCA momo6HBI, TIO-
AB _ AC
9TOMY Ac = ¢Cp-

AC? = AB-CD = ab.

OTcroza HaxoAuM, 4TO

14.21. Touka mepecedyeHud MefuaH TpeyroibHuka ABC, BeplinHa A
U cepeuHbl cTOpOoH AB u AC 7nexaT Ha OfHOHM okpyxHocTu. Halizure
MeZraHy, IPOBEeAEHHYIO U3 BepIIuHbL A, ecin BC =a.

Omeem: %.

Pewenue. Ilycte K, P u Q— cepenu-
HBl cTOpOH BC, AC 1 AB COOTBETCTBEHHO,
M — Touka mnepecedyeHUA MeJUaH TPEyrosb-
HuKa ABC.

O6o3naunm MK = x. MeAuaHbI TPeyroyib-
HUKA TOYKOU TepecedeHus JeNATCI B OTHO-
meHuu 2: 1, cuuTtad OT BEPIIMHBI, IO3TOMY
AM =2x.

OTpe3ok PQ — cpeAHAs JIUHUSA TPEYTOlb-
Huka ABC, mostomy PQ || BC, 3Hauwur, B

/BPQ = ZCBP = /KBM.
Touku A, P, M u Q nexaT Ha OKPY>KHOCTH, II03TOMY
ZKAB = Z/MAQ = ZMPQ = /BPQ = ZKBM.
Tpeyronbuuku KAB v KBM mofo6HBI 110 ABYM yriaM (yroJ mpu Bep-

Niat
Niat

myHe K obwuil), 3HAYUT, - BK AK, otkyza KM - AK =BK 2 , W X - 3x =
KM BK
= (2)2 OTcroza HaXOAUM, YTO X = . CnemoBaTeIbHO
2) - ’ 273 ’
a3
AK =3x=3-—= = —/.
2f 2

14.22. V3 BepumuHH Tymnoro yrina A TpeyroiabHuka ABC omylieHa
BoicoTa AD. [IpoBezseHa OKPYKHOCTb C LIEHTPOM B TOYKe D U pasuycom,
paBHBIM AD. OHa nepecekaeT CTOPOHBI TpeyronbHuKa AB 1 AC B TOYKax
M u N coorBeTrcTBeHHO. Haiizute cropoHy AC, eciu HU3BECTHO, YTO
AB=c, AM=m u AN =n.
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mc
Omeem: o

Pewenue. Tlpomomkum AD f0 mepecedeHUs: C YKa3aHHOU OKPYXKHO-
cThio B Touke P. Torma ZAMN = ZAPN, a tak kak ZANP = 90°, To

/APN = /ACB. TloaToMy TpeyrojbHUKU

A y AMN u ACB niopo6usl. CiezoBaTeabHo,
M AM _ AN
AC =~ AB°
B N £ OTcroza HaxoAuM, 9TO
AB-AM mc
P AC=—"N =T

14.23. B tpeyronbHuke ABC yron C Tymol, D — Touyka IlepecedyeHus
npsaMoi DB, neprieHAUKYIAPHOM K AB, u ipaMoi DC, nepneHANKY/IApHON
K AC. BricoTa TpeyronbHuka ADC, mpoBeA€HHad U3 BepIuHel C, mepece-
kxaeT AB B Touke M. M3BecTHO, uTro AM =a, MB=b. Haiizure AC.

Omeem: v/ a(a+Db).

Pewenue. ITockonbky ZABD = ZACD =90°, Touku A, C, B u D nexat
Ha OKPY>XKHOCTH ¢ inaMeTpom AD.

/ M 18
\

| \
| |
| |
\ |

/
/

K D
\\ / Q
ITycte CN — BBICcOTa TpeyronbHuka ADC. [Ipogomxum CN zpo nepece-

YEHUA C OKPY>KHOCTBIO B Touke K. OTpe3ok AD — auameTp, NepIleH/uKy-
nsapuabt xopzAe CK, moatomy CN =NK u AC = AK. CrejoBaTesnbHO,

/LACK = ZAKC = LABC.

[Moatomy TpeyronbHuku CAM u BAC momob6HBI o ABYyM yriam. Torza
AC _AM
25— ac - OTCIOZIa HaXO/UM, UTO

AC?=AM-AB =a(a+b), AC=/ala+D).
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14.24. Yepe3 1IeHTP OKPYXHOCTH, OIMCAHHOUW OKOJIO TPEYTroJbHU-
ka ABC, mpoBeZieHBl NIpsAMEBIE, NepIeHANKYIApHble cropoHaM AC u BC.
OTHU IpAMBIe IlepeceKaroT BelcOTy CH TpeyrosbHUKa WIW €€ IMPOZOoJDKe-
HHUe B Toukax P u Q. U3BectHO, yTOo CP = p, CQ = q. Hatigure paauyc
OKPY>KHOCTH, OTIMCAHHOW OKOJIO TpeyrombHuKa ABC.

Omeem: ,/pq.
Pewenue. ITepawtii cnocob. ITycTh R — pafinyc OKPY>KHOCTH, OITUCAHHOH

okoso Tpeyronbauka ABC, /BAC = a, ZABC = 3. VI3 paBHOOEeIpEHHBIX
TpeyroabHUKOB APC u BQC HaxoauM, 4To

AC =2psina, BC =2gsinf.

ITockonbky
AC =2Rsinf3, BC =2Rsina,

TO
2psina = 2Rsinf3, 2qgsinf3 = 2Rsina.

HepeMHO)KI/IB TIOWIEHHO 2TU paBE€HCTBA, ITOJIy9YHUM, YTO R2 =pq.

Bmopoti cnoco6. [Tpeanonoxum, 410 ABC — 0CTPOYTONBHBIN TPEYTOIb-
nuk. Torga ZCOP =/ZABC, a ZOQP = /ZABC Kak yIJIbl C COOTBETCTBEHHO
TepIeHANKYAAPHBIMU CTOPOHaMH, 3HauuT, ZCOP = ZOQP.

Tpeyronpauku OQC 1 POC 1oZio6GHEI TI0 IBYM yIJIaM, CJI€J0OBaTETbHO,
% = %, oTkyza R>=0C?*=CP-CQ=pq.

AHaJIOrMYHO JJI TYIIOYI'OJIbHOT'O TPEYTOJIbHUKA.

14.25. Yepes 11eHTp O OKPY>KHOCTH, OIIMCAHHOM OKOJIO OCTPOYTOJIHO-
ro TpeyroibHuka ABC, IpoBeJieHa IipAMas, epresaukyiaapsas BO u ne-
pecekarolasa oTpe3ok AB B Touke P u npozgomkeHue orpeska BC 3a Tou-
Ky C B Touke Q. Hatizure BP, eciii uzBecTHO, 4To AB=c, BC=a u BQ =p.
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a
Omeem: Tp

Pewerue. Ilycte npsaman PQ nepecekaeT
OIMCAHHYIO OKPYXKHOCTb B TOYkax M u N
(N nexut mexay P u Q). Torza

wMB = UNB,
1 1
IV /BAC = §UBC = E(uNB—uNC) =

= 2(UMB—UNC) = ZMQB.

CrnemoBaTenbHO, TpeyroabHUKU ABC 1 QBP mog06HbI 110 ByM yryiaMm. I1o-
BC AB

OTOMY +p BP BQ OTCIOZ[a Haxo4guM, 4TO

BC-BQ ap

BP = B -

14.26. YeTspéxyronpbHuk ABCD BNMcaH B OKPYHOCTb. /luaronans AC
SABJIsIeTCST GUCCEKTPUCOM yrma BAD W TiepecekaeTcs C JuaroHaibio BD
B Touke K. Haiiaute KC, eciu BC=4, a AK =6.

Omeem: 2.

Pewenue. O6osnauum KC = x. Torza
AC =KC + AK =x + 6. Tpeyronpuuk KBC
nonob6eH TpeyronbHUKY BAC (110 IBYyM yT-
JlaM), TaK Kak

/KBC = /DBC = ZDAC = /BAC,

BC X 4

KC _
MO3TOMY B= = 75, WIM 7 = — . N3 aTOr0 ypaBHEHUsS HAXOAUM, UTO
x=2.

14.27. llpojomxeHue MeAuaHbl TpeyroibHuka ABC, IpoBeéHHOMN U3
BEpIUMHBI A, IlepeceKaeT ONMCAHHYIO OKOJIIO TpeyrosbHuka ABC OKpy»X-
HocTb B Touke D. Hatizute BC, ectu AC=DC=1.

Omeem: V2.

Pewenue. Ilyctb M — cepesuna BC. Ilo-
ckonpKy LADC = ZABC = ZCBD, TpeyroibHUK
DCM mnozpobeH TpeyronbHUKy BCD 10 AByM yT-

C DC _CM
naM. ClIej0BaTeNBHO, T = H =
O6osHaunMm BM = CM = x. Torza % = %

OTcCloZa HaXOAMM, 4YTO X2

BC=2x=+2.

1
=3 CiegoBaTebHO,
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14.28. Pasuiyc OKpYy:KHOCTH, ONMCAHHOW OKOJIO TpeyronbHuUka KLM,
paBeH R. Yepes BepmnHy L npoBeseHa INpaMasd, NeplIeHAUKYIApHaA
cropoHe KM. 3Ty IpAMyIO IlepecekaroT B ToukKax A U B cepefuHHBIE
NepreHaAuKyaapsl K cropoHam KL u LM cOOTBETCTBEHHO. VI3BECTHO, 4TO
AL=a. Haﬁzu/gTe BL.

Omsem: R—.
a

Pewenue. PaccMoTpum ciydau, Ko-
raa TpeyronbHUK KLM OCTpPOYTOTBHBIN.
[Tycts O — 1IEHTp ero ONMCaHHOW OKPYXK-
Hoctu. O6osHauuM ZLKM = a. Torza
/MOL = 2a kak IleHTpaJbHBIU yroi, co-
OTBETCTBYIOUIWM BIMcaHHOMY yrity LKM,

a /LOB=1/MOL=a.
C Zpyroii CTOpOHHI,
ZOAL=90°—ZALK =90°—(90°—a) = a,

nostoMy TpeyronbHuUku OAL u BOL 1mo-

L -
cnenoparensho, BL=2L = &

BL
JOGHBI TI0 ZIBYM yIJIaM, 3HAYUT, OL= AL’ L= a

AHaJIOrMYHO /I TYIIOYT'OJIbHOI'O TPEYTOJIbHUKA.

14.29. B oxpyxHOCTU NpoBefeHbl fuaMeTp MN u xopzaa AB, mapai-
senpHaa aguametpy MN. KacarenbHasa K OKPY>KHOCTU B TOouke M mepece-
KaeT npambele NA 1 NB cOOTBETCTBEHHO B TOUKax P u Q. VI3BeCcTHO, 4TO
MP =p, MQ =q. Haiigute MN.

Omeem: ./pq.

Pewenue. [lyry, 3akiarouéHHBle MEXIy Hapalr-
JIEIBHBIMU XOPZlaMU, PaBHBI, I0O3TOMY PaBHEI OIH-
paromuecsa Ha HUX BIIMCaHHBIE yIbl. Kpome TorO,
ZMBN =90°, nostomy yriel BMN u MQN paBHBI
(kaxapItt M3 HUX cocTaBiageT 90° B cymMe C yT-

joMm MNQ). 3Hauwur, F‘ A 5
/PNM = Z/ANM = /BMN = ZMQN.

[losaTOMy npAMOyroabHblE TpeyroibHUKu MQN

u MNP nofo6HbI o AByM yriam. CIefoBaTeNbHO, M9 N

MP _ MN

MN = MQ OTKyZa

MN? = MP-MQ = pq.

14.30. B Tpaneuuu ABCD c ocHoBaHuaAMU AD u BC pguaroHanu AC
u BD nepecekatored B Touke E. Okosio TpeyronpbHuka ECB onyicaHa OKpyX-
HOCTb, a KacaTeJIbHas K TON OKDY)KHOCTH, IIpoBeJEHHasA B Touke E, me-
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pecekaeT mpaMy0 AD B Touke F TakuM o6pa3om, 4To Touku A, D u F
JIeXKaT I0CIe[0BAaTeIbHO Ha 3TOM mpAMOii. V3BecTHO, uTo AF =a, AD =b.
Hatigure EF.

Omeem: /a(a—Db).

Pewerue. Yron, BepTuKanabHBIN c yrimom DEF, paBeH IIOJIOBHHE Iy-
ru BE, He cozepxaitieii Touku C (Kak yros Mexy KacaTeJbHOU 1 XopZoit),
II03TOMY

ZCAD = /BCE = ZDEF.

3HauyuT, TpeyroabHuku DEF v EAF mozo6HBI 1O ABYM yIiam (yroa mpu

o DF  EF
BepinuHe F o6muuii). [ToaTomy TF = Ap> OTKY/a HaXOJHM, YTO

EF? = DF - AF = a(a—b).

CneposarenbHo, EF =+/a(a—b).

A D F

14.31. boxoBas cropoHa AB Tpamnenuu ABCD neplieHAUKY/IApHA OCHO-
BaHuAM AD u BC. [Ipamasd, neprneHAuKy/asapHas ctopoHe CD, nepecekaer
cTropoHy AB B Touke M, a cropoHy CD —B TOouke N. M3BECTHO Takxe,
yto MC =a, BN =b, a paccTosiHie OT TOUku D 70 mpsamoi MC paBHO c.
Haiizute paccTosgHue OT TOUKU A 10 ipsmoit BN.

. be
B~ S~ [ Omeem: 7"
/ a \ Pewenue. 13 Touek B u N oTpe3ok MC
/ P/ == QAN BHUZIEH TIOZ IPSAMBIM YyIVIOM, 3HA4WT, 3TU
/ AN TOYKM JIeXKaT Ha OKPYXXKHOCTU C JUaMeT-
y / \ poM MC. BrnucaHHBIE B 3Ty OKPY>KHOCTb
yriael MBN u MCN onuparoTca Ha OLHY
U Ty ke ayry. CiezoBaTenbHo,

ZABN = Z/MBN = ZMCN = £ZMCD.

N3 Toyek A u N orpesok MD BUJeH
N 7 IO/l MPAMBIM YIJIOM, 3HA4UT, STU TOYKHU
~—__ - JIekaT Ha OKPY»KHOCTH ¢ guaMmeTpom MD.

\
/

>~ ___ X 7
N
\
A
-
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BrnivcanHble B 3Ty OKpPY>XHOCTb yIibl MDN u MAN onuparoTca Ha OAHY
U Ty ke ayry. CiezoBaTenbHo,

/BAN = /MAN = ZMDN = ZMDC.

3 10Ka3aHHOTO CJIEAYET, UTO TPeYronbHUKU ANB 1 DMC 11oZio6GHBI 10
ABYM yIvlaM. 3HAYUT, OTHOLIEHWE UX COOTBETCTBYIOIINX BeICOT AQ u DP
PaBHO OTHOILIEHUIO OCHOBAaHUH, T. €.

AQ _ BN AQ _b
pp ~Mc> M o T @
bc

CnegoBatenbHO, AQ = R

14.32. B tpeyronpHuK ABC co cropoHamu AB=6, BC=5, AC =7 BIlU-
CaH KBaJlparT, /Be BEpIIMHbBI KOTOPOT'O JieskaT Ha cTopoHe AC, oZiHa Ha CTO-
poHe AB u ogHa Ha ctopoHe BC. Yepes cepeauny D cTopoHbl AC U LIEHTP
KBapaTa IIpoBeZieHa IIpsaMas, KoTopas lepecekaeTcs ¢ BeicoTol BH Tpe-
yronpHUKa ABC B Touke M. HaiiznTe tiomazs Tpeyronbauka DMC.

3V6

Omsem: -

Pewerue. Ilycte Bepmvnel P u S kBazparta PQRS nexat Ha cTopoHe AC
(P nexxut Mmexzay A u S), O —11eHTp KBazpara, F — Touka mepeceuyeHUs
BD u QR. Tpeyronpauk BFR mogobeH TpeyronbHUKYy BDC, a Tpeyroib-

F
HUK BQF — tpeyronbHuky BAD, moatomy g—R _BFE_Q a Tak Kak

C ~ BD ~ AD’
DC=AD, to FR=FQ, T.e. F — cepeauHa QR.

A
A P /IDE S C

[Tyctb mpsimasi FO nepecekaeT AC B Touke E. Torza FE || QP || BH, a Tak
kak O — cepeguHa FE, TO, paccyzas aHaJOTM4YHO, I1oly4aeM, 4To M —
cepeAviHa BbICOTHL BH.

Bricotra MH TpeyronbHuka DV C BBOe MeHbIIIe BEICOTEL BH Tpeyrosb-
HukKa ABC, ocHoBaHue DC — BJBOe MeHblIe OCHOBaHUA AC, MO3TOMY
wiomas TpeyroabHuka DMC B 4 pasa MeHblIe IUIOLIaAN TPeyroJabHU-
ka ABC.
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[To popmysne ['epoHa HAXOAUM
Samsc = V9O-NO-6)(9-5) = v9-2:3-4 = 6V6.

CiiegoBaTebHO,

3/6

1
Sapmc = ZSAABC )

14.33. [IBe OKPY>KHOCTH KacaroTCA APYT Apyra BHYTPEHHUM 06pazom
B Touke A. Xopzaa BC 6osbliieli OKPY)KHOCTH KacaeTcs MEHbIIeH B TOY-
ke D. IIpsamas AD BTOPUYHO IlepeceKaeT OOJIbILIYI0 OKPYKHOCTb B TOY-
ke M. Hatigure MB, eciu MA=a, MD =b.

Omeem: v ab.

Peuienue. JokaxkeM cHavasa, 4To Touka M — cepeauna nyru BC, He co-
Jepxkatieii Touku A. [TycThb ob1as kacateabHast K JaHHBIM OKPY>KHOCTSIM,
IIpoBeZI€HHadA Yepe3 TOUKy A, rnepecekaeT npamyro BC B Touke P. Torza
/MAP = /ADP KakK yTIJIbl TP OCHOBaHUU paBHOOEPEHHOTO TPEYTOIbHU-
kxa ADP.

[TycTtb a, B u y — ymioBble BenuuHb Ayr CM (He cozep:kauieil To4-
ku A), BM (He cozmepxaieil Touku A) u AC (He cozepskaileii Touku B)
COOTBeTCTBEHHO. Torza u3 paseHcrtsa yioB MAP u ADP ciefyert, 4To

aty _r+p
2 27

OTKyZia IoIydaeM, 4To a = [3. 3HauuT,
/DBM = ZCBM = ZCAM = /ZBAM

u TpeyroibHuKu BDM u ABM nofo6HE! Mo AByM yriam. CiefoBaTeNbHO,
BM _ AM
DM BM’
OTKy/Zla HaxoAuM, 4yTo BM 2=AM -DM =ab.
14.34. [IatuyronsHuk ABCDE BIUCaH B OKPY>XHOCTb. PaccToaHUA OT
TOYKH A 710 ipsiMbix BC, DC u DE paBHBI COOTBETCTBEHHO a, b u c. Haii-
[IUTE PACCTOSTHUE OT BEPIIWHBI A 710 TipssMoii BE.
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Omeem: %.

Pewenue. Ilyctb A4, Ay, A3, A4 — OCHOBAHUA MEPIEHAUKYIAPOB, OILy-
LIeHHBIX U3 Touku A Ha npamsle BC, DC, DE u BE cooTBeTCTBeHHO. [lo-
Ka)KeM, UTO TPEYTONbHUK AA; A, TIOZOOEH TPEYTOMbHUKY AA,A;.

JleficTBUTENBHO,
LA AA, =180°— LA BA, = ZCBE = 180° — ZCDE = LA, AA;.

Touku A, u A, JIeXXaT Ha OKPY>KHOCTHU € fuaMeTpoM AB, a TOYKU A, 1 Az —
Ha OKpYy>KHOCTU ¢ guameTpom AD. [TosTomy

AA
1 4
VI3 1oKa3aHHOTO CJIEAYET, YTO —— = ——— . OTCIOZla HAXOANM, YTO
AA, AA;
AA; ac

AA4:AA1‘E:?.

3aZlayy Ha JOKa3aTeJbCTBO M BBIYHCICHHE

14.35.1. /IBe CTOPOHBI TpeYrolbHUKA PaBHBI 6 U 12, KOCUHYC yIJIa MeX-
Zly HIUMU paBeH % B TpeyronbHUK BIIHCAaH POMO, UMEIOIIHH C TPeyroTbHU-
KOM OOIINIA YT, 3aKII0UEHHBIN MEXKIY JaHHBIMYU CTOpOHAMU (BepIIMHA
pomba, MPOTUBOIIOIOKHAS BEPIIMHE 3TOTO YIJIa, JIEKUT Ha TPETbel CTO-
pOHE TPeyrolbHUKA).

a) JlIoka)kuTe, YTO JAHHBIN TPEYTOMbHUK PaBHOOEZIPEHHBIM.

6) HatizuTe cTopoHy pomba.

Omeem: 4.
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A Pewenue. a) Ilycte ABC — TpeyroibHUK
co cropoHamMu AB =6, AC=12 u ymioMm a
6 12 MeXxAy HUMH. [Io TeopeMe KOCHHYCOB HaXo-
[IIM, 9TO
B ¢ BC=+vAB2+AC?>—-2AB-ACcosa =
A 1
= \/36+144—2-6-12- 7=12.
N
6 4 3uaunTt, BC = AC. CliejoBaTeNbHO, TPEYTOib-
K HUK ABC paBHOOEIpPEHHBIMH.
6) Ilyctb BepmmwmHel K, M u N pomba
B M ' AKMN pacrnosoeHbl Ha CTOPOHAX COOTBET-

ctBeHHO AB, BC u AC TpeyronbHuka ABC.
[To cBoticTBy pomba ero auaroHandb AM — 6uccektpuca yria BAC. Tlo

" BM AB 1 BM 1
CBOMCTBY GMCCEKTPUCH TPEYTONbHUKA MC = AC — g 3HAUHT, 5= =73.
1
Tpeyronbuuk KBM mozo6eH TpeyroibHUKy ABC ¢ KoabpUiieHToM

3 b
ciegoBaTenbHo, KM = %AC =4,

14.36.1. TlepBas OKpY)XHOCTh, BIIMCAaHHAsA B PABHOOEJPEHHBIH Tpe-
yronbHUK ABC, kacaeTcs G0OKOBOW cTOpOHBI AB B TOuke P, a OCHOBa-
HUA BC — B Touke M. BTOpasd OKPyXHOCTb, Kacarolasacsa OCHOBaHUA BC
Y TIPOZIOJDKEHU GOKOBBIX CTOPOH, KacaeTcs mpsmoii AB B Touke Q.

a) JIokaXXuTe, 9YTO TPEYTroAbHUK PMQ TpIMOYTOTBHBIN.

6) HaliguTe pazuyc BTOPOU OKPY>KHOCTH, €CJIH BEICOTA TPEYTOIBHUKA,
IIpoBeZiéHHAA U3 BepIINHEI A, paBHa 45, a Touka P genuT 60KOBYIO CTOPO-
Hy AB B oTHOLIeHUHU 9: 8, cynTad OT BEPIIUHHI A.

Omeem: 40.

Pewenue. a) TpeyrompHuk ABC pas-
HOOeZpeHHBIH, T03TOMY 00e OKPYKHOCTHU
KacaroTcss ocHoBaHus BC B OJHOM U TOH
’)Ke TOouke — cepeauHe M ocHoBaHu:a BC.
W3 Touky B npoBezeHHl KacaTeabHbele BM
U BP K BIMCAaHHOU OKPYKHOCTU TPEYTOJib-
Huka ABC, nostomy BM = BP. Ananorunu-
HO BM =BQ, 3Hauut, M B — mefuaHa Tpe-
yronpHUKa PMQ. OHa paBHa IIOJIOBHHE
CTOPOHBI PQ, ciefi0BaTeNbHO, TPEYroJb-
HUK PMQ IpAMOYTONbHBIN C NPAMBIM YT-
JIOM IIpU BepuvHe M.
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6) Momoxkum AP =9x u BP =8x. Torma AB=17x, BM = BP = 8x. Ilo
teopeme ITudaropa AM? + BM? = AB?, umu 452 + 64x2 = 289x2. Otcroga
HaxoauM, uTo x = 3. [ToaTtomy BC = 16x =
=48.

[IycTs p — momynepumeTp TPEYrosb-
HuKa ABC, OP =r — pazuyc ero BIIMCaH-
HOM OKpy:XHOCTH, O1Q =1, — paiuyc BTO-
poii okpyxxHocTH. Torza

Saapc = 3BC-AM = 14845 = 2445,

p=AB+BM =17x+8x =25x =75,

~"p T 75 T 5

[IpsAMOYTONMBHBIN TpeyroabHUK AO;Q TOA0OEH NPSIMOYTOILHOMY Tpe-
AQ 25x 25

yronbHUKY AOP ¢ KoabouiimeHTOM AP - ox 9" CrnenoBaTesnbHo,
25 25 72
razoleg'OPZ?'?z“»O.

14.37.1. Beicota CH, 1poBe/ijéHHAA U3 BEPIIUHBI IIPAMOIO YIJIa IIPAMO-
yronbHOTO TpeyronpHuka ABC, nepecekaer 6uccekrpucy AD B Touke K.
AH AC
KH ~— CD"

o AK

6) HatiguTe ocTphie yIiibl TpeyronbHuKa ABC, eciu XD = 1+ 2.

Omeem: 45°, 45°.

Peuwserue. a) TIpamMoyTonbHBIE TPEYTONb- C
HuKkd AHK u ACD mofo6HBI, TaK KaK paB-

Hbl uX ocTpele ymisl HAK u CAD. CiezoBa- D
AH _AC
»KH — CD" K

6) Ilo ycioBuio 3azauu % =1+ V2,

II03TOMY

a) JlokakuTe, 4TO

TEJIbHO

AH AK
cos ZCAB =cos ZCAH = AC = AD =

1+vV2  1+v2 . 1+V2 1

T AV 2442 224D V2

CiegoBaTebHO,

ZCAB = ZCBA = 45°.
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14.38.1. luaroHanu BIMCAHHOI'O B OKPY)KHOCTb YETHLIPEXYTOJbHUKA
ABCD mnepecekaroTca B Touke M, a AB=BC.

a) Jlokaxure, 4T0O TpeyronbHUK BMC mozobeH TpeyroabHuky BCD.

6) Halizure pagmyc OKPY>KHOCTH, ONMUCAHHON OKOJIO TPEYrONbHU-
ka BCM, eciu paawyc MCXOJHOW OKPYKHOCTH paBeH R, AB = BC =a,
C BD=m.

aR
Omeem: e
Pewenue. a) Brmcanuele yrisi ADB
u CDB onupawmTca Ha paBHBIE XOpJBI,
nostoMy ZADB = ZCDB. BnrcaHHble yIJIbl
ACB n ADB onuparTca Ha OJHY U Ty XKe
Zyry, nostomy LACB = /ADB. 3Ha4ur,

/ZMCB = ZACB = ZCDB.

CrezoBarenbHO, TpeyroibHUku BMC u BCD
OZOOHEI IO BYM ymiaM (Yros IpH Bep-
LIrHe B o6muii).

6) IlycTh r — paguyc OKPYy>KHOCTHU, OITH-
CaHHOU OKoJlo TpeyroiabHUKa BCM. V3 mo-
nobust TpeyronbHUKoB BMC u BCD cieny-

€T, 4TO L_E_g OTcroza HaXOAUM, YTO
> R_BD_m ﬂ ﬂ >

aR
r=-—.

m

14.39.1. buccekrpuca ymia ADC napannenorpamMma ABCD mepecekaeT
npamyto AB B Touke E. B TpeyronbHuk ADE BrircaHa OKPY>XKHOCTb, Kaca-
romasca cTopoHbl AE B Touke K u cTOpoHBL AD B Touke T.

a) Jokaxkute, uto KT || DE.

6) Hatigute yron BAD, eciu cropoHa AD =6 u KT =3.

Omseem: 60°.

D C Peutenue. a) Ipameie AE u CD napajiesnb-
Hbl, a DE — 6uccekTpuca yria ADC, T03TO-
My LAED = ZCDE = ZADE. 3HauuT, Tpeyrojib-
HUK ADE paBHOOezpenHblif, AD = AE. OT-
pesku AK u AT KacaTejbHBIX, IIPOBEJEHHBIX
K OKDPY>XHOCTHU U3 TOYKU A, paBHBbI, 3HAYMT,
B TpeyronbHUK ATK Takke paBHOOEAPEHHBIH,

NpUYEM yroJ NpU BepuUIMHE A y 3THUX Tpe-
YTOJIbHUKOB o6mmii. [Toatomy ZATK = ZADE. CnepoBarenbho, KT || DE.

6) IlycThb OKPY)KHOCTh KacaeTcsi ocHOBaHus DE paBHOGEIpeHHOTO

TpeyrompHuka ADE B Touke M. Torza M — cepeauna DE. O603HaYnM
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DM = x. Torma DT = DM = x, AT =
=AD — DT =6 —x. TpeyronpHuk ATK 1o-

nobeH TpeyronbHUKY ADE, o3TOMY % =
_IK o 82X _ 3
DE’ 6 _ 2x°

yto x = 3. Torga DE =2x =6, 3HauuT, Tpe-
yronbHUK ADE paBHOCTOpoHHUH. Ciefo-
BaTeabHO, /BAD = /ZEAD =60°.

14.40.1. Oxono TpeyronpHrKa ABC onncaHa OKpy>XHOCTb. Jluametp AD
nepecekaet ctopoHy BC B Touke E, ripu sTom AE =AC.

a) Jlokaxxute, uto BD =BE.

6) Hatigute otHomenue DE : AE, eciu U3BecTHO, uTo BE :CE=2:3.

Omeem: 1:3.

Pewenue. a) Briucannsie yriael CBD u CAD A
OIIMPAIOTCA Ha OJHY U TY XK€ AyTY, IO3TOMY
/DBE = /DBC = ZCAD = ZCAE.
Tpeyronvuuk DBE nogobeH paBHOOGeApEeHHOMY
TpeyrosbHUKy CAE 110 IByM yIJIaM, 3Ha4UT, Tpe-

yronbHUK DBE Taxke paBHOOeApeHHBIN. Crie-
C E B
ZoBarenbHO, BD =BE. \—X/
6) O6osuaunm ZADB = ZACE = a, AC = 7
A
X

OTcroza HaxoAuM,

= AE = x, DE =y u nonoxum BD = BE = 2a,
CE =3a.

Touka B JIEXKUT Ha OKPY>KHOCTH C JUaMeT-
pom AD, moatomy ZABD =90°. 3 paBHOGex-
peHHoro TpeyroabHuka ACE U IpAMOYTOJIbHOI'O
TpeyrosbHuka ABD HaxoauMm, 4To

1
_ECE_B_(I _BD_2(1 x x za
cosa = =5, cosa——AD—x+y. c Ja E x B
y ¢
Toras—a— 2a I/IJII/Ii— 2 OTcioga Ha- D
A 2x T x+y’ 2x  x+y’ A
DE y 1

xoxuM, 4To x = 3y. CiefoBaTeNbHO, AE = x "3

14.41.1. Ha ocHoBanuax AD u BC tpaneuun ABCD noCcTpOeHBI KBaj-
patel ADEF v BCGH, pacIionoXeHHbIe BHE Tpallelinu.

a) Jlokaxwure, yro npsiMasg FG TPOXOAUT 4Yepe3 TOYKY IepecedeHuUst
JviaroHaJed Tparelyu.

6) IIpsimas, mpoxoAsiias Yepe3 eHTPH KBaJpaToB, TepeceKaeT OCHO-
Banue BC B Touke M. Hatizute BM, eciu u3BecTHO, yTo BC =20, AC 1. BD
uBD:AC=3:2.
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Omeem: 12.

Pewenue. a) Ilyctb oTpe3ok FG nepecekaeT guaroHanb AC Tpamneruu
B Touke O. V3 mozpobus tpeyroabHukoB AOF u COG mosy4yaeMm, 4TO
AO _ AF _ AD
0C = G — Bc - Ho TouKa nepecedeHus JyiaroHasem ienut AuaroHans AC
B TOM >XKe OTHolleHnu. CrefoBaTenbHO, O — TOYKA IepecedeHus1 Auaro-

HaJlell Tpamnenuu.

H G H G
g,
// \\
/ \|
B C B 7 [
/
\\_ a
o i
A D A \ D
o,
F E F E

6) IIyctb O, u O, — 1eHTphI KBazipaToB ADEF 1 BCGH cOOTBETCTBEH-
HO. AH@JIOTUYHO TNpeAbIAyIeMy AOKaXXeM, 4TO OTpe3ok O;0, MpOoXoAuT
yepe3 Touky O IlepeceueHus JyaroHasuel Tpanemnuu.

N3 touek O, u O orpe3ok BC BUAEH IIOZ IPAMBIM YIVIOM, 3HAYWUT,
STH TOYKU JIeXKAT Ha OKPYKHOCTH ¢ guameTpoM BC. BrucaHHble B 3Ty
OKpY>XHOCTb ymiel BOO, u COO, onuparTcad Ha paBHBbIE XOp/bl, 3Ha-

gut, 00, — b6uccexkTpuca yma BOC, a OM — 6ucceKTprca TpeyroabHH-

OB

BM
xa BOC. Ilo Teopeme 0 GUCCEKTPHUCE TPEYTONbHIKA 7~ = =, @ TaK KaK

orpe3sku OB u OC CcOCTaBJAIOT OHY U Ty K€ 4aCTb COOTBETCTBEHHO OT

OB _ BD BM _BD _3 _
BD u AC, ToO OC = AC" 3HAYMUT, MC=AC = 3 CnegoBartenbHO, BM =

—3pc=23.20=
=:BC=5-20=12.

14.42.1. YetspéxyronbHuK ABCD BIMcaH B OKPYKHOCTb. Touka X se-
JKUT Ha ero cropone AD, mpuuém BX ||CD u CX || BA.

a) Jloxkaxkute, 9To TpsiMble BX u CX pa3bUBAIOT YETHIPEXYTONBHUK
ABCD Ha Tpu OZ06HBIX TpeyTOJIbHI/IKa.

6) Hatigute BC, eciu AX =5 I/I DX =6.

Omeem: 3.

Pewerue. a) O603HAYMM YIVIBI IIPU BeplInHax A, B u X TpeyroibHU-
ka ABX d4epe3 a, 5 u y cooTBeTCTBeHHO. [TockonbKy CX || BA u BX || CD,
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TO
/DCX = /BXC=/ABX =, /CDX=/BXA=y, /CXD = /BAX =a.

YeTbIpéxyroabHUK ABCD BIHCaH B OKPY>XHOCTb, IO3TOMY CYMMEI €T0
IIPOTMBOTIOIOXKHBIX YIJIOB paBHHI 1o 180°, 3HAUWT,

/CBA = 180° — ZCDA = 180° —y = a +f3,

a tak kak ZABX =f3, To ZCBX =a.
CrnenoBaTenbHO, TpeyronbHuku ABX, BXC u XCD 1I0m06OHBL.

6) [lepeMHO)XUB TIOWIEHHO PaBEHCTBA
BC _ CX  BC _ BX
AX ~ BX’ DX CxX°
HaxoAuM, 4TO
BC>=AX DX =3.6=0.
CnepgoBarenbHO, BC =3.

14.43.1. OKpy)KHOCTb, BIIKICAaHHAas B paBHOOeApeHHy0 Tparnenuto ABCD,
KacaeTcsi 60KOBBIX CTOPOH AB u CD B Toukax M u N COOTBETCTBEHHO.
Otpe3ok AN mnepecekaeT OKPY>XKHOCTb B Touke K, a j1yd MK mepecekaer
ocHoBaHue AD B TOuke L.

a) Jlokaxkute, 4To TpeyronbHUK AKL mozobeH TpeyroabHuky MAL.

6) Haiigute orHOmenue AL : LD.

Omeem: 1:3.

Pewenue. a) ITycts BC =2b, AD = 2a, a OKPy>XHOCTh KacaeTcsi OCHO-
Bauuii BC u AD B Toukax P 1 Q cOOTBETCTBEHHO. [IOCKOIBKY Tpamelus
paBHOGeApeHHast, TOUKU P U Q — cepeInHbI OCHOBAHUM, TO3TOMY

BM=BP=b, CN=CP=b, AM=AQ=a, DN=DQ=a.
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BM b_CN
Torz[a - 3HA4YUT, ITpAMas MN IapaJsuiejibHa OCHOBaHUAM Tpa-

T a DN ’
He]_[I/II/I
V13 TeopeMbl 06 yIyie MeXAy KacaTelbHOU U XOPAOH CIeayeT, 4To
ZAML = /MNK = ZKAL.

CnezmoBaTenbHO, TpeyronbHUK AKL mogobeH TpeyroabHuKy MAL 1o AByM
yriam (yrosi mpu BepiuuHe L o6mimit).

B p P pC

6) V3 aTOTO 11071061 TIONTyYaeM, YTO AL iﬁ, 3HauuT, AL2=KL-ML.

ML
ITo TeopeMe 0 KacaTenbHOM U cekymeit LQ? =KL - ML, moatromy AL=LQ =
_1 AL_ 5 _1
=5AQ= CJ‘IeLLOBaTeJIbHO, ID-3%—3"

2
14.44.1. Ha cropoHe AB u guaroHanu AC kBagparta ABCD oTMeYeHbI
Touku M 1 N cooTBeTCcTBeHHO, pu4éM AM : MB=1:4u AN:NC=3:2.
a) JlokaxkuTte, 9To TOUku A, M, N u D yexxat Ha OJHOU OKPY>KHOCTH.
6) HatizinTe pacCTOsSIHUE OT TOUKU MTepecedeHus JuaroHaaeil YeThpex-
yronbHUKa AMND po nipamoit MN, eciu cTopoHa kBazpara pasHa 30.
Omeem: v/13.
Pewenue. a) ITyctb E 1 F — nipoekiiuy Touku N Ha CTOpOHBI AB 1 AD
COOTBETCTBEHHO. Torza
AE AN 3 DF _ CN

AB~ AC ~5° AD_ AC
ME = AE — AM——AB —AB:
DF = gAD = EAB = ME.

Kpowme Toro, NE = NF, Tak Kak Touka N JIeXKWUT Ha AuaroHaly KBazpara.
[IpamoyrosnbHble TpeyroabHUku MEN v DFN paBHBI IIO ABYM KaTeTaM,
3HauyuT, ZMNE = /DNF, a Tak kak ZENF =90°, To

ZMND = /MNF + /DNF = ZMNF + ZMNE = 90°.

N3 Touexk A u N orpe3ok DM BHJEH IIOZ NPAMBIM YIJIOM, CJI€Z0BaTeIbHO,
OTU TOYKU JIeXKAT Ha OKPY>KHOCTU C fuameTpom DM.
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a
5

6) O603HaYNM Yepe3 a CTOPOHY KBazpata. IIycTb P — Touka nepecede-
HUS JuaroHanel yeTeipéxyroabHuka AMND. TpeyronbHuK APM momo6eH
1
-a
TpeyroabHUKy CPD ¢ x03bduiineHTOM ’g—]Dw = 57 = %, 3HAYUT, % = %,

IIODTOM M_l
YMD =6

[Tycth H — OCHOBaHUe TIePIEHUKYIIAPA, OMYIIEHHOTO U3 TOYKU P Ha
MN. Torzaa PH || DN, tak kak DN | MN. Tpeyronbuuk MPH mofio6eH Tpe-

yronbHUKY MDN, mpuuém Ko3hPUIMEeHT oA00us paBeH % = % Crneno-
BaTeJbHO,

1 aV/13 _av13 _30vV13 _ =
=% 5 — 30 - 30 -V



§15. HekoTophie CBOMCTBA BBICOT U TOYKH HUX
nepece4eHus

IToaroroBHUTE/ILHBIE 3aJa9H

15.1. CTopoHa TpeyrofbHUKa paBHA V2, YIVIbI, IPIIEKAIIMe K He,
paBHBI 75° u 60°. HaliiuTe OoTpe3ok, COeIUHAIIINN OCHOBAHUSA BBICOT,
MIPOBe/IEHHBIX U3 BEPUINH 3TUX VIJIOB.

Omeem: 1.

Peuwenue. Ilyctb BM u CN — BBICOTHL Tpe-
yronsuuka ABC, BC =2, ZABC =75°, ZACB=
=60°. Torga

ZBAC = 180° —75° —60° = 45°.

A

W3 touexk M u N cropona BC BuzHa 1mog
NPAMBIM YIJIOM, 3HA4UT, 3TU TOYKHU JIEXKaT Ha
OKPY>KHOCTU ¢ AuameTpoM BC. YeTwIpExXyronb-
HUK BCMN BHUUCaHHBIN, TTO3TOMY

— /LACB = ZMCB = 180° — ZBNM = ZANM,

3HAYUT, TPeYroabHUK AMN mozo6eH TpeyroabHUKy ABC 1o ZIByM yriam
(yron mpu BepiHe A 061uit), mpuuéM KodGOUIHEHT 10001 paBeH

AM o 1
E—cosLBAM—cos45 =75

CiiegoBaTebHO,

1 1
MN =BC-—==+vV2-—==1.
V2 V2 V2

15.2. Ha ctopore BC TpeyronbHuka ABC Kak Ha JjuameTpe II0CTpoeHa
OKPY>KHOCTb, Iepecekaromas cTopoHsl AB u AC B Toukax M u N coOT-
BeTCcTBeHHO. Halifure mwiomazap TpeyroabHuka AMN, eciu miomazib Tpe-

yronbHUKa ABC paBHa S, a yron BAC paseH a.
Omeem: Scos? a.

A

A N Pewerue. Otpe3sku CM u BN — BBICOTHI

/ TpeyrosbHuka ABC. TpeyrosibHuk MAN 110-
no6eH TpeyronbHUKY CAB ¢ KoadduiieHTOM

—N—cos IToaToMm
A8 = a. y

B
AN 2
\ / SAAMN = (E) “Saapc = Scos®a.
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15.3. Touka M, nexaias BHe Kpyra ¢ AzuameTpom AB, coeiuHeHa ¢ TO4-
kaMu A 1 B. Otpe3ku MA u MB niepecekaroT OKPY>KHOCTb B Toukax C 1 D
COOTBETCTBEHHO. IDlmomazb Kpyra, BIIMCAHHOI'O B TPeyroJlbHUK AMB,
B 4YeThIpe pa3a Oojblle, YeM IUIOMAJb Kpyra, BIMCAHHOTO B TPEYTOb-
uuk CMD. Hatigure yribl TpeyrombHUKa AMB, eciv U3BeCTHO, YTO OJUH
13 HUX B ZIBa pasa OoJbIle Jpyroro.

Omeem: 60°, 40°, 80°.

Pewenue. TTockonbKy

/ZMCD = 180° — LZACD = ZABD,

TpeyroabHUK MCD mozo6eH TpeyronbHuKy MBA 1o AByM yriiaM. [L1omaab
KpyTa, BIMCAHHOTO B TpeyroabHUK MCD, B 4eTblpe pa3a MeHbIe ILIO-
1jaZv Kpyra, BIMCAHHOT'O B TPEYroJAbHUK MBA, 103TOMY pajuyc IepBoro
Kpyra BABOe MeHbllle pajuyca Broporo. CiezoBaTenbHO, KO3OUITUEHT

moz06us TpeyronbHUKOB MCD u MBA paBeH l,

2
3HAYUT, M
_Mc_1 D
cos ZCMB = ME = 27
a Tak Kak yron CMB octpsoiii (Touka M pacrio-
JIOXXeHa BHe JaHHOT'O Kpyra), TO c
/AMB = ZCMB = 60°. A B

Yron nipu BepmuHe M TpeyronbHuka AMB
HE MOXeT OBITh BABOE MeHbllle yia A Wik B, Tak KaK B MPOTUBHOM
ciydae ofiuH u3 yrioB A wiu B paBeH 120° > 90°, uTo HeBO3MOXKHO. Ec-
Jiv 2Ke yroa M BABOe Gosbllie yia A, To yroa B paBeH 90°, 4TO Takke
HEBO3MO’KHO (B 3TOM ciydyae IpsaMas MB KacaeTcsa ZaHHOM OKPYKHOCTH).
AHaJIOTUYHO ZIOKaXKeM, UTO yrosi M He MOXKeT OBITh BABOE MeHblIIle yIia B.

TakuMm o6pasom, 6o yron A BaBoe Gosbiie yria B, 1160 Hao60poT.
B kaxj0M U3 3TUX c/lydyaeB OJUH U3 YITIOB paBeH 40°, a BTopoii 80°.

15.4. OTpe3ok AB—naMeTp OKPY>XHOCTH, a Touka C JIeXXUT BHeE
okpyxHocTU. OTpesku AC 1 BC nepeceKarTcs C OKPY>KHOCTBIO B TOUKaxX
D u M cootBeTcTBeHHO. Hatigute yron CBD, eciu IIomaAu TPEYroabHU-
k0B DCM n ABC oTHOCATCA Kak 1:4.

Omeem: 30°. C

Pewerue. Tpeyroneuuku DCM u BCA mo-

n06HBI ¢ K03dduleHTOM % [TosaTromy BC = M
=2CD. CiregoBaTebHO, D
. CD 1
sin ZCBD = ﬁ = 5,
A B

a tak Kak yron CBD octpsrii, To ZCBD =30°.
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15.5. B TpeyronpHuke ABC Ha cpegHelt nuHuu DE, napanienbHou AB,
KakK Ha JraMeTpe ITOCTpOeHa OKPY:KHOCTb, IlepeceKarolnas cTOpoHsl AC
u BC B Toukax M u N. Hatizute MN, eciu BC=a, AC=b, AB=c.

Ccl@®+b*=cH)
c Omesem: 2ab
Pewernue. Touku M wu N nexaT Ha

N OKPY>KHOCTU € AuameTrpoM DE, 1mo3TOMY
DN u EM — BBICOTH TpeyronbHuka CED,
£ 3HauuT, Tpeyroabauku CMN u CED mozo6-
HBI ¢ KoapduineHntom cos ZACB. CrnenoBa-
TEJIbHO,

O x

MN = DEcos ZACB = & . &0 =¢® _
2 2ab
A B e )
o 4ab )
15.6. B Tpeyronbauke ABC usBecTHO, yTo AB=c, BC=a, ZABC=120°.
Haiizute paccTossHUe MeX/ly OCHOBAHUAMU BBICOT, IPOBEEHHBIX U3 Bep-
muH A u C.

Omeem: %x/az +c2+ac.

Pewenue. Ilycte AM 1 CN — BbICOTHI TpeyronbHUKa ABC. TIoCKONBKY
yron ABC Tymioit, Touku M u N nexxaT Ha IPOoAoKeHUAX cTOpoH BC u AB.

U3 Touek M u N cropoHa AC BHUZHA IO IIPAMBIM YIJIOM, 3HAYUT, 3TU
TOYKHU JIeXKaT Ha OKPY>KHOCTH ¢ AuaMeTpoM AC. BrivcaHHBIE B 3Ty OKpPYX-
HocTb yibl CMN u CAN onuparoTca Ha
OJHY U TY e JyTy, II03TOMY

/BMN = ZCMN = ZCAN = ZCAB,

3HAYUT, TpeyroabHUK MBN momobeH Tpe-
yronbHUKy ABC 110 iByM yr71aM (yros npu
BepluHe B o0mmuii), mpu4ém Kodbduuu-
€HT 07001 paBeH

BM o1
Vi cos ZABM = cos60° = 5
CiegoBaTebHO,

MN :AC-% = %w/BCZ+AB2—2BC-ABc05120° - %x/a2+cz+ac.

15.7. B TpeyronpHuKe ABC npoBeZieHsl BeicoThl AD u CE. Haiigute AC,
D
ecii BC=a, AB=b

E —
' AC =k.
Omeem: v a?+ b2+ 2abk.
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Pewenue. O6o3nauum ZABC = a. Ecmn a < 90° (cM. pUCYHOK ciie-
Ba), To TpeyroibHuKu EDB u CAB mogobHBI ¢ KO3GOHUIIMEHTOM COSQ,

DE
T.€. COSa = R =k. Toraa mmo TeopeEME KOCMHYCOB

AC? = BA> 4+ BC?—2BA-BC -cosa = b? + a?® — 2abk.

Ecimu a > 90° (cM. pUCYHOK cIipaBa), To TpeyroabHuku EDB u CAB 1ogo6-

DE DB
HBI ¢ KoaddueHTOM k = ACT AR~ cos(180° — a) = —cos a. Torga

AC? = a® +b* + 2abk.

15.8. Boicotbsi BM u CN 0OCTpPOyTOJIBHOTO HepaBHOOEJPEHHOIO Tpe-
yronbHUKa ABC mnepecekaroTca B Touke H. CropoHy BC IpOJOIKWIN
o mepeceyeHus ¢ mpsamoit MN B Touke K. CKOJBbKO mMap MOAOOHBIX
TPEYTOJIbHUKOB IIPX 3TOM IOJTyIUIOCH?

Omeem: 10.

Pewenue. TIpsMmoyronbHble TpeyrombHUKUY ABM u ACN momo6HBI 1O
aByM yrmam (yron A obuuii). [IpsmoyrosbHble TpeyroibHUku BNH u
CMH momo6ubl o aByM yriam (yriel BHN u CHM BepTUKalbHEIE).
[IpssMoyTonbHbIE TpeyroabHUKU BNH u BMA TOZOOHBI TIO ABYM yIJIamMm

A
M
N
H
K Bv[
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(yron B obmmwmit). [IpsamoyronbHbie TpeyronbHuku CMH u CNA 1mogo6HBI
o AByM yriam (yron C obmuii). CieoBaTenbHO, MOA0OHBI TPIMOYTOJb-
Hble TpeyronbHUKY BNH u CNA, a TakKe IpAMOYTO/IbHbIE TPEYT'OJIbHUKUA
CMH u BMA.

W3 Touek M u N oTpe3ok BC BUJEH NOZ IPAMBIM YIJIOM, 3HAYUT, 3TU
TOYKU JIEXKAT Ha OKPYKHOCTHU ¢ AnameTpom BC. Torna ZCNM = ZCBM kak
BIIMCAHHBIE YIVIBI, ONMpAoIeca Ha OAHY Ayry. 3HAYWT, TPEYTrOJIbHUKU
NHM wn BHC 110106HBI TI0 ZIBYM YIJIaM.

[TockonmpKy cymMMa HPOTHBOIIOJIOXHBIX YIVIOB BIMCAHHOTO YETBIPEX-
yrosbHUKa paBHa 180°, To

ZNBC = 180° — ZCMN = LZAMN,

3HA4YuT, TpeyroabHuku AMN u ABC mogo6HEI 1o AByM yriiaMm (yron A o6-
IIWH).

Ananoruuno TpeyronbHuKd KCM u KNB mozo6HBI 1O JBYM yIiiaM
(yron K obrmuii).

Haxkowner, u3 paBeHcTBa Z/BCN = /ZBMN cieayeT, 4To MOAOOHBI Tpe-
yronpHUKU KCN u KMB.

TpeHUpPOBOYHBIE 3a/]a49U

15.9. B ocTpoyronbHOM TpeyroabHuke ABC ¢ yriioMm C, paBHBIM 30°,
BBICOTHI ITepecekaroTes B Touke M. Haiigure miomags TpeyroibHuka AMB,
€CJIV PacCTOSHHUA OT I]eHTPa OKPY>KHOCTHU, OITMCAaHHOM OKOJIO TPEYTOJIbHU-

xa ABC, 70 cTopoH BC u AC COOTBETCTBEHHO PaBHEI V2 U \/?E

Omsem: @

Pewerue. ITycTb O — 1IeHTP OKPY>KHOCTU, OITMCAHHOM OKOJIO TPEYTOJIb-
Huka ABC, P u Q —npoekuuu Touku O Ha ctopoHbl BC u AC. M3BecT-
HO, YTO PacCTOSHUE OT TOYKU IlepecedeHus BBICOT TPEeYyroJbHHUKA [0 €ro
BEPIIUHBI BABOE 6OJIbINIE PACCTOSHUSA OT IIEHTPA OMUCAHHOUW OKPYKHOCTU
[0 TIPOTHUBOTIONIOXKHOU CTOPOHBI TPEYTONbHUKA
(eMm. [2], c. 155). [TosToMy

BM = 20Q = 23—‘/5 AM = 20P = 2v/2.

[Tockonbky ZAMB=180°—30°=150°, To

V6
3

SAAMB = %AM'MBSiI‘llSOO =
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15.10. B TpeyronsHuke ABC nipoBeZieHbl BBICOTEI BM 1 CN, O — 1ieHTp
BIIMCAaHHOU OKpYyKHOCTHU. M3BecTHO, 4yTOo BC =24, MN = 12. HatizuTe pa-
JINyC OKPY>KHOCTHU, ONMMCAHHOW OKOJIO TpeyronbHuKa BOC.

Omeem: 8+/3 wm 24.

Pewierue. V13 Touexk M u N cropoHa BC BuJHa IIOZ NPAMBIM YIJIOM,
3HAYMT, 5TU TOYKU JIeXKaT Ha OKPYKHOCTH ¢ AruaMmeTpom BC.

ITycte yrom BAC ocTpblii. YeTHIpEx-
yronbHUK BNMC BOMCaHHBIHM, TO3TOMY

ZNBC = 180° — ZNMC = LAMN.

TpeyronbHuk AMN momo6eH TpeyroabHU-
Ky ABC 1o zaByM yriam (yrom A obiruii),
npudéM  KodbPUIMEHT TOA06MA paBeH

% =cos ZBAC. B To ke BpeMs ko3bduIiu-

BE c
6 MN _12 _1 2
€HT 1100 I/IHlpaBeH BC — 24 — o 109TOMY
cos /BAC = 5 Torma /BAC =60°.
Leutp O OKPYXHOCTH, BIIMCAHHOU

B TpeyronbHuk ABC,—ToOuka Iepecede-
HUA OHUCCEKTpUC TpeyrombHUKa. CymMMa yIJIOB Ipu BepminHax B u C
TpeyronpbHuka ABC paBHa 120°, a cymMMa UX IOJIOBHH (T.e. cyMMma
yIioB npu BepuinHax B u C TpeyronpHuka BOC) pasHa 60°, 3HAuWUT,
/ZBOC=180°—-60°=120°.

[Tlyctb R— paguyc OKpYKHOCTU, OIIMCAHHOM OKOJIO TpeyroabHUKa
BOC. Ilo Teopeme CUHYCOB

BC _ 24 12 24 o
2sin/BOC ~ 2sin120° 3 /3 8vs.
2

R =

[TycTp Tenepsb yron BAC tynoii. Torza BrnucanHble yriael CMN u CBN
OIUPAIOTCA HA OJHY U Ty Ke Ayry, IO3TO-
my ZAMN = ZCMN = ZCBN = ZABC, 3Ha-
YUT, TpeyroabHUK AMN mogo6eH Tpeyrosb- N
HUKYy ABC, npuuéMm Ko3pPUImeHT mozo-

6us paBeH % =cosZCAN. B To xe Bpe-

M
MA Ko3QPUIIMEHT MoA0OUA paBeH ]\é[_g = / ﬂ\
= é—i = %, moatomy cos ZCAN = % 3HauuT, pB& < 3
ZCAN =60°. CnegoBaTeabHO,
/BAC = 180° — ZCAN = 120°,

/BOC = 180° — %(180° —120°) =150°.
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[Tycte R — paZiiyc OKpPY:KHOCTH, OIIMCAaHHOW OKOJIO TpeyToJbHUKa
BOC. Tlo TeopeMe CUHYCOB

__BC ___ 24 _12_,,
" 2sin/ZBOC ~ 2sin150° % —er

15.11. BricoThl TpeyronbHuka ABC mepecekaroTca B Touke H. I3Bect-
HO, 4TO oTpe3oK CH paBeH paZinycy OKPY>KHOCTH, OIIMCAHHOM OKOJIO Tpe-
yrompHUKa ABC. Hatigure yron ACB.

Omsgem: 60° mwiu 120°.

Pewenue. ITyctb C; — cepeauna AB, O — LIeHTpP ONMUCAHHOW OKPY>KHO-
ctu, R— eé paguyc. ITockonsky CH =20C,, TO

1o _1n 1
ocC, = ECH = 2R = 2OB.
CiegoBaTebHO,
/BOC; =60°, ZAOB=2/BOC; =120°.
Eciu Touku C 1 O JieXar 1o ofHy CTOPOHY OT MPsiMoit AB (CM. pUCYHOK
cjeBa), TO
/ACB =1 /A0B = 1 -120° = 60°.

Ecnu e Touku C u O jiexxaT 110 pa3Hble CTOPOHEL OT IpAMOM AB (cM. pu-
CYHOK CIIpaBa), TO

ZACB = %(360o — /ZAOB) = 180°—-60° = 120°.

15.12. BricoThl TpeyronbHuka ABC mepecekaroTcsa B Touke H. I3Bect-
HO, yTo CH = AB. HatizuTe yron ACB.
Omseem: 45° wm 135°.
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Pewenue. Ilycts C; — ceperiHa cTOpOHHBI AB, O — LIEHTp ONUCAaHHON
okpyxHOCTHU. [Tockonbky CH =20C3, TO

0C, = 5CH = 3AB = G, B.

[TosTomy TpeyronbHUK OC;B TmpsAMOYTONbHBIN U paBHOGeApeHHbIH. Cie-
ZnoBareynbHO, ZC;0B=45°.

Ecimm Touku C 1 O JieXaT 10 OHY CTOPOHY OT NPAMOU AB (CM. pUCYHOK
cjeBa), TO

/ACB =1/A0B = /C,0B = 45".

Eciu ke Touku C u O jiexar 1o pasHble CTOPOHBI OT IIpsiMoii AB (cM. pu-
CYHOK CIIpaBa), TO

ZACB = %(360° — ZAOB) = 180° —45° = 135°.

15.13. B TpeyronbHuke ABC usBecTHO, 4TOo AB =2, AC =5, BC =6.
Haiizute paccTossHUe OT BEPIIMHBI B 10 TOYKU IlepeceuyeHus BBICOT.

Omsem: 25
F /35"

Peuterue. ITo TeOpeMe KOCUHYCOB HaXOAYM, 4TO

g AB*+BC*—AC® _ 4+36-25 _5
COS£b="548.BC ~  2.2.6 _ 8
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Torgma

sin/B = +4/1—cos?/B =4/1— (%)2 = @

[Tlyctb O —11eHTp ONUCAHHOU OKPYKHOCTU
TpeyronbHuka ABC, R—eé paauyc, M —
IIpoeKLuA LeHTpa Ha cTopoHy AC, H — Tou-
Ka nepecedeHus BeIcoT. Torma BH =20M. I1o
TeopeMe CUHYCOB

AC 5 20
AO_R_ZsinéB_z.ﬁ_@'
8
CiiegoBaTebHO,
2
_ _ m:\/ 2 _ACC _, /400 25 _ 25
BH = 20M = 2V AO%* - AM 24/ AO Z 2 39 2 /35

15.14. Ha ctopoHe AB TpeyronbHuKa ABC Kak Ha fuaMeTpe IIOCTpoeHa
OKPY>XKHOCTb, Ilepecekarwinasd cTopoHbl AC u BC B Toukax D u E cOOT-
BeTCTBeHHO. [Ipamaa DE pgenut Iuowmazps TpeyroibHuka ABC momnosnam
u obpasyeT c psiMoit AB yron 15°. Halizute yribl Tpeyroibauka ABC.

Omeem: 60°, 75°, 45°.

Pewenue. O603Ha4nM ymibl mpu BepmnHax A, B u C TpeyroibHU-
ka ABC 4yepe3 a, 3 U y cooTBeTCTBeHHO. [lockombKy Touka C JIEKUT
BHE OKPYXKHOCTU C JuameTpoM AB, To yron npu BepuinHe C OCTpBIH,
T.e. Y <90°.

c

Touku A, D, E u B nexxaT Ha OZHOM OKPYKHOCTH, IO3TOMY
/CDE = 180°— ZADE = ZABC = f3.

Ananoruuno ZCED =a.
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Tpeyrompuuk CDE moznobeH TpeyronbHUKy CBA, nmpuuém Koabduiiy-
€HT 10Z00Us paBeH KBa/[PATHOMY KOPHIO U3 OTHOILIEHHU IUIOIAAeN 3THX

1 o
TPEYTOJIBHUKOB, T. €. k =——. C ApyTroil CTOPOHEL, TaK KaK

V2
/AEC = LAEB = 90°,

TO
1 CE
W k= A= cos ZACE = cosy.
[ToaTomy y =45°.
[Tycts npsamasn DE nepecekaeTca ¢ IpaMoi AB B Touke K. I1o ycioBuio
/AKD =15°. B To ke Bpemsi ABC — BHenrHu# yron TpeyronbHuka BEK,

IIO3TOMY
/ABC = LAKD + /BEK = ZAKD+ ZCED, wm f3=15"+a.
[ToacTtaBuB 3 B paBEHCTBO
a+f =180°—-45° =135°
HauzéMm, uyTo a = 60°. CiezoBarenbHo, § =75°.
15.15. B ocTpoyronbHOM TpeyroibHuke ABC 1npoBeZieHbl BBICOTEL CM
u AN. UsBecTHO, yTo AC = 2, a IUIolaZb Kpyra, OIIMCAaHHOI'O OKOJIO Tpe-

yronpHUKa MBN, paBHa % Haiigute yrom mexzay BeicoToit CM U CTOpO-

Hol BC.

Omeem: 30°.

Pewenue. Obosnaunm /BCM = a. Tpeyronpauk MBN mozpobeH Tpe-
yronpHUKY CBA ¢ K03$duIeHTOM

BM . e
BC = €08 /B = cos(90° —a) = sina,

II03TOMY B

MN = ACsina = 2sina.
M
A

[lyctb R —pajuyc OKpY:KHOCTH, OIHCAaHHOMU
okosio TpeyronbHuka MBN. Toraa

MN 2sina _ 2sina _

R= 2sin/B 2sin(90°—a) =~ 2cosa ga. r
1 1
[To ycoButo 3azaun mR? = E, noaToMy R = ——, 3HauuT, tg a = —=. Cieno-
Y ’ 3 T Ba= g e

BaTenbHO, a=30°.

15.16. B ocTpoyronpHOM TpeyronbHuKe ABC u3 BepuH A u C Ha CTO-
poubl BC u AB omymiensl BeicOTl AP 1 CQ. Hatigure ctopony AC, ecnu



384 § 15. HekoTOpble CBOMCTBA BBICOT U TOUKH MX ME€PECEUEHUs

M3BECTHO, YTO IepuMeTp TpeyronbHUKa ABC paBeH 15, mepumeTp Tpe-
yronbHUKa BPQ paBeH 9, a paZuyc OKpPY>KHOCTH, OIIMCAHHOM OKOJIO Tpe-

yronbHUKa BPQ, paBeH %

Omsem: %

Pewenue. Obosnaunm ZABC = a. TpeyrompHuk PBQ mozmobeH Tpe-
BP
yronbHUKY ABC ¢ K0O3ppuIineHToM g = C0s @, a TaK KaK OTHOIIEHHUE ITe-
PUMeTPOB IOJOOHBIX TPEYTONTbHUKOB PABHO KOAGOUIIMEHTY TOA0OUS, TO
cosa=7z = %, sina= g Torza ecnmu r u R — pa-
[IUYChI OITMCAHHBIX OKPYKHOCTEHN TIOAOOHBIX Tpe-
yronbHUKOB PBQ u ABC, TO
5 9

RZET‘: '323,

wlul

CJIEAOBATEJIbHO,

— 9Rsing —0.3.%_ 24
AC—2Rs1na—235—5.

15.17. OTpe3ku, COeJUHAIOLIME OCHOBAHUA BBICOT OCTPOYI'OJBHOI'O
TpeyroJbHUKA, paBHBI 5, 12 u 13. HalizuTe pasuyc OMHUCAaHHOW OKOJIO
TPeyTrOJIbHUKA OKPY>KHOCTH.

Omeem: 13.
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Pewenue. Ilycte npopomxkeHnua BoICOT AA,, BB; u CC; TpeyrojibHU-
ka ABC mepecekarmT OINMCAHHYIO OKPYXHOCTb B TOYKax A,, B, u C,
COOTBETCTBeHHO, A;B; =13, B;C; =12, A;C; =5, a H—Touka Iepe-
ceueHuda BpIcOT. Torma A;, B; u C; —cepeaunsl orpe3koB HA,, HB,
u HC, (cMm. [2], c. 154), mostomy A,B;, A;C; u B,C; — cpeiHUe TUHUU
TpeyroabHUukoB A,HB,, A,HCy, 1 BoHC,. 3HaUUT, TPEYrojabHUK A,B,Cy
MoZI06€eH TPeyToMbHUKY A;B;C; ¢ K03dduimeHTOM 2, a TaK KaK TPEYrojb-
HUMK A,B,C; npamoyronbHbiii (52 + 122 =132), To TpeyrombHUK A,B,C,
TaKKe MPSIMOYTOIbHBIN, IPUYEM €ro YTOoJ, KA TPOTHUB HauOOIbIIeH
CTOpPOHHI A,B,, paBeH 90°. CiefoBaTesbHO, AUaMETP OIMCAHHON OKPYX-
HOCTU TpeyroabHuka A,B,C,, a 3HauuT, u TpeyrojibHuka ABC, paBeH
TUIIOTeHy3e TpeyroabHuka A,B,C,, T. €. 26, a ICKOMBIN pasuyc paBeH 13.

15.18. OTpesku, COeAMHAMIOININE OCHOBAHMUA BBICOT OCTPOYTOJIBHOIO
TpeyroJabHUKa, paBHbI 8, 15 u 17. HaliauTe mwiomazb TpeyroiabHUKA.

Omeem: 340.

Pewernue. Ilycte AD, BE 1 CF — BBICOTBI OCTPOYT'OJIBHOT'O TPEYTOJIbHY-
xa ABC; DF =8, EF =15, DE = 17. TTockonbky 82 + 152 = 172, To Tpeyrob-
uuk DEF nipsimoyronbHbid, /DFE =90°.

O6o3HauuM 4epe3 a, 3 ¥ y YIVIBI IIPU BEPIIMHAX COOTBETCTBEHHO A, B
u C tpeyronbHuka ABC. [Tockonepky ctopoHa AC BuzHa u3 Touek F u D
II0Z, IPAMBIM YIJIOM, 3THU TOYKH JIeXKaT Ha OKPY>KHOCTH ¢ guameTpoM AC,
3HAYUT,

/BDF = 180° — ZCDF = ZCAF = a.
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AHaJIOTMYHO JOKaXeM, 4TO
/CDE =a, ZCED=f, /AEF=[(, /AFE=Yy, /BFD=y.
[TycTb R — pazuyc onrcaHHOU OKPYKHOCTU TpeyroiabHuka ABC. Torna
Saapc = 2R%*sinasin fBsiny.

(cM. I, 22K TPUIOKEHU 2).

Jlyia Toro uToObl HAUTH R, TIpoAO/mKUM BhICOTEI AD, BE u CF 10 Iepece-
YEHUS C OMMCAHHON OKPYKHOCTBIO B Toukax D', E’ u F/ cOOTBETCTBEHHO.
Ecin H — Touka nepecedyeHus BBICOT TpeyroabHuka ABC, To Touku D, E
u F — cepezautst otpe3koB HD', HE' u HF'. Tloatomy EF, DE u DF — cpen-
HUe JUHUU TpeyronbHukoB E'HF’, D'HE’ v D'HF'. 3HauuT, TPeyroJibHUK
D’E’'F’ nomoben tpeyronbuuky DEF ¢ koadduimenTom 2. CremoBaTelb-
HO, TpeyronbHuK D'E’'F’ mpsMOyTobHBIM, a paauyc R ero (¥ Tpeyroib-
HuKa ABC) OmMCaHHON OKPY)KHOCTH PaBeH IIOJOBUHE TUIOTEHY3Bl E'D’,
T.e. 17.

[Tockonbky
/EDF = 180° ~ ZBDF — ZCDE = 180°~2a u cos ZEDF = b = %,
TO
% = cos ZEDF = cos(180° — 2a) = —cos2a,
sina — 1—cos2a 1+1% 5
V2 V"2 =&
AHaAJIOTUYHO HAXOJUM, UTO
. 4 . . o 1
sinf} = —, siny =sin45° = —.
b= s 7
CiiegoBaTebHO,
. . . 5 4 1
S = 2R? =217 —= . — - —= = 340.
AABC sinasin 3 siny 7 Ner ey ANG 4

15.19. I[Ipopomxenua BeicoT AM 1 CN OCTpPOYrOJbHOI'O TPEYTrOJbHU-

Ka ABC 1nepeceKaroT OIIMCAHHYIO OKOJIO HErO OKPY>KHOCTb B ToOUKax P u Q.
o " 6a
Havigure pasguyc onvcaHHOU OKPYKHOCTH, ecnu AC =a, PQ = =
Sa
Omeem: e
Peutenue. Ilycte H — TOuKa Iepece4yeHus BBICOT. VI3BeCTHO, 4TO TOY-
Ka, CUMMeTpUYHas OPTOLIEHTPY TPEYroJbHUKA OTHOCUTEIBHO CTOPOHEL,

JIEXXUT HA OMMCAHHOM OKPYKHOCTU TpeyronbHUKA. [loatomy HM = MP
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n HN =NQ. 3sauut, MN — cpefiHaAAa TUHUA B
TpeyrosbHuKa HQP. CiefoBaTesbHO,
1 3a P
MN = EPQ =3
Tpeyronbuuk BMN mofobeH Tpeyronb- 4
HUKY BAC, puuéM Ko3bOUIMeHT ToA06uA
paBeH cos ZABC, 3Hauwr, H
3 A C
_MN_59_3 _4
cos ZABC = AC = a5 sin ZABC = s

Ecimu R — nckoMBIY pasuyc, TO
AC a 5a

~ 2sinZABC ﬂ -8

15.20. B ocTtpoyrombHOM TpeyronmbHuKe PQR (PQ > QR) TpoBe/eHbBI
BbICOTHI PT u RS; QN — inaMeTp OKPYKHOCTH, OITMCAHHOU OKOJIO Tpe-
yronpHUKa PQR. VI3BeCcTHO, 4TO OCTPHIN yroa Mexay Bbicoramu PT u RS
paBeH a, PR=a. Haligute mwiomazap yeTeipéxyroabHuka NSQT.

Omeem: %az ctga.

Pewenue. TpeyronbHUK PQR OCTPOYTONbHBINA, IIO3TOMY €r0 yTOJ MpU
BepiurHe Q paBeH OCTPOMY yIly MexXAy BeicoTaMu PT u RS, T.e. a.

Yepes BepminHy Q IpOBeJEM KacaTesb-
HYIO K OIMCAaHHON OKPY>KHOCTU TPEYrojb-
Huka PQR ¥ oTMeTUM Ha Hel TOUKy A, Je-
’Kallylo ¢ TOYKOW P 10 pasHble CTOPOHBI
oT ipsiMoii QR. V3 TeopeMbl 06 yTiie MeX-
[y KacaTeJbHOW UM XOpZAOH cjezfyeT, YTo
ZAQR = ZRPQ = ZQTS, 3uauurt, ST || AQ,
a Tak kak QN 1 AQ, to ST L QN. Ta-
KM 00pa3oM, AUaroHaJN YeTHIPEXYTOJb-
Huka NSQT nepneHzvKynApHEL. Torza ec-

JIU S — eTo IUIOIIalb, TO § = %ST -QN.
TpeyronbHUK TQS TOAOGEH TPEYTONb-

.. T
HUKY PQR, npuuém koadduiireHT nogobus paBeH % = COS, 3HAYMT,
ST=PRcosa=acosa.
[TycTb r — pasiiyc ONMMCAaHHON OKPYKHOCTHU TpeyronbHuKa PQR. Toraa
PR

r=—s— = —
2sina  2sina

. CiiemoBaTenbHO,

_1 _1 _1 a _1p2
s= 2ST-QN = 5acosa 2r = 5acosa- = — = Sa“ctga.
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15.21. B TpeyronbHuKe ABC mipoBezieHBI BeicoTa AH, paBHad h, Mmegua-
Ha AM, paBHas m, u 6uccektpuca AN. Touka N — cepesiHa otpe3ka MH.
Haiizute paccTosiHMe OT BepIIUHBI A 10 TOYKU IepecedeHUs BBICOT Tpe-
yronpHuKa ABC.
m?—h?
2h
Peuwterue. V13 IpAMOYTONBHBIX TPEYroNbHUKOB AHM u AHN Haxozuwm,

qTOo
A /mZ —h?

2 B

Omsem:

HM? = AM? - AH? = m® %, HN = 2HM =

2 12 2 2
AN? = AH? + HN? = h2+ 2 4h —m th .

[Tyctb O — LEHTP OKPYKHOCTH, OITMCAHHOM OKOJIO TpeyronbHuKa ABC,
K — oTinyHas oT A Touka nepecedeHus npsaMoil AN ¢ OIIMCaHHON OKPYX-
HocThI0. [TockonbKy AK — 6uccekTpuca yria BAC, To wBK = UKC. [103T0-
My OK — buccekTpuca ymia BOC paBHOGeApeHHOTO TpeyroibHuKa BOC.
CnepoBatenpHO, Touka M nexuT Ha OK. [Toatomy KM 1 BC, a Tak Kak
NH =NM, To 13 paBeHCTBA IPAMOYT'OJIbHBIX TPeyroabHUKOB AHN 1 KMN
cnepyet, uto AN = NK. [Toatomy ON L AK.

B npamoyronbHOoM TpeyronbHuke ONK usBectHo, uto NK = AN, KM =
=AH =h. Torza

m?+ 3h?

NK? = OK-KM, wm 7 = (h+O0M)h.
OTcioga HaX0AWM, YTO
m?—h?
OM ="
[Tycth F — TOYKa nepecedyeHus BeICOT TpeyronbHuKa ABC. Torga
2_ 12
AF =20M = 1

2h
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3aZlayy Ha J0Ka3aTeJbCTBO M BBIYHCICHHE

15.22.1. B TpeyronpHuke ABC ¢ TyIIbIM yIJIOM IIpU BeplIvHE A IpoBe-
JeHbl BEICOTEI BM u CN.

a) Jlokaxxure, uro ZANM = ZACB.

6) HaiiguTte paguychl OKPYXHOCTeH, OMMCAHHBIX OKOJO TPEYTONbHU-

xoB BNC u AMN, ecnu cos ZBAC = —%, a paZiuyc OKPY»KHOCTH, OIIHCaH-
HOM okoJo TpeyronbHUKa ABC, paBeH 6.

Omeem: 42, 2.

Pewenue. a) VI3 Touek M u N oTpe-
30K BC BuZeH noJ IpAMBIM yIJIOM, 3Ha-
YUT, 3TU TOYKU JIeKAT Ha OKPYKHOCTU
¢ auametrpoMm BC. BnivcaHHBIE B 3Ty OK-
pyxHOCTB yribl MNB 1 MCB onuparoTca
Ha OJHY U Ty K€ JyTy, CJIeJ0BATEeIbHO,

/ANM = /BNM = /MCB = ZACB.

6) Tpeyronbuuk MAN momobeH Tpe-
yroabHUKY BAC 110 iByM yrjiaM, IpU4EM
K03bOUIIUEHT TIOZ00UA paBeH

% = cos ZBAM = cos(180° — ZBAC) =

o

[Tycts R = 6 — paZiiyc OIMCAaHHOMN OKPY>KHOCTU TpeyronbHUKa ABC.
[TockonbKy

= —cos ZBAC =

W=

. _ 1_2V2
sin Z/BAC = 1—9 =3

TO 10 TeopeMe cuHycoB BC = 2R sin ZBAC =12 %ﬁ =8+/2. llentp onu-

CaHHOH OKpYKHOCTH ITIPSMOYTOMBHOTO TpeyroabHuKa BNC — cepenuHa
ero rumoTeHyssl BC, cIeoBaTeNbHO, PafyC JTOH OKPYKHOCTH paBeH
nososuHe BC, T. e. 4/2.

1
TpeyrompHuk AMN nofo6eH TpeyronbHUKY BAC ¢ koaddunreHTOM 3
CllefloBaTeIbHO, paiuyc ONMMCAHHOMN OKPY>KHOCTHU TpeyroiabHuKa AMN pa-
1 1
BeH ;R=3 -6=2.

15.23.1. Touku D u E — cepefuHBl CTOPOH COOTBeTCTBeHHO AC u BC
TpeyronbHUKa ABC. Ha oTpeske DE Kak Ha fuaMeTpe IIOCTPOeHa OKPYX-
HOCTb, IlepeceKarlnas npogomkeHnsa ctopoH AC u BC B Toukax M u N
COOTBETCTBEHHO.
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a) Jlokaxxure, 4to 6uccekTpuchl yriioB MEN u NDM nepecekaroTcs Ha
3TOM OKPY>KHOCTH.

6) Hatigute MN, eciu usBecTHO, uTo AB=14, BC=10, AC=6.

Omeem: 3,5.

Pewerue. a) BruccekTprca BIMCAHHOTO yI7Ia IPOXOAUT Yepe3 CepeuHy
JIYTH, Ha KOTOPYIO 3TOT yroJ ONMUPAETCs. 3HAYUT, OUCCEKTPUCHI BITMCAH-
HbIX yI1oB MEN u NDM mnpoxofAT 4yepes cepefuHy aAyru MN, He cozpep-
JKaller ToYKu D.

6) Ilo TeopeMe KOCHHYCOB HAaXOAUM, 4TO

AC®*+BC*—-AB*> _ 36+100—196 _ 1
2AC-BC ~  2-6-10 2

cos ZACB =
3HauuTt, ZACB=120°.

Otpesok DE — cpefHaAA JUHUA TpeyroibHuka ABC, moatoMy DE =

= %AB. Tpeyrombuuku CMN u CED mogo6HBI IO ABYM YIJIaM, IPUYEM
ko3bOUIIMeHT 0Z00UA paBeH %—ZEW =cos60° = % (em. [2], c. 154—155).
CnepoBartenbHO, MN = %DE = %AB =3,5.

15.24.1. B ocTtpoyroibHOM TpeyroabHuKe ABC IpoOBeAeHbI BLICOTHI
AD u CE, H — TOYKa Ilepece4eHus BbICOT.
a) Jlokaxkute, 4To ToOUKkU B, D, H u E jiexxaT Ha OZHOU OKPYKHOCTH.

6) V3BeCTHO, YTO paZiyC 3TOM OKPYKHOCTH paBeH 1 u AC =2. Haii-

V3

JiuTe yron Mexzay Boicotoi CE u ctopoHoii BC.
Omeem: 30°.
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Peuwtenue. a) 13 Touek D u E oTpe3ok BH BUzeH IIOJ IPAMBIM YIJIOM,
3HAYMT, 5TU TOYKH JIeXKaT Ha OKPY>KHOCTU ¢ fruaMeTpoM BH.

A I3 AN 1 M 7 /C

6) Ilycte O —LIEHTP OKPY)KHOCTU, OIMCAHHOW OKOJIO TPEYTONbHU-
Ka ABC, M — cepeguHa cTopoHbl AC. PaccrosaHue ot Touku O 10 CTOPO-

Hbl AC BABOE MeHbIlle PAacCTOSHUA OT TOYKU H ImepeceyeHHs BBICOT O
2 1

—, 0o OM = —. U3 nps-
V3 i o
MOYTOIBHOrO TpeyroabHuka OMC HaxoauM, 4uTo tg/ZMOC = g—M =3,
3Ha4yuT, ZMOC =60°.

Ilo TE€OopeEME O BIIMCAHHOM YTJIE

BepmuHH B (cm. [2], c. 155), a Tak kak BH =

/ABC = 3 /A0C = ZMOC = 60".
CiiegoBaTebHO,
/BCE =90°— ZCBE = 90° — ZABC = 90° —60° = 30°.

15.25.1. BeicoTa AA; OCTPOYTOJIBHOTO TpeyroabHuKa ABC npojomkeHa
JI0 TlepecedeHus ¢ ONMCAaHHOU OKPYKHOCTBIO B TOUKe P, H — ToYKa Iiepe-
cedeHus BBICOT, O — IIeHTP OIHCAHHON OKPYKHOCTH.

a) Jlokaxure, uTo A, — cepeAniHa oTpeska HP.

6) Haiigute OH, ecnmu AH =3, A{H =2, a paguyc OmuCcaHHOU OKPYX-
HOCTHU paBeH 4.

Omeem: 2.

Pewenue. a) Ilycte BB; — Takke BvicoTa TpeyroimbHuka ABC. Torga
/CBB; = ZCAA,. Bnucannsie yrisl CAP 1 CBP onupalioTcs Ha OHY U TY
JKe AyTy, I03TOMY

3HauuT, BbicoTa BA; TpeyronbHuka PBH siBfeTCs €ro GUCCEKTPUCOM, TIO-
3TOMy TpeyroibHUK PHB paBHOOeApeHHBIN ¢ ocHoBaHueM HP. CienoBa-

TeJbHO, BA; — MeJyiaHa 3TOro TpeyrojabHUKa, a A; — cepe/iHa OCHOBa-
Husa HP.
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6) ITo noxazanHoMy HP =2HA; =4. IlycTb R =4 — painyCc OKPY>KHO-
ctu. ITo TeopeMe 0 Ipou3BeIeHUU OTPE3KOB IIePeCceKatoUXCA XOP/

AH-HP = (R—OH)(R+OH), 3-4=R?>-0H? 12=16—0H?,

oTkyza OH 2=4. CrnegoBaTenpHo, OH = 2.

15.26.1. Ilycte AA,, BBy u CC; — BBICOTBI OCTPOYT'OJIBHOT'O TPEYTOb-
Huka ABC c yrinoM 45° ipu BepmuHe C.

a) JIokaxuTe, 9TO TPEYTONbHUK A, B;C; IPIMOYTOIbHBIN.

6) HaiizinuTe OTHOIIIEHKE, B KOTOPOM BbIcOTa AA; JeNUT OTpe30K B;Cy,
€CJIM U3BecTHO, yTo BC =2B,C;.

Omeem: 2:1, cyutas oT TOYKHU B;.

Peuwserue. a) U3 Touek B; u C; oTpe3ok BC BuzieH N0/ IPSAMBIM YIJIOM,
3HAYMT, 3TU TOYKU JIeXKaT Ha OKPY>KHOCTH ¢ ArnaMeTpoM BC. [ToaTomy

ZAClBl = 180O —ZBClBl == ZBCBl == 450.
C

457
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Ananoruyno ZBC;A; =45°. CienoBaTenbHO,
ZBlclAl = 1800 - ZAClBl - ZBClAl = 1800 - 450 - 450 = 900-

6) ITockombky ZAC;B; = ZACB, TpeyroibHuK AB;C; mofobeH Tpe-
yronbHUKY ABC 10 ByM yryiaM, IpuuéM koabUIireHT mofobus k paBeH
Blcl

BC

1
=3 3HAYWUT,

ABy _, _1

cos ZBAC = cos ZBAB, = 1B = 5
CrnegoBatenpHo, ZBAC=60°. Torga ZCA,B;=60° u /BA,C,=60°. 3Hauwur,
/B;A;C, =180°—2-60° = 60°, ZLAA,B;=90°-60°=30°

moatomy A; A — buccekTpuca yria B;A;C;.

[Tycte M — ToOuKa IepeceyeHus BBICOTE AA; ¢ oTpeskoM B;C;. Torza
A M — bucceKkTpuca MPSMOYTOJIBHOTO TpeyroabHUKa A;B;C;, a TaK Kak
ocTpeii yron A;B,C; atoro TpeyrompHuKa paBeH 30°, To A;B; =2A;C;.
CrieoBaTENBHO, IT0 CBOMCTBY OGMCCEKTPUCH TPEYTOIbHUKA

BM  AB, 5
MC, = A,C; T 7
C
45¢
B,
60°
30° A,
J07%0°
60° M
A C B

1

15.27.1. Tlycte AA;, BB; u CC; — BBICOTHI TpeyronbHuka ABC, O —
LIEHTP ero OIIMCaHHOM OKPY>KHOCTH.

a) Joxaxure, uto OA 1 B;C;.

6) Haiizute miomazb Tpeyronbuuka ABC, eciu A1B; =21, A;C; =17,
B,C;=10.

Omeem: 510.

Pewenue. a) Ilyctb KA —kacaTesnbHasg K OINMCAaHHONM OKPYKHOCTHU
TpeyronbHuKa ABC, npudém Touku K u C jexar II0 pasHble CTOPOHBI
ot nipsamou AB. ITockonbky BB u CC; — BBICOTHI TpeyronbHUKa ABC, TO
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Z/AC,B; = ZACB. U3 TeopeMbI 06 yIie MEXKIY KacaTeIbHOU U XOPZOH clie-
ayet, uro ZKAB = /ACB, 3uauur, ZAC,B; = ZKAB. Tloatomy B;C; || AK,
a Tak kak OA L AK, o OA 1 B,C;.

B

6) AnamorunyHo OB L A;C; u OC L A;B;. llycts H — TOUKa Iepecede-
HUA BBICOT TpeyronbHuka ABC. TIpomomxum BeicOTH AA,, BB; u CC; go
IlepecevyeHus ¢ OIMCAaHHON OKPYXHOCTbIO TpeyronbHuka ABC B TOYKax
A,, B5 u C,. Torma A, B;, C; — cepegunsl orpe3koB HA,, HB, u HC,
(em. [2], c. 156), 3HauwnT, B;C;, A;C; u A, B, — cpeHVe TUHUU TPEYTONb-
HUKOB B,HC,, AyHC, 1 AyHB,. TT0oaTOMY TpeyroabHUK A,B,C, MoA06eH
TpeyroabHUKy A, B, C; ¢ koadpdurmenTom 2.

O6o3naunm £A,B,C, = /A,B,C; = f3. Ilo TeopeMe KOCHHYCOB HaXoO-
M, 9TO

cosf = 10°+212-172 _ 3
2-10-21 5°
Torga sin ff = %

[Tycts R — pazuyc omucaHHOM OKpy>KHOCTU TpeyronbHuUka ABC. Ilo

TeopeMe CUHYCOB

_ AC, 34 85

" 2sinf _2.‘3‘ T4
[Tnomazap TpeyronbHuKa ABC paBHa cyMMe IUIOIIa/iel YeThIpEXYTOIbHU-
k0B AB;0C;, BA;OC; u CB;0A,, AviaroHaiu KaXZlor0 U3 KOTOPBIX Iep-
NeHAUKYAApHBL. ClieZloBaTeNbHO,

Saapc = %OA'31C1+ %OB'A1C1+%OC-A131 =

—lp10+ir1741iR01=1 =185 4=
= 5R-10+5R-17+ 5R-21 = 5R(10+17+21) = 5 - > -48 = 510.
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15.28.1. Bricotsl BB 1 CC; 0CTpOYyrosbHOI'O TpeyroabHuka ABC nepe-
ceKaroTcsa B Touke H.

a) Jokaxure, uto /BB,C, = ZBAH.

6) HaiizuTe paccTossHUE OT IIeHTPa OIHUCAHHON OKPY>KHOCTU TPEYTOJb-
Huka ABC no croponst BC, ecnu B;{C; =12 u ZBAC =60°.

Omeem: 4v/3.

Peuwenue. a) U3 Touex B, u C; oTpe3ok AH BUZIE€H 110Z, IPSMBIM YIJIOM,
3HAYUT, 3T TOYKHU JIeXKAT Ha OKPYKHOCTHU € JuaMeTpoM AH. BrircanHble
B 3Ty OKPY>KHOCTb yibl HAC; u HBC; onuparoTca Ha OJHY U Ty KE AyTY,
CJIel0BATEJIBHO,

ZBBlcl = ZHBlcl = ZHACl = ZBAH.

6) TpeyrompHUK AB;C; mogobeH TpeyronbHuky ABC c koaddurreH-

TOM c0S ZBAC = cos60° = % (cm. m. 17a npunoxkenus 2). CiezoBaTelbHO,
BC=2B,C;=24.

[TycTs O — IEHTp ONMMCAHHOU OKPYKHOCTHU TpeyrombHuka ABC, M —
cepeauHa cTopoHbl BC. Torza paccrosaHue oT Touku O A0 CcTOpOHBI BC
paBHo AyHe oTpe3ka OM, a Tak Kak BIIMCAaHHBIHN yron BAC BABOe MeHblile
LeHTpaiabHoro yria BOC, To

/MOC = %LBOC — /BAC = 60°.

W3 npamoyronbHoro TpeyronpHuka COM HaxoauM, 4TO

OM = CM ctg £ /BOC = BCctg60° = 12-? = 4y/3.
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JuarHocrtuyeckas pabora 1

1. Okosno TpeyroipbHUKa co cTopoHamu 6, 8 u 10 ommcaHa OKpyX-
HoOCTb S. HaliziuTe pazuyc OKpy>KHOCTH, Kacarolelica MeHblIel CTOPOHbI

TpeyTroJbHUKa B €€ cepeiuHe U OKPY>KHOCTHU S.

.1 9
Omsem: 5 Wi 5.

Peutenue. ITyctb O — LIEHTP OKPY>KHOCTH, OIIMCAHHOMN OKOJIO TPEYTOJIb-
HuUKa ABC co cropoHamu AC =6, BC=8 u AB=10. TpeyronvsHuxk ABC
npsamMoyronbHbil (AC? 4+ BC? =36+ 64 =100 = AB?), nostomy O — cepe-
JIHa €T0 TUINOTeHY3Hl AB, a paZuyc OKpyX-
HOCTHU PaBeH 5.

I[Iyctb O; —LEHTP OKPYXHOCTU pa-
auyca r, Kacawielica karetra AC B ero
cepeiuHe M u Kacamoolleiica B Touke K
BHYTPEHHUM 00pa3oM ONMKUCAHHOM OKPYK-
HOCTU TpeyroibHuka ABC, NIpu4éM TOY-
ki O u O; pacronoXeHbpl II0 pasHble
cTOpoHBl OT mupsamout BC. JluHuA 1ieH-
TPOB KacaroIUXCA OKPY)KHOCTEH IpOXo-
JUT 4Yepe3 TOYKYy UX KacaHUA, II03TOMY
OK =OM + MK =OM + 20,K, a Tak Kak

OM — cpepgHada iuHUA TpeyronbHuka ABC, OM = %BC =4, OK=5—

pasnyc OMUCAaHHOW OKpyXXHOCTU TpeyroimbHuka ABC u MK — auameTp

o 1
MICKOMOM OKDY)XHOCTH, TO 5 =4+ 2r. C/le/loBaTe/IbHoO, I'= 5.
Eciu sxe Touku O 1 O, pacIioNoXeHbI 110 OZ/HY CTOPOHY OT mpsmoii BC,

TO QHAJIOTUYHO HAXOAUM, UYTO I = %
2. [lan TpeyrombHUK co ctopoHamu AB=BC =17, AC = 30. Haiiaute
006110 XOpZy OKPYKHOCTeH ¢ amameTpamu AB u AC.

Omeem: 21;470

Pewenue. ITycTb OKPY>KHOCTb C AUaMeTpPOM AB BTOPUYHO IlepeceKaeT
npamyo AC B touke M. Torma BM — BpICOTa, a 3HA4YUT, MeAuaHa Tpe-
yronbHuKa ABC. Tlo Teopeme IMudaropa BM = v 172 — 152 =8 < 15, mo-
3TOMY B IIPSIMOYTOJILHOM TpeyroibHUKe ABM yron npu BepiiuHe B 60Jb-
mre 45°. CinemoBarenbHo, ZABC >90°.

[IycTb OKpyXHOCTB ¢ guameTpoM AC BTOPHUYHO IlepeceKaeT IIp:-
Mmyto BC B Touke K. Torza AK — BbICOTA TYIIOYI'OJIBHOTO TPEYTOJbHU-
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ka ABC, moaTomy Touka K JIeXKUT Ha MPOAOIKeHUH GOKOBOM CTOPOHBI BC
3a TOYKy B.
W3 Touku K oTpe3ok AB BUZEH N0/ IIPAMBIM

YIJZIOM, 3HQUUT, 3TA TOYKA JIEXKUT Ha OKPY>KHO- K

ctu ¢ auameTpoM AB. Takum obpaszom, K —

BTOpas TOUKa IlepecedeHus OKPYKHOCTeH, 0 KO- ’

TOPBIX I'OBOPUTCA B YCJIOBUM 3afauu, a AK — A m [
o01as Xop/ia TUX OKPYKHOCTEH. w

W3 paBenctBa BC - AK = AC - BM Haxozuu,
YTO

AC-BM _ 30-8 _ 240
BC — 17 T 17"
3. B BoIykiIoM deThIpéxyronbHuke ABCD usBecTHO, 4T0 ZCBD =58°,
/ABD =44°, /ADC =78°. Hatigute yron CAD.
Omeem: 58°.
Peuterue. JIyd BD mpOoXoAauT MeXAy CTOPO-
Hamu ymia ABC, 1o3ToMy
/ABC = LABD + /DBC = 44° +58° = 102°,
3HAYUT,
ZABC+ /ZADC = 102° +78° = 180°.

CrnemoBaTenlbHO, YeTBIPEXYTOMbHUK ABCD BIU-
canHb. [ToaTomy

ZCAD = /DBC = 58°.

AK =

4. OKpy>XHOCTb KacaeTcsad cTOpoH AB u AD mpamoyronbHuka ABCD
u TiepecekaeT ctopoHy DC B eamHCTBeHHOU Touke F, a crtopony BC —
B eJUHCTBeHHOI Touke E. Haligure miomazap Tpaneuuu AFCB, eciu
AB=32, AD=40u BE=1.

Omeem: 1180.

Pewerue. Ilycte OKpykHOCTB pazuyca R ¢ neHtpoMm O KacaeTrcs CTO-
poH AB u AD npamoyronsHuka ABCD B Toukax M u N COOTBETCTBEHHO.
B nmpamoyronpHoi Tpanenyu OMBE u3BeCTHO, 9TO

OM=0OE=R, BM=AB—-AM =AB-ON =32—-R, BE=1.
W3 Touxku E onmyctuM nepreHaukyaap EK va OM. Toraa
OK=0OM-MK=OM-BE=R-1, KE=BM =32—-R.

PaccMOTpUM IpsAMOYTONMbHBIN TpeyronbHuk OKE. TTo Teopeme ITudaropa
OE?=O0K?+KE?, wm

R>=(R-1)?>+(32-R)?, R?>-66R+1025=0.

Ycnosuro 3azauu yaoBiaeTBopsaeT R =25.



398 JuarHoctudeckre paboThl

A R M 32-R B
KT F
R &
L R-x
N1 o
Q
ul [
D XF C

B npsamoyronpHO# Tpanenuu DFON U3BeCTHO, YTO
OF =ON =R =25, DN =AD-AN =40-R=15.
O6o3naunM DF = x. 13 Touku F omyctuM nepneHaukynap FL vHa ON. To-
raa
OL=ON-LN=0ON-DF =R—-x=25—x, FL=DN =15.
PaccMOTpUM TIpSIMOYTO/bHBIN TpeyroabHUK OLF. [To Teopeme ITudaropa
OF?=0L?+FL?, umn
25% = (25-x)*+15%, x*—50x+225=0.

Ycnosuto 3azauu yaosnetBopseT x =5. Torga CF =CD —x=32—-5=27.

CliejoBaTebHO,

Sarce = CF;AB -BC = 27—532 -40 = 1180.

5. B tpeyrompHuke ABC nposezeHsl BeicOTEl AA;, BB; u CC;. Us-
BecTHO, 4yTo /BAC =120° u AA,; = 6. Hatigure BbicoTy AP TpeyroabHUKa
AB.C;.

Omeem: 3.

Pewenue. 113 Touexk By u C; orpesok BC BuzeH 1oj IPAMBIM YIJIOM,
3HA4MT, OTU TOYKU JIeKaT Ha OKPY>KHOCTU ¢ fruaMeTpoM BC. BrincanHble
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B 3Ty OKPY>XKHOCTB yIuibl BC1B; 1 BCB; onu-
paroTca Ha OZHY U TY XKe AyTY, I03TOMY OHHU
paBHBL.

TpeyronpHUK B AC; OA06€EH TPEYTOb-
HUKY BAC TI0 IByM yIyiaM, TPU4EM KO3pHu-
I[UEHT 000U paBeH

AB, o 1
a8 = cos Z/BAB; = cos60° = 5

[Ipu aToM moz06uu BeIcOTa AP Tpeyroib-
HUuKa B;AC; COOTBETCTByeT BBICOTE AA;

TpeyroabHuka BAC, ciefoBarenbHo, AP = %AAl = % -6=3.

6. LleHTp OKPY)XKHOCTH, BIIMCAHHOMN B YETHIPEXYTONBHUK, JIEXKUT HA €TO
JViarOHaIM, PaBHOU 5. VI3BeCTHO, YTO ITepUMETP YETHIPEXYTONbHUKA Pa-
BeH 14, a miomazap paBHa 12. HaliiuTe BTOpPyIO JVaroHalb ¥ CTOPOHBI
YeTHIPEXYTONbHUKA.

Omsem: 25—4, 3,4, 3, 4.

Pewerue. Ilyctb AC = 5 —uaroHainb
JAHHOTO 4eThIpéxyronmbHuka ABCD. LieHTp
OKPY>KHOCTH, BIIMCAHHON B YTOJ, JIEKUT
Ha OHCCEeKTpHCe TOro YIJa, TIO3TOMY Tpe-
yronbHUKU ABC 1 ADC paBHBI IIO0 CTOPOHE
U IBYM IpWIEXaIIuM K Hell yriaM.

O6o3naunm AB=AD =x, BC=CD =y,
/ABC = a. Torzga

x+y=7, %xysina=6, Xy = x%4y?—2xy cosa = 25,

sina’
x?+y?—2xycosa = (x+y)*—2xy —2xy cosa =49 —2xy(1+cosa) = 25,
12
Y= T¥cosa

12
l1+cosa sina
JeHus: 06enx JacTel 3TOTO ypaBHEHUS B KBaZpaT M OYEBU/IHBIX YIIPOIIE-

HUH nonydyuM ypaBHeHUe cosa(l+cosa) =0, a Tak kak 0° <a < 180°, To
a=90°.
Takum obpasom,

U3 paBeHCTBa cnenyet, 4To 1+ cosa=sin a. ITocie Bo3Be-

x+y=17,
xy =12,

V3 9TOM cucTeMBI HaXOAuM, 4To X =3, y =4 wiu x =4, y = 3.
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Toukn A n C paBHOyZaJeHBl OT KOHLOB oTpe3ka BD, 3Hauut, AC —
CcepeZIMHHBIN NepIeHANKYIAp K oTpe3Kky BD. /13 paBeHcTBa %AC -BD=12
(rutommazp YeTeipéxyronbHuKa ABCD) HaxXoAnM, 4TO

212 2:12 24
BD = AC — 5 T~ 5°

JluarHocTudeckas padora 2

1. /IBe cTopoHHI TpeyroiabHUKa paBHB 10 1 12, a MeAgnaHa, IpoBeAEH-
Had K TpeTbel, paBHa 5. HaliguTe miomazab TpeyroabHUKa.

Omeem: 48.

Pewenue. [Tycte AM — Meznana TpeyroiabHuka ABC, mpuuém AM =5,
AB=10, AC =12. Ha nipogo/mxeHny Mmegransl AM 3a TOUKy M OTIOXUM
otpe3ok MD, paBubii AM. Torga ABDC — napasiesorpaMM ¢ JuaroHa-

jgamu BC u AD, a mwiomazb TPeyrosib-

A HUKa ABC paBHa IUIOmaZu paBHOOE-

75 peHHoro TpeyroibHuka ABD, B KOTOPOM

AB=AD =10, BD =12. Bricoty AH Tpe-

[ yroibHUKa ABD HaxoguMm IO TeopeMe

[Mudaropa u3 NpAMOYTOIBHOTO TPEYTOJIb-
Huka ABH:

AH = vVAB2—-BH2 = /100—36 = 8.

'\“ o\
M

0
a1
© G

CiiegoBaTebHO,
Saasc = Saapp = %BD -AH = %'12-8 =48.

2. OkpyxHOoCcTH € IeHTpamMu O; u O, KacaloTcsd BHEIIHUM 006pa-
3oM. Kpome Tor0, 06€ 3TH OKPYKHOCTH KacaloTcs BHYTPEHHUM 00pa3oM
OKpY>XKHOCTHU pazuyca R c nienTpoMm O. Haliiite mepuMeTp TpeyroabHUKA

00,0,.
Omeem: 2R.
Pewenue. Ilyctb 15 U 1y — paguycel
Q ' OKpy»KHOCTel ¢ 1ieHTpamu O, u O, cOOTBeT-
CTBEHHO. JINHUA 1IeHTPOB [IByX KacaloUIUXCs
‘(' OKPY’KHOCTE! IIPOXOAUT 4Yepe3 TO4YKy Kaca-
HUA, IOITOMY

OOlzR—r‘l, OOZZR—rz, 0102:T‘1+r‘2.
CiegoBaTebHO,

OOl+OOz+0102:R—r1+R—r2+r1+r2=2R.
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3. Touku D u E pacnonoxeHbl Ha cTopoHe AC TpeyroinbHuka ABC.
[Ipssmele BD u BE pasbuBatoT Meguany AM TpeyrombHuKa ABC Ha Tpu
paBHBIX oTpe3ka. HaiizuTe miomazae TpeyroapbHuka BDE, ecny miomajb
TpeyronbHuka ABC pasHa 1.

Omsem: 0,3.

Pewerue. Ilycte npamele BD u BE nepecekaroT meguany AM B TO4-
kax K u L COOTBETCTBEHHO, IpHY€M Touyka K Jexur mexzny A u L,
AK =KL =LM. Touka L jeXAT Ha MeJWaHe TPEYrOJIbHUKA U JEIUT eé
B oTHoweHuu AL :LM =2:1, 3Hauut, L — TOUKa IlepecedyeHus MeAuaH
TpeyroibHUKa, Io3ToMy BE —Taxke MmezuaHa. CnezosarenbHO, E—
cepesyiHa CTOpoHBI AC.

B

AW E c
P

Yepes BeplIMHY A NPOBEEM IPAMYIO, NapajleJbHyl0 CTOpoHe BC.
[TycTp 3Ta npsAMas mepecekaeTcs C NPOAOLKEHUEM OTpe3ka BD B TOd-

ke P. TpeyronpHuk AKP mogobeH TpeyroabHUKy MKB ¢ koabduiieHToM

AK _ 1 1 1
XM = 3 HO3TOMY AP = EBM = ZBC . Tpeyronbauk ADP mofobeH Tpe-

yronbHUKy CDB, 3HauuT,

1
AD AP _7BC 1

DC ~ BC_ BC &4

I03TOMY
AD = 1AC, DE=AE-AD = 2AC—-1Ac = 2 AcC.
5AC, 3AC—3 10
CiegoBaTebHO,
DE 3 3

SABDE = E'SAABC = E'l =10

4. CropoHa AB HpaBWIbHOTO LIecTHyronbHuka ABCDEF pasHa /3
U ABJIAETCA XOPAOH HEKOTOPOU OKPY>KHOCTH, IIPUYEM OCTabHbIe CTOPOHBI
IIeCTUYTOJbHUKA JieXKaT BHE 3TOM OKpyKHocTU. [IpAmasd, mpoxozsamas
yepe3 BeplIMHYy C, KacaeTcs OKPY>KHOCTHM B Touke M. M3BeCTHO, 4TO
CM = 3. HaiiauTe AuaMeTp OKPY:KHOCTH.

Omeem: 2v/3.
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Pewenue. I[Tycte M — TO4Ka KacaHusa, K — Bropas TOYKa IepecedyeHus
npsamoit BC ¢ ga"Ho# okpyxHocThto. Torma CK - CB=CM 2, OTcroza HaXo-
auM, 9to CK =33, BK =CK — BK = 2+/3.

L M B Tpeyronbauke ABK nmeem

D g AB=+/3, BK =2+/3=2AB,

>
“ /ABK =180° - ZABC = 180° —120° = 60°.
v K

£ A 3HauuT, TpeyronbHUK ABK IpAMOYyTroyib-

F b, BK — ero rumnorenysa. CiezoBaTesb-
HO, BK = 2+/3 — ucKOMBIH Mamerp.

5. [leHTp OKpYKHOCTHU pazmyca 6, kacatoiieiics ctopoH AB, BC u CD
paBHOGepeHHOM Tpanenyu ABCD, iexut Ha eé 60JbliieM ocHOBaHUU AD.
OcHoBanue BC paBHO 4. HaliiuTe paccTosiHUe MeX/Jy TOYKaMU, B KOTO-
PBIX OKPY>KHOCTB KacaeTcs: G0KOBBIX CTOPOH AB u CD 3TOM Tpameluu.

Omeem: 3?6

Pewenue. ITyctb O — LIeHTp OKpyKHOCTH; Q, M 1 P — Touku eé€ kaca-
HUA CO CTOPOHAMU cOOTBeTCTBeHHO AB, BC u CD Tpanenuu ABCD; L —
Ipoeknyd BepiunHbl C Ha ocHOBaHUe AD; K — TO4YKa Iepece4eHns OTpe3-

k0B PQ u MO. 3ameTum, uto PQ || AD (BQ=BM =CM =CP).
B M C

AN

A 0 L D

[Tockonbky CO — 6uccekTpuca yria BCD, To ZCOD = /Z0CB= Z0CD,
moatomy TpeyronbHuk OCD paBHOGeapeHHbIH, CD =O0D.

0O603Haunm CD =0D =x. Torga LD=0D —OL=0D—-MC=x—-2.TIlo
TeopeMe [Tudaropa u3 IpAMOyTroIbHOTO TpeyroibHUKa CLD HaXoAUM, YTO

CD? =CL*>+LD? wm x>=36+(x—2)2.

Ortcroga ciegyet, uTo x = 10.
KP _ OP

3 mopo6us TpeyroabHukoB OKP u DLC HaxoquM, YTO CL=CD" Ilo-
3TOMY
_OP-CL _, 6 _ 18
KP="¢p =616~ 7%"
36

CnepgoBarenbHo, PQ =2KP = 5
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6. Yribl ipu BepimmHax A u B TpeyronbHuka ABC paBHBI 75° u 45° co-
OTBETCTBEHHO, AA; U BB, — BBICOTHI TpeyrojbHUKa. KacareinbHasa B TO4-
ke C K OKPY>XHOCTH, OIIMCAaHHOI OKOJIO TpeyroabHUKa A;B;C, nmepeceka-
ercqa ¢ pamon AA; B Touke K. V3BecTHO, uyTo CK = a. Haiizure pazumyc
OKPYKHOCTH, ONIMCAHHOW OKOJIO TpeyrombHuKa ABC.

Omeem: a.

Pewenue. TpeyrombHUK A, B;C ono6eH TpeyronbHuKy ABC ¢ k0addu-

1 "
nueHToM cos ZACB = cos 60° = 7, 3Ha4MT, paZtyC R ONMMCAHHOM OKPYXHO-
cTu TpeyronbHrKa ABC BaBOe 6osblle paZinyca I OIIMCAHHON OKPY>KHOCTH
TpeyrosbHuka A;B;C.

W3 TEOPEMbI 06 yriie Mexay KacaTeJbHOH U XOpZ[Oﬁ CJIEeAYET, 4TO
/KCA, = /CB,A, = ZABC = 45°,

W3 nnpsamoyronpHOro TpeyroabHuka KA, C Ha-
xozuM, 4To CA; = CK cos45° = L To TeopeMe

V2

CHHYCOB

. cA . CA
"= 25in/CB,A,  2sin45

CnepgoBartenbHo, R=2r=a.

Juarnoctudeckasa pabora 3

1. MeznaHa U BbICOTA NIPAMOYI'OJIBHOI'O TPEYTOJbHUKA, IIPOBEAEHHbIE
13 BepIIMHEI IPAMOro yIvia, paBHHI 5 U 4. HalifuTe KaTeThl.

Omeem: 2V/5, 44/5.

Pewenue. Tlyctb CM =5 u CH = 4 — c
MeZraHa U BBICOTA INPAMOYIOJIBHOIO Tpe-
yronbHUKa ABC, NIpoBeIEHHBIE U3 BEPILU-
HEI IpAMoOTo yriia. ITo Teopeme [Mudaropa

MH = vV/CM?2—CH? = v/25—16 = 3.

MezauaHa @IpAMOYI'OJBHOI'O TpEYyroAbHUKA, IIpOBeAEHHAs U3 Bep-
IIMHBl IpAMOrO yIjla, PpaBHA IIOJIOBMHE TUIIOTEHY3bl, II03TOMY
BM=CM =AM =5.

[Ipeanonoxum, uto AC > BC. Torza Touka H JIeXKUT MEXAYy TOYKaAMU
B u M, nostomy

BH=BM-MH=5-3=2, AH=AM+MH=5+3=28.
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CiegoBaTebHO,
BC=+vBH-AB=+2-10=2+5, AC=+AH-AB=+8-10=4+5.

2. HatizuTe nepuMeTp TPeyrolbHUKA, OAWH U3 YITIOB KOTOPOIO pa-
BeH @, a paZiuychl BIINCAHHOW U OIHMCAHHON OKPYXHOCTeU paBHEI I U R
COOTBETCTBEHHO.

Omesem: 2(r ctg% +2Rsina).
¢ Pewserue. TTycTh yToJ IpY BepUIMHE A
TpeyronbHuka ABC paBeH a, O — 1JeHTp
BIIMCAaHHOM OKpYXHOCTU, K — TOUKa Ka-

/ CaHUs BIIMCAHHON OKPY>KHOCTH CO CTOPO-
0 HOU AB, M — co cTtopoHoii AC. Torza
%2 ‘r 1 BC=2Rsina, AK=OKCtg%=rCtg%.
A K B Tlockonbky AM = AK u BK + CM = BC,

TO
AB+AC +BC = 2AK +2BC = 2rcig 5 +4Rsina.
3. B tpeyronbHuk ABC co cropoHamMu AB =18 u BC =12 BrnucaH mna-

pamnenorpamm BKLM, npuuyéM Touku K, L 1 M nexaTr Ha cTopoHax AB,
AC n BC COOTBETCTBEHHO. VI3BeCTHO, YTO ILIOLIA/b ITapalyIeiorpaMma Co-

4 "
CTaBJAET § IUIOWA/AK TPEYTONbHUKA ABC. HanijuTre CTOpOHBI ITapaJljeso-
rpaMma.

Omeem: 8, 6 wnu 4, 12.

Pewenue. O6osHauum BM = KL = x,
BK:LMZy, SAABC=S' TOI‘,Z[a

4 1 14, 2
Sekim=355,  Sapkm=3SsiM=73"5S=55,
a Tak KakK
25— _ BM BK _xX Y.
A 7 > 9S—SABKM_ BC ' AB SAABC_ 1218 S’
TO Xy =48.
KL AK
TpeyronbHUK AKL mofiobeH TpeyroabHUKy ABC, MO3TOMY BC = AB’
X 18—y Xy =48,
W 75 = =, OTKyZ:a 3x + 2y = 36. I3 cucTeMbl Haxo-
12 1 7 g {3x+2y:36

auM, 9to X =8, y =6 wm x =4, y =12.

4. OKoJ10 IPSAMOYTONBHOTO TpeyronbHuKa ABC omnncaHa OKPY>KHOCTb.
PaccTostHUS OT KOHIIOB A U B TUNOTEHY3bI AB 10 TIpAMOM, Kacatoiencs
OKPY’KHOCTH B Touke C, paBHBI a u b cooTBeTcTBeHHO. HaliiuTe KaTeTh
AC u BC.

Omeem: \/a(a+b), \/b(a+b).
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Pewenue. ITycte P u Q — nnpoekuu Touek A U B Ha ykasaHHYIO Kaca-
TesnbHy0, CM — BrIcOoTa TpeyronbHuka ABC.
TpeyronbHruk AMC paBeH TpPEYTrOJIbHUKY
APC, Tak Kak

/PCA = ZABC =90° — ZCAB = LACM
(o Teopeme 06 yIe MeXIy KacaTeJbHOM
u xopzpoit). CrnepgoBaTenbHo, AM = AP = a.
Ananornuyno BM = BQ =b, mosTomy

AC?* = AM-AB = a(a+Db),

BC? =BM-AB =b(a+b).

5. B npamoyronbHOM TpeyronbHuKe ABC ¢ NPAMBIM YIJIOM IIpUA BEp-
muHe C cropoHa CA paBHa 4. Ha karete BC B3ATa Touka D, mpuuém

V5

CD =1. Oxpy>XHOCTb pazuyca —5 TIPOXO/IUT 4€pe3 TOUKH Cu D ukacaerca
B TouKe C OKPY>XHOCTH, OIIMCAaHHOI OKOJIO TpeyronbHuka ABC. HalizuTe
IIomap TpeyroabHruka ABC.

Omeem: 4.

Pewerue. TTockonpKy TOUKa D JI€KUT BHYT-
PY OKPY>XHOCTH, OIIMCAHHOI OKOJIO TPEyTOJIb-
Huka ABC, TO JjaHHBle OKPY>KHOCTH KacaroT-

¢ BHYTpeHHUM o6pa3zoMm. Eciu M — ominy- n'

Haa oT C Todka IlepecedyeHUs I1epBOil OKpyX-

HocTH ¢ KateToM AC, To MD — auameTp aToi L M 2 A
OKPY>XHOCTH,

MC = vMD?—-CD2 =+/5—-1=2.

ITycte Q u O — cepegunbl guaMeTpoB MD u AB JAaHHBIX OKPY>KHO-
creit. Torma Touku O, Q u C jexaT Ha OJHON IMpPAMOMN, TPEYroIbHUKU
MQC u AOC paBHOGezapenHble, ZCMD = ZACO = /BAC, 0O3TOMy Tpe-

yronbHUKH MCD u ACB nofio6HBI ¢ KoadduiieHTOM %
TEeJIbHO,

53}

>/

~

1
=3 CnezpoBa-

BC=2CD =2, Syuc=3BC-AC=4.

6. Ha cTropoHax mpsMOYToJIbHOTO TPEyroJbHUKA C KaTeTaMu a U b no-
CTPOEHBI KBaZ[paThl, JIeXKallle BHe TpeyroibHuKa. HaliuTe miomazas Tpe-

YTrOoJbHUKA C BEPIIMHAMU B IIEHTPAax KBaApaTOB.

2
Omeem: M.

Pewenue. Ilycte ABC — faHHBIM IIPAMOYTOIBHBIN TPEYTOJBHUK C Ka-
tetramu BC =a, AC =b u runotenysoii AB, O, O, u O3 — IIeHTPHI KBa/-
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paToB ABMN, AKLC u BCEF, moCTpOEHHBIX BHEITHUM 00pa3oM Ha TUII0-
TeHy3e 1 KaTeTaX AC U BC COOTBETCTBEHHO.

M b

P a
F B a
o, M
b a
7 452 b
45° 45°
E C b A a R
45°
02
L K

3ameruM, uto CO, u CO5 — OUCCEKTPUCHl BEPTUKAIBHBIX YIJIOB, IO-
aToMy TOUKU O,, C u O3 jIexkaT Ha OfHOM IIPAMOU U

a . b _atb
V2 V2 V2
[Iycts P — npoeknya Touku M Ha npamyro BC, R —IIpoeKIUa TOY-
ku N nHa nipamyro AC, a Q — Touka nepeceuenud npameix MP u NR. Torza
CPQR — KBagpar co CTOPOHOIt a + b, ero 1eHTp coBnajaer c eHTpoM O,
kBazipata ABMN (cMm. [2], c. 26, npuMmep 3), CO; — MOJIOBUHA JyiaroHa-
a+b

su kBazpara CPQR, CO; = N a Tak kak CO; — 6ucceKkTpuca mpsaMoro

0203 = C03 +COZ =

yria ACP, To
401602 = Zoch'i‘ZOZCA = 45O 'i'45O = 900,

T.e. O;C — BpIcOTa TpeyronbHUKa 010,05. CiefoBaTeNbHO,

1 1 a+b a+b (a+b)?
5A010203250203‘01C=§' \/E.\/E = 4

JluarHocTudyeckasa pabora 4

1. Ha croponax AB, BC u AC tpeyroabHuka ABC, wiomazb KOTOPOTO
paBsHa 75, pacronoxxeHnsl To4kd M, N 1 K cooTBeTCTBEHHO. VI3BeCTHO, YTO
M — cepegyna AB, miowmazap TpeyronbHuka BMN pasHa 15, a miomazb
TpeyronmpbHUKa AMK paBHa 25. HaiiauTte iomazs Tpeyronbauka CNK.
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Omesem: 15. A
Pewenue. O603HaYUM Sy 450 =S. Torza

Saamx _ AM AK _ 1 AK

S ~ AB AC _ 2 AC’ M p
S 1

a Tak Kak II0 YCJIOBHIO 3a/a4u AgMK = 7—5 3 15
1 AK _ 1 , OTKyZla HaXOZ¥M, UYTO — ~ AK _ 2 Q 5 N £
2 AC KyA A AC - 32AC™

1 CN 3

3+ AHAJIOTHUHO HAXOAUM, UTO 7~ = <. Clle/i0BATeNbHO,

CK CN 1 3
SACNK—A_C'E'S § g 75—15

2. OKpPYy>XHOCTb S C LIEHTPOM B BEPILIUHE IIPAMOTrO yIJa IPAMOYTOJIbHO-
I'0 TPeyroJbHUKA KacaeTCsa OKPY>KHOCTH, BIIMCAHHOU B 3TOT TPeyTONbHUK.
Hatizute paguyc OKpy>KHOCTU S, eC/I U3BECTHO, YTO KaTeThl TPeyTrOMbHU-
Ka paBHBL S5 U 12.

Omeem: 2(vV2+1).

Pewerue. ITycTb OKPY>XKHOCTB S C LIEHTPOM B BeplrHe C NPAMOIo yIia
IpAMOYTronbHOro TpeyroibHuka ABC ¢ karetamu AC =12, BC=5 u ru-
moTeHy30i AB =13 B Touke K KacaeTcs BHEITHUM OOpa3oM BIIMICAHHOM
OKPY>KHOCTHU 3TOT'0 TPEYTOJIbHUKA.

[Iycts O — LIeHTp BIMCAaHHOM OKPYXHOCTU JaHHOT'O TPEYroJbHU-
ka, M — Touka KacaHWs BIMCAHHOM OKPY)XHOCTH TpPeYyroJbHHUKa C Ka-
TeToM BC. Torzma

OM = %(AC+BC—AB) = %(12+5—13) —9.

JIMHUA TIEHTPOB KaCAIONUXCA OKPYKHOCTEHN IIPOXOAUT Yyepe3 TOYKY UX Ka-
canus, moatToMmy OC =CK + OK, ZOCM =45°, Tak kak CO — 6ucceKkTpuca
yrina ACB. V3 npsAaMoyronbHoro tpeyroibHuka OCM Haxogum, 4To OC =
=+/20M = 2+/2, a Tak kak OK =OM, To 2+/2 =2+ CK. ClexoBaTenpHO,
CK =2+/2—2, T.e. paauyc OKpPY>KHOCTU S paBeH 2v/2 — 2.
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Eciu OKpyXHOCTb S KacaeTcs BIIMCAHHOM OKPY>XHOCTU JaHHOT'O Tpe-
YrolbHUKA BHYTPEHHUM 00Opa3oM, TO aHAJOTWYHO HaNAEM, 4TO pajuyc
OKPYXHOCTH S paBeH 2v/2 + 2.

3. KaTeTs mpsAMOYTOIBHOTO TPEYTOIbHUKA PaBHEI 3 u 4. HaiiauTe 1mio-
ImaZlb TPEyroJIbHUKA C BepIIMHAMU B TOYKaX KacaHUA BIMCAHHON OKPYX-
HOCTHU CO CTOPOHAaMU TPeyroJbHUKA.

6
Omsem: T

Peutenue. ITycTb OKPY>KHOCTD, BIMCAaHHAA B IIPAMOYTOIBHBIN TPEYTOb-
Huk ABC, kacaetca katreToB AC =4 u BC =3 B Toukax K u L cooTBeT-
CTBEHHO, a TUNOTeHy3bl AB — B Touke M; S pc =6. Torma

AB=5, CK=CL= %(AC+BC—AB) = %(4+3—5) =1,

AM=AK=AC—-CK=4—-1=3 u BM=BL=BC—-CL=
=3-1=2, noatomy
CL CK 11 1
Saker = @'a‘SAABc: §'Z'6:§,
BM BL 2 2 8
SamBL = ﬂ'E‘SAABc: §'§'6: 5>
AM AK 3 3 27
Saamk = 25 ac Saasc =T 7°6= 15
CiiejoBaTebHO,
1 8 27 _6

Sakim = Sansc — Saker — Sampr — Saamkx = 6— 275710 5°

4. Yepes cepeariHy 60KOBOI CTOPOHBI PAaBHOOEIPEHHOTO TPEYTOIbHU-
Ka co cropoHamu 12, 18, 18 npoBezieHa npsMasi, pa3duBaromas Tpeyroib-
HUK Ha 4YacTH, IUIOI[aJ¥ KOTOPBIX OTHOcATcA Kak 1:2. Haiigure anunHy
OTpe3Ka 3TOH MPSAMOM, 3aKII0YEHHOTO BHYTPU TPEYTOJIbHUKA.

Omeem: V97 wnu v/57.

Pewenue. I[Tycts AB=AC =18 — 60KOBBIE CTOPOHBI paBHOGEPEHHOTO
TpeyrompHuKa ABC ¢ ocHoBaHueM BC =12, M — cepeauna AB. O603Ha-
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yuM £/BAC =a, ZABC = f3. Ilo TeopeMe KOCHYCOB
182+182-122 7

OS¢ =""1g.18 o
Ecnu D — cepeauna ocHoBanusa BC, To
BD 6 1

COSﬁ = E = E = §

JIubo mpsmMasi, 0 KOTOPOH TOBOPUTCS B YCJOBUU 3a/lauH, OTCEKAET OT
JTAHHOT'O TPEYTONbHUKA JTNO0 TPEYToNbHUK MAN, TUIONab KOTOPOTO PaB-
Ha TpeTbel YacTU IIouafu TpeyroabHuka ABC, Ipu 3ToM Touka N JIeXKUT
Ha 6okoBoi cTopoHe AC (CM. PHUCYHOK CjieBa); JUOO MpsMas OTCEKaeT
TpeyronbHUK MBN, ipu aToM Touka N JIeXKUT Ha ocHoBaHuuU BC (cM. pu-

CYHOK CITPaBa).

AN u A A A
L 6 D 6 B c N B

B nmepBoM u3 5TUX CiIy4aeB

Samav _ AM AN 1

Sasc  AB AC 3
3HAYUT,

AN _1 AB _1.,_2

AC 3 AM 3 3’

nosromy AN = %AC = % -18=12. [Io TeopeMe KOCHHYCOB

= V/57.

MN = vAM?2+ AN2 —2AM - AN cosa = \/92+122—2-9-12-%

Bo BTOpOM Cily4ae

S amBN BM BN 1
Saasc  BA BC ~ 3
3HAYUT,
BN _1 BA _1.,_2
BC 3 BM 3 3’



410 JuarHoctudeckre paboThl

1osToMy BN = %BC = % -12=28. 1o Teopeme KOCUHYCOB

MN = /BM2 +BN2—2BM -BN cos § = \/92+82—2-9-8-% = V97.

5. Okpy>KHOCTH ¢ IeHTpoM O, BIMcaHHadA B TpeyronbHuk ABC, kacaeT-
cs ero cTopoH AB u AC B Toukax M u N. OKpy>KHOCTb C LIeHTPOM Q BIIMcCa-
Ha B TpeyronbHUK AMN. Haigute OQ, ecmu AB=13, BC=15u AC =14.

Omeem: 4.

Pewenue. ITlycTb r— pasuyc OKpPY>KHOCTH, BIIMCAaHHOW B TPEYTOJb-
HUK ABC, p — nonynepumeTtp TpeyroiabHuka ABC. Torza

y p— ABXBCH+AC _ 13+14+15 _

A 2 2

[To dopmyne T'epoHa

21.

Saasc = \/P(P—AB)(p—BC)(p—AC) =
=421-8-6-7 = 84,

3HAYUT,

SaaBc 84

=7p —a*

JlokaxkeM, 9TO 1eHTP Q OKPY>KHOCTH, BIIMCAHHOU B TpeyronbHUK AMN,
JIeXXUT Ha BIMCAHHOM OKpPY:KHOCTU TpeyroiabHuka ABC. [lelficTBUTeNbHO,
nycth Q' — cepesviHa MeHblel ayru MN BIMCAHHOU OKPYXXKHOCTH Tpe-
yronbHuKa ABC. V13 TeopeMsl 06 yIyie MeXy KacaTeJbHON U XOpZA0oH ciie-
ZlyeT, 9To

/AMQ’ = /MNQ' = Z/ZNMQ/,

nosTomy MQ’ — 6uccekTpuca yrima AMN. AnanorndHo NQ'— Guccek-
Tpuca yrma ANM, 3HauuT, Q' — TOYKA MepecevyeHus: GUCCEKTPUC Tpe-
yrombHUKAa AMN, T.e. IIEeHTP BIIMCAHHOW OKPY>KHOCTH 3TOTO TPEYTOJb-
HUKa. TakuM o6pa3om, Touka Q' coBIazaer ¢ TOUYKOH Q.

CrnemoBarenbHOo, OQ =1r=4.

6. brccekTpuUCH BHYTPEHHUX YIVIOB TPeYrolIbHUKA IIPOAOIKEHEI ZI0 I1e-
pecedeHus ¢ OIIMCAaHHOM OKOJIO TPeyrolbHUKa OKPYKHOCTBIO. B pesysbra-
Te IIOIIapHOT'O COeANHEHHUA dTHUX TOYeK IOIYYUJICA HOBBIY TPeyrOJbHUK.
VI3BeCTHO, YTO YIJIBI UCXOHOTO TPpeyroiabHuKa paBHer 30°, 60° u 90°, a ero
IIomazab paBHa 2. HaiifuTe miomazb HOBOT'O TPEYTOAbHUKA.

Omeem: 1+ +/3.

Pewerue. ITycTb GUCCEKTPUCH! YIVIOB IIpY BepiunHax A, B u C Tpeyrons-
HuKa ABC mepeceKaroT ONMCAHHYIO OKOJIO TPEYTOJbHUKA OKPY>KHOCThb
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pazuyca R B Toukax A;, B; u C; cooTBeTCTBeHHO, npuiuém ZC = 90°,
ZA=30°u £LB=60"°.
Torza

/C, = /CC B, + ZCC,A, = ZCAA, + ZCBB, = 15°+30° = 45°.
AHaJIOTUYHO HaxoguM, 4TO
LA, =30°+45° = 75°, /B, =45°+15° = 60°.

ITo yc/I0BMIO 3aa9H S\ ppc = 2, Wik 2R? sin Asin Bsin C =2 (cM. 1. 22K
IIPWIOXKEeHUA 2), OTKyZa HaXOAUM, 9TO

2 1 4

~ 2sinAsinBsinC _ sin30°sin60°sin90° _ /3’

R2
CiiegoBaTebHO,

Saa,c, = 2R*sin A, sinB, sinC; = 2R*sin 75° sin 60° sin45° =

RVE) 4 2 2

JuarHoctuyeckas pabora 5

1. Ha karete BC npAMOYyrojabHOro TpeyroibHuka ABC kak Ha jua-
MeTpe IIOCTPOeHa OKPY:KHOCTb, IepeceKaroljas TUIoTeHy3y B TO4kKe D,
npuyéM AD : BD =1: 3. BricoTa, omnyljeHHasa U3 BepliuHbBl C IPAMOIO
yIJla Ha TUIIOTeHy3y, paBHa 3. Haiizute kaTteT BC.

Omeem: 6.
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A Pewenue. Tlockonmbky yron BDC BoucaH
B YKa3aHHYIO OKPY>KHOCTb M ONUpaeTcA Ha eé
puametp BC, To ZBDC =90°. Iloatomy CD —
BbICOTa TpeyronbHuka ABC.

B r [Tonoxkum AD = x, BD = 3x. IlockonbKy

CD? = AD - DB, 1o 3x?=9. OTCIofa HaxOAuM,
qto X2 = 3. CJIe[0BaTeNbHO,

BC? = CD?+BD? =9+ 9x? = 9427 = 36,
a BC=6.

2. lnaroHayub paBHOOEPEHHOW TPAIEUH JAeIUT €€ TYIIOH yroJ IOMo-
jnaM. MeHblllee OCHOBaHMe Tpallellud paBHO 3, IepuMeTp paBeH 42. Haii-
JUTe IUIOIIaZb TPallelluu.

Omseem: 96.

Pewenue. Ilyctb BC u AD — ocHoBaHuA Tpaneuun ABCD, BC = 3,
CA — 6uccekTtpuca yria BCD. [T0CKONbKY

ZCAD = /BCA = ZDCA,

TpeyroabHUK ACD paBHOOEIPEHHBIH, TIO3TOMY

AD=CD=AB="23_13
B C 3
W3 BepmuHbl C onycTuM nepneHaukyasap CK Ha

ocHoBaHue AD. Torma
AD—BC _ 13-3

DK = 5 =—5 = 5,
CK = V/CD2—KD? = V132 -52 = 12.
CiegoBaTebHO,

~

K D 1
SABCD = E(AD +BC)CK = 96.

3. OKpYyKHOCTU PaguycoB I U R KacaloTcs BHENTHUM 0Opa3oM B TOY-
ke K. [IpaMan kacaeTcsa 3TUX OKPYKHOCTel B pasINMYHBIX TOYkKax A U B.
Haiigure mwiomazas Tpeyronbanka AKB.
2RrvTR

r+R
Pewenue. Ilycth npsamas AB KacaeTcs OKPY>KHOCTU pajuyca r C LeH-

TpoM O; B TOUKe A, OKpPY>KHOCTH pazuyca R ¢ uentpom O, — B TO4YKe B,
KH — BrIcoTa TpeyronbHuka ABK, F — npoekuua Touku O; Ha O,B, C —
TouKa nnepeceyenusa KH u O;F.

JIUHUA LIeHTPOB JBYX KacaloUIMXCA OKPYKHOCTEW IIPOXOAUT depes
TOYKY HX KacaHUs, 103ToMy Touku O;, K u O, yexxar Ha OffHOM! NpAMOH.
[Ipameie O;A, KH u O,B napajuleNbHbl, TaK KaK OHU IePIIEeHAUKY/IAPHbI

Omeem:
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OZIHOM U TOM ke mpsaAMoit AB. Tpeyronbuuk KO, C monobeH TpeyroibHU-

0,K
Ky 0,0,F ¢ x03pPUIimeHToM ——— 0.0, RL-i-r’ TTO3TOMY
_ r _r(R-r)
CK = OF - R+r =R-1): R+r~ R+r >’
3HAYUT,
KH = CK+CH = CK +0,A = r(lf;) +r=2R

V3 mpssMoyrosnbHOTO TpeyroabHuka O; O,F HaxoouM, 4To

F = /0,02-0,F? = \/(R+1)2— (R—1)2 = 2V/IR,

3Hauut, AB=0,F =2+/rR. CiegoBarejbHO,

2rR _ 2RrvrR
R+r~— r+R ~

1 1
Saaxs = 3AB-KH = 5 -2J7R-

4. HaliiuTe KOCHUHYyC yIJIa IIPU OCHOBAaHWU PABHOOEAPEHHOTO Tpe-
VTOJIbHUKA, €CIM TOYKa IlepecedeHusa ero BHICOT JIeXKUT Ha BIHCAHHOU
B TPEYT'OJIbHUK OKPY>KHOCTH.

Omeem: 3
Pewenue. Tlyctb O —1IeHTp OKPY:KHOCTH, BIIMCAaHHOU B TpPEyrosb-
HuKk ABC (AC =BC), H— Touka nepeceuenus BbicoT, ZCAB=/CBA=a,
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K — cepeauna AB. Torga
OK = AKtg5, HK = AKg(90°—a) = AK ctga.
[Tockonbky HK = 20K, TO 2tg % =ctga.
[TycTs tg % =t. Torza nosmy4yeHHOe ypaBHeHNe UMeeT BU/,

1—¢?

2t =5

1
OTCIoZa HaXOAuM, 4TO t2 = - CrnegoBaTeabHO,

1-t2 2
1+2 ~ 3

5. Touka M [enuT CpeHION0 JIMHUIO TpeyroabHuka ABC, nmapasienb-
HyI0 cTOpOoHe BC, Ha OTPe3KH, OAWH U3 KOTOPHIX B TPU pasa JJIMHHEE [py-
roro. Touka N Taxxe AeaUT CTOPOHY BC Ha OTpe3KU, OAUH U3 KOTOPBIX
B TpU pasa JJIMHHee Jpyroro. B xkakoMm oTHouieHuu npamas MN genur

IwIomap TpeyroabHuka ABC?
9

Omeem: 1 WIN 75
3 11°

Pewenue. [Tycte P u Q — cepegynbl cTOpoH AB u AC COOTBETCTBEHHO,
Touka M JjexuT Ha cpefHel tuHuu PQ, npuuém PM : MQ =1:3, a nips-

Mast AM mepecekaeT cTropoHy BC B Touke N'.

cosa =

A TpeyronbHUK APM T107I06€H TPEYTOIBHUKY
AP 1
a ABN’ ¢ xoadpdunmeHTOM A5 = 3> @ Tpeyrob-
P HUK APQ mozobeH TpeyroibHUKYy ABC ¢ TEM Xe
PM PQ
K03pPULINIEeHTOM, I03TOMY BN’ = BC SHauMT,
B N'(N BN’ _PM _1_ BN

1
BC —PQ — 4 Y e =3 CnezmoBaTesibHO, B TOM
ciydae Touka N’ coBmaziaeT ¢ TO9Koi N, 0 KOTOPOI TOBOPUTCS B YCIIOBUM
3azayu. Torga
Spaey _ BN 1

Saacy  NC — 37

N
IlycTh TENIEPD ;B . B aToMm ciy4yae npamad MN mnepecekaeT CTOpPO-

HY AB B HEKOTOPOH Tque K. O6o3uaunm PM =t. Torga PQ =4t, BC =8t,
BN =6t. Tpeyrompauk KPM niofobeH TpeyroanI/I-

PM t
BN 6t 6’
/S g BK = 6KP, AP = BP = 5KP,
/f 3f\ AK = AP —KP = 5KP — KP = 4KP,
BK _6KP _3 BK _3

B 6t Nzt [ AK = 4KP 2> AB  5°

A

Ky KBN c ko3 dUleHToM —— 3HAYUT,
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CiiegoBaTebHO,
Sasew _ BN BK _

) 9 SaBKN __
Sasc  BC AB

3_9
5

T20° Sy 11

3
=5
6. Ilnomanas pomba ABCD paBHa 2. B TpeyrombHUK ABD BrImcaHa
OKPY>XHOCTb, KOTOpas KacaeTcs CTOpPOHBI AB B Touke K. Yepes Touky K
mpoBezieHa npsmasa KL, mapaiienbHas guaroHanu AC pomba (Touka L
JIeXXUT Ha cTopoHe BC). l3BecTHO, uTO IUIOUIaZb TpeyroabHuka KLB

paBHa % HaiiauTe kocunyc yrina BAD.

1
Omsem: 3

Pewenue. TpeyronbHuK KBL ogo6eH TpeyronbHUKY ABC ¢ K03bduiy-

1
vV SakBL . E 1 B

€HTOM = > = ——=, TI03TOMY ec-

VSamse 1 V3
J1 Q — TOYKA MepecevyeHus JuaroHanen K L
pomba, To

BQ = BK, A a c
BQ _ BK _ 1
AB ~ AB ~ /3

CiiegjoBaTebHO, D

sin /BAC = sin /BAQ =

cos ZBAD = 1—2sin2(%LBAD) —1-2sin® /BAC = 1—2% - %

JluarHocTu4yeckasa pabora 6

1. HaiizuTe pasuyc OKpy>KHOCTH, KaCaIOIIeNCs ABYX KOHI[EHTPUIECKUX
(MMeIoUUX OAVH U TOT Ke I[eHTP) OKPYKHOCTEN pasnycoB 3 u 5.

Omsem: 1 wunu 4.

Peuwierue. Bo3MOXXHBI IBa ciyyasd: a) UCKOMas OKPY>KHOCTb KacaeTcs
MeHbIIIe M3 JaHHBIX BHEIIHUM 00pa3oM, a Oosblileil — BHYTPEeHHUM
(cM. pUCYHOK ciieBa); 6) MCKOMasi OKPY:KHOCTh KacaeTcsi 00erx JaHHbBIX
OKPY)KHOCTEl BHYTPEeHHUM 06pa3oM (CM. PUCYHOK CIIpaBa).
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B nepBoMm ciy4ae paZuyc UCKOMOM OKPYXXKHOCTU PaBeH 223 1. Bo

2
5+3
BTOPOM — ~—— = 4.
2. OKpy’>KHOCTB, IIOCTPOEHHAA KaK Ha inaMeTpe Ha MeHbIel 60KOBOH
CTOpOHe IPAMOYTOIBLHOM Tpaleluy, KacaeTcsa Oomblreil 60KOBOI CTOPO-

HBI, paBHOU a. HaliuTe cpe/HIO0 JUHUIO Tpalelyn.

B c Omeem: %.
/ Pewenue. [Tycte 1eHTp O OKPY>KHOCTH JIEXKUT

Ha MeHbIIIeil 60KOBOM CTOpOHE AB NIpPsIMOYTOh-
Hol Tpamenuu ABCD, M — cepennHa Goblieit
0 M 60KOBO# cTOpOHEI CD.
lleHTp OKpY>XHOCTH, BIHMCAHHON B YTOI,
JIEKUT Ha OMCCEKTPHCE 3TOTO YIVIa, MOITOMY
\_ CO u DO — buccexktpuchl yrimoB BCD u ADC,
A D cyMMa KOTOpBIX paBHa 180°, 3HauuUT,

/COD = 180° — (LOCD + Z0DC) = 180° — %(ZBCD +/ADC) =
— 180° — % .180° = 90°.

Cpeznaa smHuAg OM Tpanenuu ABCD — MezuaHa NpAMOYTOJIbHOIO
TpeyronpHUKa COD, poBeJ€HHAA M3 BEPIIUHBI IPAMOIO YIJIa, ClIe0Ba-
TEJIbHO,

1 1
OM = ECD = Ea.

3. Touka D genur ocHoBanwe BC paBHOOGEIPEHHOTO TPEYTONIbHU-
ka ABC Ha JiBa OTpe3Ka, OIUH U3 KOTOPBIX Ha 4 6obie apyroro. Haiigure
paccTossHVe MeXJy TOYKaMM, B KOTOPBIX BIIMCAaHHBIE OKPY)XKHOCTU Tpe-
yroabHUKOB ABD u ACD xkacaroTca orpeska AD.

Omeem: 2.

A Pewenue. IlycTb OKpY:KHOCTH, BIIMCAHHbIE
B TpeyrosmbHUKU ABD u ACD, KkacawTca OT-
peska AC B Toukax M U N COOTBETCTBEHHO.
[Tockoneky AC =AB, a

M AM=AB+AD_BD, AN:AC+AD—CD
2 2
¢ D B (cm. 1. 9a mpunokenus 2), To

- - CD—BD
MN = |AM — AN| = AB+A2D BD_AC+A2D cp| _ | - |=%:2_
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4. lvaroHanu AC 1 BD BIIMCAHHOT'O B OKPY>KHOCTB YeTHIPEXYTOIbHUKA
ABCD mepecekarTca B Touke Q 1mof, mpAMbIM yrioM. IIpameie AB u CD
nepecekaroTcs B Touke P. 3BecTHO, uTo BC =5, AD =10, BQ = 3. Haiizu-
Te AP.

205
Omeem: 3
Pewerue. VI3 mpAMOyTonbHOro TpeyroabHrka BQC HaxoauM, 4To
CQ = y/BC2—BQ?=+/25-9 =4, p
[TpsimoyronbHble TpeyroabHUKU AQD 1 BQC mopo6-

AD _ 10

HBI I10 ZIByM YIIaM C KO3QOUIMEHTOM Z= = =
II03TOMY

AQ=2BQ=2-3=6 DQ=20Q=2-4=8.

ITo Teopeme ITudaropa
AB = /BQ>+AQ? = V9+36 = 3V5,

CD = /CQ*+DQ? = VI6+64 = 4+/5.

Tpeyronpuuk BPC mofo6eH TpeyroibHUKY DPA 10 ZByM yIyiaM, Tak
Kak

=2,

/PBC = 180° — ZABC = /ADC = /ADP,
) BC 5 1
npuaEM Ko3GOHUIUMEHT 000K PaBeH 40 = 75 = 5, 3HAYNT,
1 1 1 171
CP=3AP, BP=3PD=3(PC+CD) =3 (EAP+4\/§),
a Tak kak BP=AP — AB=AP —3+/5, To
- (%AP+4x/§) — AP—34/5,

205
3 -
5. Ilpamas, napasnnenbHasa cTopoHe AB tpeyronbHuka ABC, kacaetca

€ro BIMCAaHHOM OKPYKHOCTU. OTpe30K 3TOM NpAMOM, 3aKII0UEHHBIN BHYT-
pU TpeyroibHUKA, paBeH 2,4. HalijuTe cTopoHy AB, eclu U3BECTHO, YTO
nepuMetp TpeyronbHuka ABC paseH 20.

Omeem: 6 wiu 4.

Pewenue. O603HAYNM TOUKY ITEpECEUEHNS KacaTelbHON CO CTOPOHAMU
AC u CB uepe3 M u N COOTBETCTBEHHO, a TOUKU KaCaHWA 3TUX CTOPOH
C BIIMCAHHOMN OKPY)KHOCTBIO — COOTBETCTBEHHO uepe3 P u Q.

[Tycts AB=X, p; U p — NOJIyIIEPUMETPHI NOZOOHBIX TPEYTOJIbHUKOB
CMN u CAB cootBeTcTBeHHO. Torna CP=p; uCP=p—-AB=p—-x=10—x
(cMm. 1. 96, 9B mpunokenus 2). OTHOIIEHNE TTOMYIEPUMETPOB MTOZ06GHBIX

OTKyZa HaxoguM, 4To AP =
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A X B
P1 MN
TPEYTOJILHUKOB PaBHO KO2(GOUITUEHTY MOJ00HS, [I03TOMY D = Ap> Wi
10—-x 24
10 = » - VI3 9TOr0 ypaBHEHNA HAXOAUM, YTO X =6 WK x =4.

6. Jlan paBHOGezApeHHBIN TpeyronbHUK ABC ¢ ocHoBaHueMm AC. Ok-
PYKHOCTB pazuyca R ¢ eHTpoM B Touke O IIPOXOAUT 4yepe3 TOUku A u B
U nepecekaeT npaMyo BC B Touke M, ominyHo# oT B u C. Hatizute pac-
cTosgHUeE OT ToUkH O 10 LIeHTPa OKPYKHOCTH, OIIMCAaHHOM OKOJIO TPeyroyb-
Huka ACM.

Omeem: R.

Pewenue. TTyctb ZABC = a, O — IIeHTp BTOPOH OKpYy>KHOCTHU. Torza,
Tak Kak yrona BCA ocTphlii, TO

a

/AOM = 2/ACB = 2 (9o° - 5) =180°—a,

cezfioBaTeNbHO, TOUYKU A, B, M u O, jsexaT Ha offHON OKpyKHOCTHU. [To-
aToMy TouKa O IPUHAZJIEXXUT OKPYKHOCTH, OTIMCAHHOU OKOJIO TPEYTOJb-
HukKa ABM, 1.e. OO; =R.




ITpunoxenue 2. COMCOK NOJIE3HBIX (paKTOB

1. a) BuCCeKTpPUCH CMEXHBIX YIJIOB IIep-
MEHUKYJIAPHEL

6) BucceKTpHCH BHYTPEHHUX OZHOCTOPOH-
HUX VIVIOB TIPU JIByX IapaUIeNbHBIX MPSMbBIX
U CEKyILel IepreHUKYIAPHBL.

Hokaszamenvcmeo. a) CyMMa CMEXHBIX yT-
JI0B paBHa 180°, 3HaUUT, cyMMa [IOJIOBUH 3TUX
yr710B paBHa 90°.

6) CymMMa BHYTPEHHUX OZJHOCTOPOHHUX YT~
JIOB TIPH /IByX NapaJlJIeIbHBIX IPAMBIX U CEKY-
melt paBHa 180°, 3HaUWT, cyMMa IOJIOBUH yT-
sioB paBHa 90°. CrezoBaTenbHO, GUCCEKTPUCHI
STHX YIJIOB IIePeCeKAI0TCS 110/ IPSIMBIM YIJIOM.

2. a) Eciiu 6ucceKTpUCH, TPOBEAEHHBIE U3 BepITUH B 1 C TpeyroabHuU-
ka ABC, nepecekatorcs B Touke O, To ZBOC =90° + %ZA.

6) Eciii 6uCCeKTPUCH BHEITHUX YIJIOB MIPU BepirHax B v C TPeyrob-
HuKa ABC miepecekatoTcs B Touke Q, To ZBQC=90° — %AA.

Hoxazamenvcmeo. a) CymMma BHYTPEHHHX YIVIOB IIpU BepIIMHaxX B
u C TtpeyronbHuka ABC paBHa 180° — ZA, cymMMa uX IOJIOBUH paBHA

A

90°~0/2

a
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%(180o —ZA)=90° — %LA. CnezmoBaresbHO,
o o 1 — o l
/BOC = 180° — (90 - 2zA) =90°+ 3 ZA.

6) B ugeThipéxyronbHuke BOCQ yruibl ipu BepiiuHax B U C TpsMbie
(6HCCEKTPUCH CMEKHBIX YIJIOB IEPIIEHANKYIAPHBL), 3HAUUT,

ZBQC+ ZBOC = 360° — (LOBQ+ Z0CQ) = 360° —180° = 180°.

CiegoBaTebHO,
o o o 1 o 1
/BQC = 180° — /BOC = 180° — (90 + ELA) =90°— 3 ZA.

3. a) Eciiu MeanaHa TpeyroabHUKa pPaBHA ITOJIOBUHE CTOPOHBI, K KOTO-
pO¥i OHA IPOBEZIEHA, TO TPEYTOMbHUK MPSIMOYTOMbHBIN.

6) MeauaHa MPSMOYTOJIBHOTO TPEYTOIbHUKA, TPOBEAEHHAS U3 BEPIITH-
HBI TIPSIMOTO YIJIa, pPABHA TTOJIOBUHE TUTIOTEHY3bI.

Zlokazamenscmeo. a) Ilycte CD — menuaHa
TpeyronbHUKa ABC. O603Hauum ZA=a, ZB=f.
[Tockonbky AD =CD u CD =BD, to LACD = a,
/DCB = f3, a Tak KaK CyMMa yIJIOB TPEyTOJbHU-
ka ABC paBHa 180°, To 2a+ 23 =180°. CnezoBa-
TenbHO, ZC=a+ f3=90°.

6) Cm. [2],c. 7.

4. a) OTpe30K, CoeJUHAONUINN cepe[UHBI AMaroHaaei Tpamnenuu, pa-
BEH ITOJIyPAa3HOCTU OCHOBAHUM.

6) Eciiv cymMMa yIJIOB MPU OJHOM M3 OCHOBaHWH Tparmeluu paBHa 90°,
TO OTPE30K, COeIUHSIOIMNIN cepeJUHbl OCHOBAaHUM Tpallelyy, PaBeH UX
II0JIypa3HOCTH.

Zokazamenscmso. a) Ilycte M u N — cepeaunsl auaroHaneit AC u BD
Tpanenuu ABCD c ocHoBanussmu AD =a u BC=b, a>b.

CoeauuuM TouKy M c cepeamuoi K 60koBoii ctopoHsl CD. ITo TeopeMe
o cpenHeli muHuM TpeyronbHuka MK || AD || BC. AHaJIOTUYHO ZIOKaXKeM,
yro NK || BC.

[TockonbKy Yyepe3 TOUKYy, He JieXallyto Ha IPAMOM, MO>KHO IIPOBECTH He

Gosee OZIHOM TPAMOM, Mapa/lIebHOM JAaHHOM,
B C To Touku M, N u K sexxaT Ha OZHOW TPAMOM.
dTa mpsAMas mapajuieibHa OCHOBAHUAM Tparie-
K LIMH.
Takum ob6pazom,

1 _a-b
5BC=——.

y D MN:MK—KN:%AD—Z
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6) Ilyctb M u N — cepeJIHbl OCHOBAHUN cOOTBeTCTBeHHO BC u AD
Tpanenuu ABCD, P u Q — cepenunnl guaroHaneii AC u BD cooTBeT-
CTBEHHO, a npaMmble AB u CD mepecekaroTca B Touke F. Ilo ycioBuro
LA+ /D =90°, noatoMmy

/AFD = 180°— (LA+ 4ZD) = 180° —90° = 90°.
CnemoBarenbHo, AB L CD.

A N D
[Tpeanonoxum, uto AD > BC. Otpesku PM u QN — cpefHUE JTUHUA

TpeyroabHUkoB ABC u ABD, noatomy PM = %AB u QN = %AB, 3HAYUT,

PM =QN. Ananoruuyno QM = PN, nostomy PMQN — napajsiesorpaMmm.
Kpowme Toro, PM || AB u QM || CD, a Tak kak AB 1 CD, To PM 1 QM, 3Ha-
uuT, PMQN — nipamoyronsHuK. Ero guaronanu MN u PQ paBHBL, C1e[o-
AD —BC
-

5. [Ipoekuus 60KOBOI CTOPOHBI PABHOOEIPEHHO!N Tpalelii Ha OCHO-
BaHUe paBHAa MOJIyPa3HOCTH OCHOBAHUH, a MPOEKUUs AruaroHaan — IOy-
CyMMe OCHOBAHUU.

Hoxazamenscmeo. Ilyctb ABCD — paBHOGepeHHas Tpamelys ¢ OCHO-
BaHusaMu AD u BC (AD > BC), P u Q — ocHOBaHUA NepIeHJUKYISIPOB,
OIyIleHHBbIX U3 BeplivH C U B Ha AD. 13 paBeHCTBa IPAMOYTOJIBHBIX Tpe-
yronbHUKOB ABQ u DCP cienyert, uto AQ =

BaTenbHO, MN =PQ =

=DP, a Tak Kak BCPQ — n1psAMOYI'OJIbHUK, A L
TO PQ =BC. IToaTtomy
DP — AD—PQ’
2 \
_ |
AP=AD-DP = Ap—22-PQ _ AD+BC — i
2 2 A a P D

6. CBOIiCTBA OKPY)KHOCTH.

a) [luameTp, NepleHAUKY/IAPHBINA X0pJe, JeJIUT e€ IOIIoaM.

6) /luameTp, MPOXOAAIIUI Yepe3 CepelyHy XOp/bl, He ABJAIIeics
AVaMeTpoM, NepIeHuKY/IAPeH 3TOHU XOpAe.
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B) CepeZNHHBIM MEPIEHAUKYIAP K XOpZe IPOXOAUT uepe3 IEeHTP
OKPY>KHOCTH.

r) PaBHbIe XOpZBI yAaJIEHEI OT IIeHTPa OKPYKHOCTH Ha paBHbIE PaccTo-
AHUA.

Z1) XopZbl OKPYKHOCTH, YZAa/IEHHbBIE OT IleHTpa Ha paBHbIe PACCTOSAHUS,
PaBHBHL.

€) OKpPYXHOCTh CUMMETPHUYHA OTHOCUTEJIBHO IIeHTPa ¥ OTHOCUTENBHO
Jr060Tr0 CBOETo AMaMeTpa.

’K) JIyru OKpy»KHOCTHU, 3aKJII0YEHHbIe MeX/y IapasulebHbIMU XOpZza-
MU, paBHBHIL.

7. a) 3ameuamenvHoe cgolicmao okpyycHocmu. TeoMeTprUIecKoe MeCTO
To4ek M, U3 KOTOPHIX OTPe30K AB BU/eH 1O NpAMBIM yriiom (LAMB =
=90°), eCTh OKPY’KHOCTb ¢ fuaMeTpoM AB 6e3 Touek A u B.

6) TeomeTpuyeckoe MecTo ToYeK M, U3 KOTOPHIX OTPe30K AB BuieH
oz ocTpeiM yrioM (ZAMB < 90°), ecTb BHENIHOCTb Kpyra C JuaMeT-
poMm AB 6e3 Todek mpsiMmoii AB.

B) l'eomeTpuueckoe MecTO TOUeK M, M3 KOTOPBIX OTpe30K AB BuzieH
moZ, TynbIM yrioM (ZAMB > 90°), ecTb BHYTPEHHOCTb Kpyra C AuaMert-
poMm AB 6e3 Touek orpe3ska AB.

r) TeomeTpryueckoe MecTO TOUeK, 13 KOTOPBIX OTpe30K AB BUzeH 1oj,
JAaHHBIM YIJIOM, €CTh ZIBE AYTH PABHBIX OKPY)KHOCTEl ¢ 061eit xopaoii AB,
JIeXallye 1Mo pa3Hble CTOPOHEBI OT IpsIMOU AB, 6e3 Touek A u B.

Zlokazamenvcmeo. a) IlycTs Touka M, oTIM4YHaAs OT ToueK A u B, je-
JKUT Ha OKPYKHOCTHU ¢ auameTpoM AB. Torza mezuana MO TpeyroabHU-
ka AMB paBHa IOJOBUHE CTOPOHBI, K KOTO-

4‘ poil oHa mpoBefeHa, nosromy ZAMB = 90°
= (cm. 1. 3a).
[TycTh Temepb AaHHBIN OTpe30K AB BUieH
pyZa Npg 73 HEKOTOPOW TOYKM M MOA TPSAMBIM YIJIOM

(T.e. ZAMB=90°). Torna meauana MO npsimo-

YroJbHOTO TpeyroabHuka AMB, npoBeAEHHasA

K TUNOTeHy3e AB, paBHA ITOJIOBUHE TMIIOTEHY-

36l (cM. 1. 36), T.e. OM = OA = OB. Cneznosa-
TEJIBbHO, TOYKa M JIeKUT Ha OKPYKHOCTHU C AraMeTpoM AB.

6, B) Jloka)keM CcHavasa, 4To JJis1 TOUKH M, jie)xaiieil BHe Kpyra C Aua-
MeTpoM AB, HO He Jjexallell Ha npamMoil AB, yron AMB ocTpsiii. IlycTth
O — cepeznuna AB. Torza paccTrosiHMe OT TOYKU M /10 IleHTpa OKPY>KHOCTHU
6osblie paguyca, T.e. OM > OA. O603HauYNM

/MAB =a, /MBA=2,
/AMB =y, /OMA=d/, LOMB=
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B TpeyronbHuke AOM yron OAM, nexa-
UM TPOTUB cTOpoHbI OM, 6osibiie yria OMA,
Jexaiero mpoTuB cTtopoHel OA (OA < OM),
a Tak Kak B JIIOOOM TPEYTOJIbHUKE TMPOTUB
6OJIbIIIEN CTOPOHBI JIEXKUT OOJBIIUH YTOI, TO
/OMA < ZOAM, T.e. a’ < a. AHaJIOTUYHO JI0Ka-
skeM, uto 3’ < f3. Torza

y=180°—a—f <180°—a'— ' =180°—y.
CrnezmoBarteynbHO, ¥ < 90°.

Tenephb moKaxeM, 9TO A TOYKU M, jexa-
el BHYTPU 3TOTO KPyra, HO He JIeXKallel Ha
npsaMoi AB, yron AMB Tymon.

JleficTBUTEIBHO, €CJTU TOYKA M JIEXKUT BHYT- L

>
pu kpyra, To OM < OA, mostomy a > a m
u ' > f3, sHauwr, A4 MNp

a+pf<d+p =y,
y=180°—(a+p) >180°—(a'+ ') =180° —y.
CrnepmoBaTenbHo, ¥ > 90°, 4To M TpeboBaIOCh
JI0Ka3aTh.

[Iycte Teneps oTpe3ok AB BHJEH U3 TOYKU M 10J, OCTPBIM YIJIOM,
T.e. ¥ < 90°. IIpeAmoIoXrM, YTO TOYKa M TIpU 3TOM JIEKUT JUOO Ha
OKPYKHOCTH, 60 BHyTpU Kpyra. Torza mo gokazaHHOMY 6o y = 90°,
60 y > 90°, YTO MPOTUBOPEYUUT IPEATIONOKEHHIO.

AHAJIOTUYHO JOKa)KeM, YTO eCciu s Touku M yron AMB Tymow, To
TOYKa M JIeXXUT BHYTPU KpyTa.

r) Ilyctb AB — faHHBIN OTPE30K, a JaHHbIM yTosl paBeH a. [locTpoum
nBa TpeyronbHuKa ABC u ABC’ Tak, uto6bl Touky C v C’ JiesKaju Mo pas-
HbIE CTOPOHBI OT MPSAMOI AB ¥ BBITTOIHsIOCH yeaoBre ZACB=/AC'B=a.
OnuureM OKPY>KHOCTH OKOJIO 3THUX TPEYyrOJIbHUKOB. JJoKa)keM, 4TO HUCKO-
MO€ TeOMEeTPUYECKOe MeCTO TOYEK — 3TO ZIBE€ AYT'H MMOCTPOEHHBIX OKPYX-
HocTel: fyra AB omucaHHON OKPY:KHOCTH TpeyroiabHUKa ABC, comepxa-
mast Touky C, u ayra AB ONMCAaHHON OKPYKHOCTH TpeyrojbHuka ABC’,
cozeprkaias Touky C’.

Eciu Touka M, omindHast oT A U B, JIeXKUT Ha MePBOUN U3 3TUX AYT, TO
II0 TeOpeMe O BIIMCAHHBIX YIVIaX, ONIMPAIOLIUXCA Ha OZHY U Ty XKe AyTY,

/ZAMB = ZACB = a.
AHasoTU4YHO /J11 TOYKH, JIeKalllell Ha BTOpPoU Jiyre.

O6paTHO, mmycTh TOuka N TakoBa, 4To0 ZANB = a. [IpeAoIoKuM, 4TO
npu 3ToM To4Yku N u C JieXKar 1o OfHY CTOPOHY OT mpsamoiui AB. Jloka-
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J)KeM, 4To Touka N JIeKUT Ha IepBOU U3 IIo-
CTPOEHHBIX AyT. JIOIyCTHUM, YTO 3TO He Tak. Ec-
Jiv TouKa N pacrnosiokeHa BHYTPU OKPY>KHOCTH,
TO, NIPOJOKUB OTpe30K AN 3a Touky N, moiy-
4yuM TOuKy K nepeceuenus syda AN C OKpPyX-
HocThlo. Torga

/AKB = ZACB = a = ZANB,

YTO HEBO3MOKHO, TaK Kak yroia ANB BHeIIHUM
ZJa TpeyronbHuka BKN, a Torga

/ANB = Z/AKB+ /KBN > ZAKB.

AHaJIOrM4YHO JJ14 cly4as, Koraa Touka N JIeKUT
BHE OKPY>XHOCTH.

Ecu Touku N u C jiexkat 1mo pasHble CTOPOHHI OT IpAMOU AB, To, pac-
Cy’KZas aHaJIOTMYHO, IOKaXKeM, YTo Touka N JIeXXUT Ha BTOPOH U3 IIOCTpPO-
€HHBIX JIyT.

Takum 06pa3oM, OKa3aHO, YTO U3 KaXKAOW TOYKH MOCTPOEHHBIX AyT
(kpome A u B) oTpe30ok AB BU/EH IO/ YIJIOM Q, ¥ 0OPATHO, eCJIU U3 KaKO-
TO TOYKU OTPe30K AB BUJEH IIOZ yIVIOM o, TO 3Ta TOYKa JIEXKUT Ha OLHOU
13 IIOCTPOEHHBIX JYT.

T

8. a) JIuHuA [eHTPOB JBYX IIepeceKaloluXCcsa OKPYKHOCTel nepreHgu-
KyJIApHa UX 00leli Xopie U JeUT e€ MOIoJIaM.

6) JIuHUS LIEHTPOB ABYX KaCAIOIUXCSI OKPY)XHOCTEH MPOXOAUT depe3
TOYKY KaCcaHUA.

Zlokazamenscmeo. a) ITycTb okpykHOCTHU C IleHTpamu O u O, iepece-
Karorca B Toukax A u B. Touku O; u O, paBHOYZaJI€HBl OT KOHIIOB OTpE3-
ka AB, cnepoBaTtenbHO, 0,0, — CEpeAVHHBIN TTePIEHANKYIAP K AB.

N
Ny

6) [IycTb OKpyKHOCTH ¢ leHTpamu O; u O, KacatoTcs B Touke P. Torza
KacaTesJbHasA | K OJHOU M3 OKPY)KHOCTEH, MpOBeJEHHAs Yepe3 TOUKY P,
SIBJISIETCST KacaTeabHON KO BTOpOM, 3HauuT, O1P L.l u O,P 11, a Tak Kak
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yepes TOUYKY P, Jiexalnyro Ha IpAMOH [, TPOXOAUT eJUHCTBEHHAA MpsAMas,
nepreHAnKy/IsApHad [, To Touku P, O; u O, JiexkaT Ha OZHOU MPSMOM.

9. a) Paguyc oKpy>XHOCTH, BIINCAHHON B IPAMOYTOJIbHBIN TPEyTOIbHUK
atb—c
—
6) Ecimu M — Touka KacaHus cO CTOPOHOU AC OKDY)XHOCTHU, BIIHMCaH-

HoW B TpeyronbHuK ABC, To AM = p — BC, TAe p — NONyTIEPUMETP Tpe-
YroJbHUKA.

B) Eciiu okpy»KHOCTB KacaeTcs cTopoHbl BC TpeyronbHuka ABC u mpo-
ZIIoJKeHU cTopoH AB 1 AC, TO pacCTOsHUE OT BEPIIMHBI A ZI0 TOYKHU
KacaHUA OKPY)KHOCTH C IpsAMON AB paBHO HOJIyIepUMETPY TPeyroabHU-
kxa ABC.

r) Ecim oKpyXHOCTB, BIIMCaHHAA B TpeyroibHUK ABC, KacaeTcs CTo-
poH AB, BC u AC cooTBeTcTBeHHO B Toukax K, L u M, a ZBAC = a, To
ZKLM=90°— 3.

7) Ecimu npameble, mpoxofdliye dyepe3 TOUKY A, KacaloTcad OKPY:KHO-
cty S B Toukax B u C, TO ILIeHTp BIMCAHHOU OKPY)XHOCTU TPeyTOJbHU-
ka ABC JIeXXUT Ha OKPY>XHOCTH S.

e) Ecnu paccTosgHue Mexzy lleHTpaMU OKpPY:KHOCTel paZinuycoB r U R
paBHO a u a >R+, TO OTPE3KU OOUINX BHENTHUX U OOIINX BHYTPEHHUX
KacaTeJbHBIX, 3aK/IIOUYEHHBIE MEX/Jy TOUKaMU KacaHWs, PaBHBEI COOTBET-
ctBerHo /a2 — (R—r)2 u y/a? — (R+1)2.

Zokazamenvcmego. a) O603HaYUM Bep- B
IIMHBl TPEYTONbHUKA, IPOTUBOJIEXKAIINE
cTopoHaMm a, b u ¢, uepe3 A, B u C COOTBET-
CTBEHHO, a TOYKU KacaHUs C STUMU CTOpPO- 4,
HaMu — COOTBETCTBEHHO A;, By u Cj. r \

Ecin O — 1eHTp JaHHOM OKPY>KHOCTH, £ 7B A
10 OA;CB; — kBazpar. [IosTomy

CAlzr‘, BClzBAlza—r‘, ACleBlzb—r,
C:AB:AC1+ClB:a+b_2r

a+b—c
—

C KaTe€TaMHu da, bu FHHOTCHYBOﬁ C, paB€H

CJIeZ[OBaTeJIbHO, r=
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6, B) Cm. [2], c. 109.
r) [Tycth O — neHTp OoKpyxHOCTH. Torzia BO u CO — OUCCEKTPUCH yT-
J0B B u C tpeyronbHuka ABC, mo3TOMYy

/BOC = 90°+3/A=90°+ &,
a Tak kak OB L KL u OC 1. ML, To

/KLM = 180° — ZBOC = 180° — (90" + %) =90°- 4.

\Vi
B L C

) Ilycte M — cepeauHa MeHbliel ayru BC.
A JlokaxxeM, 4To M — IIEHTp OKPY)KHOCTH, BIIMCAaH-

HOH B TpeyroiabHUK ABC.
JletictBuTennbHO, AM — GuccekTpuca yria A.
VI3 TeopeMbl 06 yIiie MEXIY KacaTeJbHOH U XOp-

B C ZIOH ciieflyeT, 4To

/MBA = %UMB - %UMC — /MBC,

3HaunT, BM Takxe OUCCEKTpHCAa TPEYTOIbHU-

kxa ABC. CnezpoBartenbHO, M — TOYKa [lepeceyeHus

6uccexTpuc TpeyroibHruka ABC, T. €. IIeHTp ero BIIMCAHHON OKPYKHOCTH.
e) Cm. [2], c. 78.

10. Ecnu oxkpyxHOCTU pasuycoB r U R ¢ nenrpamu O; u O, KacaroT-
cs1 BHEITHUM 00pa3oM B Touke K, a IpsiMast KacaeTcss 3TUX OKPYKHOCTeH
B Pa3JINYHBIX TOYKAX A U B U mepecekaeTcs ¢ obIell KacaTeJbHOMH, Ipo-
xozsel yepes Touky K, B Touke C, To ZAKB=90° u Z0,C0,=90°, a oT-
pe3ok AB o6lieli BHellIHel KacaTelbHOM OKPYKHOCTeH paBeH OTPe3Ky 06-
IIel BHyTpeHHeH KacaTeIbHOM, 3aKII0UEHHOMY MEXK/Y OOIIMMY BHEITHH-
Mu. O6a 3TH OTpe3Ka paBHHI 2/ Rr.
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Jloxazamenvcmso. Cum. [2], c. 88.

11. a) Yron Mexay kacaTeJbHOW U XOpZOH, IPOBeIEHHOU Yepe3 TOUKY
KacaHUs1, paBeH I0JI0BHHE YIVIOBOY BEIMIUHEI AYTH, 3aKTI0UEHHON MEX Y
HUMHU.

6) Yrom MeXxzy IepeceKaloliMUCA XOpAaMy PaBeH MTOIyCyMMe IIPOTH-
BOIIOJIO}KHBIX YT, BBICEKAEMBIX XOPAAMU.

B) YTONM MeXAy ABYMA CEeKYIINMU PaBeH INOIyPasHOCTH YT, BbICEKae-
MBIX CEKYIIUMU Ha OKPYKHOCTH.

Jlokazamensvcmso. Cm. [2], c. 132—133.

12. a) Ecm mpsMas, mpoxofdamas 4epe3 ToukKy A U 1eHTp O BIU-
CaHHON OKpPY:KHOCTU TpeyronbHuka ABC, BTOPUYHO IlepeceKaeT OIIU-
CaHHYIO OKPY>KHOCTb 3TOT'O TPEYrOJbHMKA B TOUKE M, TO TPEYrOJbHUKU
BOM u COM paBHOOeApEHHBIE.

6) @opmyna Jiinepa. Eciu O;, O, — LEHTPHI BIUCAHHON U OMUCAHHOM
OKpy>XKHOCTel TpeyronbHUKa ABC, a r U R — paiychl 3TUX OKPY>KHOCTeH,

T0 0,0, =+/R?—2rR. A

Joxaszamenvcmeo. a) O6o3HauuM LA =

=a, /B=pf

LleHTp OKpPY>XHOCTH, BIINCAaHHOH B Tpe-
VTOJIBHUK, €CTb TOYKa IlepecedeHus ero A
6uccextpuc, 3Hauut, BO u AO — Guccek-

Tpuckl yrnos ABC u BAC, atak kak BOM — 8
BHENIHUU yTon TpeyrorbHuKa AOB, TO

/BOM = Z/ABO + /BAO = §+% b

Bnucannsle yriel MBC 1 MAC onuparoTca Ha OFHY U Ty e Ayry, I03TOMY

Z0OBM = LOBC+ £ZMBC = ZOBD + ZMAC = %+ g
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3nauut, ZBOM = ZOBM, ciefoBaTelbHO, TPeyroibHUK BOM paBHOGE.-
PEHHBII.

AnanornyHo Ajig TpeyroabHuka COM.

6) [lycTh A; — TOUYKa TlepecevyeHusT OMCCEKTPUCH TpeyrombHuKa BAC,
IIPOBeZEHHON U3 BEPIIMHBEI A, C ONMMCAHHOM OKPY:KHOCTBIO. O603HAYNM
/BAC = a. ITo fokazaHHOMY B IIpeJblAyIleM MyHKTe TpeyroJibHUuK BO;A;
paBHOGe peHHEIH. [Io TeopeMe 06 OTpe3Kax MepeceKaroIuXCcs XOpz,

A;0,-0,A = (R+0,0,)(R—0,0,) = R*-0,02.

[Tycts P — npoeknysa Touku O Ha cTtopoHy AB. Torga O, P =r. U3 npsamo-
Yr'OJIBHOTO TpeyroibHuka AO;P HaxoguM, 4To

0P _ r
sinZ0;AB  sin$’

OlA =

a TaK Kak

A10; = BA; = 2Rsin /BAA; = 2Rsin 3,
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TO
2 2 _ _ r Loa
R?~0,0] = 0,A-A,0; = —— -2Rsin g = 2rR.

a
2

CrneposarenbHo, O;02=R* —2rR.

13. a) Eciu 4eTBIpEXYTOMbHUK MOXKHO BIIMCATh B OKPY>KHOCTB, TO CyM-
Ma ero IpOTHBOIIOJIOKHBIX YIVIOB paBHa 180°.

6) Eciu cymMMa HPOTHBOIIONOXKHBIX YIVIOB YETHIPEXYTOJBHUKA paB-
Ha 180°, TO OKOJIO HEr0 MOXKHO OIKUCATh OKPYXKHOCTb.

Jlokazamenbcmso. a) Cm. [2], c. 132.

6) Ilycte ABCD — aHHBIM YEeTHIPEXYTOJb-
HUK U /BAD + /BCD =180°. Onuiiem OKpyx-
HOCTb OKOJIO TpeyroibHuka ABD. Eciu Touka C
OKaKeTCA Ha 3TOU OKPY)KHOCTH, TO yTBepxK[e-
HUe JO0Ka3aHo.

[Tycts Touka C HaxXOAWUTCA BHYTPU OKPYX- B
HocTu. [Ipomomkum sayd DC [0 mepecedyeHUus
C OKPY>XHOCTBIO B Touke C;. Torma A

/BC,D+ /BAD = 180° LAt

(CBOWICTBO BIMCAHHOTO YETHIPEXYTOMBHUKA).
[Toatomy /BCD = /BC;D. Ilockoneky BCD — D
BHENIHUY yron TpeyronbHuka CBC;, TO

/BCD = /BC,D + /CBC, > /BC,D, B

YTO HEBO3MOXKHO.
AHaJIOTUYHO AJIs ciay4dasd, Korzaa C JIeXXUT BHE
OKPY?KHOCTH.

14. a) Eciu B 4eTHIPEXYTONIBHUK MOXKHO BIIMCATh OKPY)XKHOCTh, TO CyM-
MBI €0 IIPOTHUBOIIOJIOKHBIX CTOPOH PaBHBI.

6) Ecii CyMMBI IIPOTUBOIIONIOXKHBIX CTOPOH BBIITYKJIOTO YeThIPEXYTOMb-
HUKAa PaBHEL, TO B HETO MOXXHO BIIMCATh OKPY>KHOCTb.

Joxazamenvcmaeo. a) OTpe3KU KacaTeJbHBIX, IPOBEJEHHBIX U3 OHOMN
TOYKUA K OKPY)XHOCTH, PaBHBI MEXAY COOOI.
Toukn kacaHud JelAT KaKAYI0 CTOPOHY dYe-
TBIPEXYTONbHUKA Ha ABe 4JacTh. O603HAUNM
IIOC/IeI0BATEbHO UX JJIMHBI, UCIONIb3YA Of-
Hy OYKBY ZUI1 PaBHBIX OTPE3KOB, HAYMHASA OT
KaKo#-HuOYzAb U3 BepiuH: a, b, b, ¢, ¢, d, d, a.
fICHO, 4TO CyMMBI IIPOTUBOIIOJIOKHBIX CTOPOH
COCTOAT M3 OAVHAKOBBIX CIaraeMbIX.
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6) IlycTh B BBIYKJIOM 4YeTHIPEXyToNbHUKE ABCD
u3BecTHO, 4To0 AB+ CD =BC + AD. Torga AB— AD =
=BC-CD.

Ecnmu AB=AD, to BC=CD. [loaTOMy TpeyroiabHu-
ku ABC u ADC paBHBI II0 TPEM CTOPOHAaM, 3HAYUT,
guaroHasnb AC penut mnononaM yrisl BAD u BCD. U3
paBeHcTBa TpeyroiabHUKOB ABC 1 ADC U UX COOTBET-
cTByo1MX yIioB ABC 1 ADC ciefiyeT, 4To GUCCEKTPH-
CBI 3THX YIVIOB IlepeceKaloTcs B HeKOTOpoi Touke O,
nexameit Ha auaroHanu AC. [TockombKy Touka O Jie-
JKUT Ha OMCCEKTPUCE KAXKJOTO U3 YIVIOB YeTHIPEXYTONbHIKA, TO OHA PaB-
HOyZlaJIeHa OT BceX ero cTopoH. CinegoBaTenbHO, O — [EHTP OKPY>KHOCTH,
BIIMCAaHHOU B YeTHIPEXYronbHUK ABCD.

[Tycts Teneps AB > AD. Torga BC > CD.

Ha orpeske AB Bo3bMéM Takyto TOUKy T, ayis kotopoit AT =AD, a Ha
oTpe3ke BC — Takyw TOUYKYy S, st KoTopoi CS = CD. [ToCKOIbKY

AT=AD, CS=CD, BT=AB—-AT=AB-AD=BC-CD=BC-CS=BS,

To TpeyronbHuku TBS, ADT u CDS paBHOGeApeHHbIE. BUCCEKTPUCH UX
VIJIOB IIpY BepiinHax B, A u C ABIAIOTCA CepeJUHHBIMU NTePIeHAUKYIApa-
MU K oTpeskaM TS, DT u DS COOTBETCTBEHHO, T. €. CEPEAUHHBIMU I1€PIIeH-
JUKyIApaMU K CTOPOHaM TpPEYroJbHU-
ka DTS. [loaToMy GHCCEKTPUCHI YIJIOB B,
A u C mepecekamTcs B OJHOU TOUKe —
I[eHTpe ONMCAHHOU OKPY>KHOCTU TPEyToJIb-
Huka DTS. Dra TOouka paBHOyZajleHa OT
BCEX CTOPOH 4eThIpEXyroabHuka ABCD.
CrnenoBaTesibHO, OHA ABJIAETCA LIEHTPOM
BIIMICAHHOU OKPY)XKHOCTH YeThIPEXYTOIbHU-
kxa ABCD.
AHanoruyHo ajs AB < AD.

A

B S ) c

15. a) Ecsin B Tparenuio MOXKHO BITUCATh OKPYKHOCTh, TO GOKOBast CTO-
pOHa Tpanelnuu BUJHA U3 LIEHTPa OKPY>KHOCTHU IO NMPAMBIM YIJIOM.

6) Ecau OKpy»KHOCTh BIIMCAaHa B paBHOOEAPEHHYIO Tpareluio, To 60-
KOBas CTOpOHA Tpallelluy paBHa eé cpefHel TUHUU.

B) Eciiu B Tpamenuio MOKHO BIIMCAaTh OKPY’KHOCTb, TO PaZUyC OKPYK-
HOCTH ecTb cpeJiHee IIPOIIOpLMOHaNbHOe (CpefHee reoMeTpUYecKoe) OT-
PE3KOB, Ha KOTOPHIE TOYKA KacaHUsA [eJUT GOKOBYIO CTOPOHY.

Zlokazamenscmeo. a) Ilyctb ABCD — Tpamnenys ¢ OCHOBaHUAMU AD
u BC, O —1eHTp eé BnHCcaHHOU Okpy:kHOCTH. Torza syun AO u BO —
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GUCCEKTPHUCH! YIJIOB NMPU GOKOBOM CTOpOHE D A
Tpanenuu. CyMMa 3TUX yryioB paBHa 180°,
cyMMa uX TonoBuH paBHa 90°. CrneznoBa-
TenbHO, yron AOB mpsiMoi. 0

6) IlycTh OCHOBaHWS paBHOOEAPEHHOM
Tpamenuu paBHEL a U b, a 60KoBasA cTopoHa
paBHa c. [TockonbKy B Tpalelyio BIMCaHa
OKPY>KHOCTb, CYMMBI IIPOTHBOTIONIOXKHBIX CTOPOH Tpalel[i paBHbI MEXAY
co0oM, T.e. a + b =2c. 3HaunT, 60KOBAsI CTOPOHA TPaMeEIUU pPaBHA CpeJ-
Hell IMHUM:

c B

2c _a+b
2 2

16. a) 3ameuamensvHoe ceolicmeo mpaneyuu. Touka epecedeHus aua-
TOHaJIel Tparenuu, TOUKa MepecevyeHus IPOAODKEHNNH OOKOBBIX CTOPOH
U cepelUHBI OCHOBAHUU JIeXKaT Ha OJHOU MPAMOM.

6) OTpe3oK IpPAMO, MapajielbHON OCHOBAaHUSIM Tpallelyy, 3aK/Iio-
YEHHBIN BHYTPHU Tpameluu, pasbuBaercs e€ JuaroHaasIM{A Ha TPU YaCTHU.
Torga OTpe3KH, IpUJIETraloliyie K 60KOBBIM CTOPOHAM, PaBHBI.

B) Ecim yepe3 TOUKy mepeceueHMs JMaroHasel Tparenuyd ¢ OCHOBA-
HUSAMU a U b TIpoBefieHa MpsiMas, mapajenbHas OCHOBAaHUAM, TO OTpe-
30K DTOHM MPSIMOM, 3aKJIOYEHHBIN MeXAy OOKOBHIMU CTOPOHAMH Tparie-

oyu, paB€H — a+b’

r) Eciu Tpanenus paszeneHa IpsAMOH, TapaielbHOU €€ OCHOBaHUAM,
PaBHBIM a U b, Ha /[Be PaBHOBEJIMKHE TPaIlellH, TO OTPE30K 3TOU MPSIMOH,

3aKJIFOYEHHBIN MeXX/[y 60KOBBIMU CTOPOHAMH, PaBeH 4/ #.

7) Ecnu Tpanenus paszesieHa NpsMOM, apale]bHON e€ OCHOBaHUAM,
PaBHBIM a ¥ b, Ha /iBe TOZO0OHBIE TpAmeIN, TO OTPE30K TOM IPSAMOM,
3aKTIOYEHHBIH MKy G0KOBBEIMH CTOPOHAMM, paBeH v ab.

Hokazamenscmeo. a) IlycTb Q — TOUKa IepecedyeHUsa MPOAOIKEHNUN
60KOBBIX CTOpOoH AB u CD Tpamnenuu ABCD, M — cepefiiHa MEHbIIETO
ocHoBaHusA BC, O —Touka nepeceyeHus aguaroHaneit AC u BD, N —
TOYKa IepeceveHus mpsaMoii QM ¢ 601bIuM ocHOBaHueM AD.

13 mozio6us TpeyronbHUKOB QBM 1 QAN

M
ciefyeT, 4YTo M _ BM, a u3 moZobus Tpe-
QN - AN QM _ cM
yronbHUKOB QCM 1 QDN — 4to0 Q_N DN

BM M
[TosTomMy —— AN gN’ a Tak Kak BM =CM, To

AN =DN, 1.e. N — cepeauHa AD.
AHaJIOTUYHO JloKaXeM, 4TO IIpsMas, IIpo-
xXozAMmasa yepe3 Touky O TepecedyeHus ua-
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roHa/lel U cepeZiuHy OJHOTO U3 OCHOBAHUM, IIPOXOJUT 4Yepe3 cepeAiHy
Zpyroro OCHOBaHMUA.

6) ITycte Touku M 1 N pacnonokeHbl Ha 60KOBBIX cTopoHax AB u CD
tpanenyu ABCD, MN || BC, K u L — TOYKU TiepecedeHus: mpssmoii MN
¢ auaroHansamu AC u BD.

TpeyronbHUK AMK mOA06€H TPEyTONbHU-
Ky ABC, a TpeyroibHUK DNL — TpeyroibHUKY
DCB, npuuém koabPUIIUEHTH TOA0OUA OAU-

HKBI)ITKKKM DN
aKo a a AB DC

MK=BC-E:BC-E=LN.

B) [lyctb M — Touka mnepeceueHus auaroHaneii AC u BD Tpare-
1t ABCD c ocHoBauusIMU AD =a v BC=b, X © Y — TOYKU lepecedyeHus
JQHHOM TIpsAMOM ¢ GOKOBBIMH CTOPOHAMU
AB u CD cOOTBETCTBEHHO. VI3 mozobust Tpe-
yronbHUKOB BMC u DMA HaxoauMm, 4To

AM _AD _a

MC ~— BC b’

B A

CiegoBaTebHO,

A D

a
a+b’
3 momobusi TpeyronbHUKOB AMX u ACB HaxouM, 4TO
MX _AM _ a
BC — AC ~ a+b’

AM
A a D —_— =
[ToaTomy AC

[TosTomy
a-BC ab
a+b ~ a+b’

MX =

AnasioruyHo MY = aa—fb‘ CrnezmoBaTtesbHO,

XY = MX + MY = 290

a+b’

r) Ilyctb O —TOYKa mHepecedeHUs NPOAOIKEHU OGOKOBBIX CTOPOH
AB u DC Ttpanenuu ABCD c ocHoBaHusiMu AD =a, BC =b, S — miomaapb
TpeyronbHuka BOC, MN = x — UCKOMBIN OTPE30K.
TpeyronmeHuk MON mopobeH TpeyrombHuUKy BOC

¢ K03bouUIIeHTOM 5, TPEYTOMbHUK AOD nogobeH

TpeyronbHuky BOC ¢ Koa(b(bHuHeHTOM , IIpY 3TOM

Samon —S= SAAOD — Samon, WH
2

2
X .5— s—— s—=

b_z.

OTCIoZa HaXOAUM, 4TO X2
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o) Ilyctb Touku M u N jexaT Ha GOKOBBIX CTOPOHAX COOTBETCTBEH-
HO AB u CD Ttpanenuu ABCD c ocHoBanuamu AD =a u BC =b, npuiuém
MN || AD u tpanenuu MBCN u AMND mnogo6usl. To-

BC _ MN
& YN T AD”

B C
OTKYyZa Haxo4guM, 49TO
M

MN? = AD -BC = ab.
A D
CnepoBarenbHo, MN = Vab.

17. a) Eciu BB; u CC; — BBICOTHI TpeyroibHuka ABC, TO Tpeyroib-
HUK AB;C; nofobeH TpeyronbHUKy ABC, Tpu4éM KO3GPUIMEHT TOA06Ms
paBeH |cos ZA|.

6) Eciu H — Touka TmepecevyeHHs BBICOT TpeyroiabHuka ABC, a O —
L[EHTDP €ro ONMKMCAHHOM OKPY)KHOCTU, TO OTpe30K AH BABOe 6oJblile pac-
CTOAHUA OT TOYKU O 0 CTOPOHHI BC.

B) Touku O, H u Touka M mepeceuyeHUs MeJguaH TpeyroibHuka ABC
JIeXXaT Ha OfHOUN IpsaMou (npsimas Dilnepa), TpUIEM Touka M JIEKUT Ha
orpeske OH u OM:MH=1:2.

r) Ecim BB, u CC; — BBICOTHI TpeyronbHuKa ABC, a O — IIeHTp Omu-
caHHOU okpyxHOCTH, To OA | B;C;.

7) Touku, cuMMeTpUYHble TOUYKe IlepecedyeHHs BBICOT (OPTOLIEHTpY)
TpeyronbHuka ABC orHOcuTenbHO npambix AB, AC u BC, nexaT Ha
OTNMCAHHOM OKPYKHOCTHU TpeyroimbHuKa ABC.

e) Touku, cUMMeTpUYHble TOUYKe IIepeceuyeHUs BBICOT TPeyroNbHU-
ka ABC OTHOCUTEJIbHO Cepe/liH ero CTOPOH, JieXKaT Ha OMMCAaHHON OKPYXK-
HOCTHU TpeyronbHuKa ABC.

%) Eciu AA,, BBy u CC;— BBICOTBl OCTPOYI'OJIBHOI'O TPEYTOJbHU-
ka ABC, To GuCCEKTpHCHI TpeyroibHuKa A;B;C; (OpTOTpeyroibHUKa
TpeyronmbHUKa ABC) nexxaT Ha npambix AA;, BBy u CC,. Eciu ke Tpe-
yTroJbHUK ABC TYIIOYTONbHBIM, TO HAa 3TUX MPSMBIX JIEKAT OUCCEKTPUCH
ZIBYX BHEIIIHVX U TPEThEro BHYTPEHHEro yIJI0B TpeyroabHuka A;B,C;.

Joxaszamenwvcmso. a, 6) Cm. [2], c. 154—155.

B) [IycTh A; — cepeauHa cTOpoHbI BC
TpeyroabHuka ABC, G — TOYKa Iepece-
yeHua npaMmelix AA; u OH. Ilo poxa-
3aHHOMY B IpeAblAylieM IyHKTe AH =
=20A;.

V3 momobus TpeyroabHUKOB A;GO
u AGH cnezyert, 4TO

AG _ HG _ AH _
GA, ~ GO ~ OA, _

2.
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CneznoBatesnbHO, G — TOUYKa IepecedyeHus MefuaH TpeyroiabHuka ABC,
T.e. G coBnazaer ¢ M u MH =2MO.

r, 1) Cm. [2], c. 156.

e) Ilycte AA; — IuaMeTp OIMCAaHHOU
OKPY>XKHOCTHU, H — TO4YKa IepecedeHns Bbl-
coT TpeyronbHuka ABC. Torga A;C L AC
u BH | AC, 3nauut, A;C || BH. AHanoruy-
HO A;B || CH, m03TOMY YeTHIPEXYTONBHUK
HBA,C — napayuienorpamm. CnezoBaresb-
HO, €ro BeplIMHa A; CHMMETpHUYHA Bep-
mrHe H OTHOCUTENBHO CEpeinHBI Juaro-
Hanu BC.

) Ilyctb Ay, B; 1 C; — OCHOBaHUA BBI-
COT OCTPOYr'oJbHOI'O TpeyrosbHuka ABC,
NpOBeJEHHBbIX U3 BepunH A, B u C cooT-
BeTCTBeHHO. Torza

/AC,B, = ZACB, /BC,A, = /ACB.

[TosTomy

/LACB; = ZBC,A,.
CiiegoBaTebHO,
/B,C;C =90° - LACB; =90° — ZBC A, = £A,C,C.
ToyHO Tak e nojayyaem
/ABB=/CB1B, /B,AA=/ZCAA.

AHaJIOTMYHO MOXKHO JIOKa3aTh COOTBETCTBYIOIlee yTBep:KAeHHe A
TYTIOYTOJIBHOT'O TPEYT'OJIbHHUKA.

18. a) [IpousBefeHUs OTPE3KOB IIEPECEKAIOUIUXCS XOPZ, OKPYKHOCTH
paBHBIL.

6) Teopema o kacamenvbHoll U cekyulell u ciedcmeue u3 Heé. Eciu u3
O/THOM TOYKY IIPOBEZEHBI K OKPY)KHOCTH KacaTeIbHas U CeKyIlas, TO Ipo-
v3Be/leHre BCell ceKyleil Ha eé BHEIIHIOI YacTh PaBHO KBaZpaTy Kaca-
TeJbHOMU.

[Ipou3BefeHIe BCE CEKYIIEH Ha e€ BHENTHIOK YacTh /sl JAHHOU TOY-
KU U IAHHOU OKPY)KHOCTH TIOCTOSTHHO.

B) Ilpsmasi, mpoxoZsiasi yepe3 TOYKU MepecedeHusi JBYX OKPYKHO-
CTeH, ZIeTUT TIOToIaM OOIIYI0 KacaTeNbHYIO K HAM.

r) O6uiue XopAbl (WIK UX MPOAO/DKEHUA) TPEX TOMAPHO IepeceKaro-
IINUXCS OKPYKHOCTEN TPOXOJSAT Yepe3 OfHY TOUKY 16O mapasienbHEL.



[Tpunoxkenue 2. CIIUCOK MOTE3HBIX GaKTOB 435

Hoxasamenscmso. a, 6) Cum. [2], c.121—122.
B) IlycTh A 1 B — TOYKU NepecedeHus JBYX
oKpykHOCcTel, MN — obimas kacarenbHas (M
u N — touku KacaHusa), K — Touka mepeceve-
Hus npsambix AB u MN (A mexzay K u B). Torga

MK?>=KB-KA u NK2=KB-KA. AN
M K N

CnepoBarenbHo, MK = NK.
r) ITycThb OKpPY?KHOCTH S; U S, TTepeCceKaroTCs B TOUYKax A U B, OKpy»KHO-
CcTu S; U S3 — B Toukax C u D, OKPYKHOCTU S, U S; — B Toukax E u F. Pac-
CMOTPHUM CJIy4yali, Korzia IolapHo nepecekaroTcs orpe3ku AB, CD u EF.
Ecin M — Touka nepecedyeHus OTPEe3KOB
CD u EF, TO 110 TeopeMe O IIPOU3BEJeHUAX
OTPE3KOB ITePeCEeKAIOIUXCA XOP],

CM-MD = EM -MF.

Yepes Touku A U M mpoBefEM INPAMYIO,
BTOPHUYHO II€PECEKAIOIIyI0 OKPY>KHOCTb S,
B Touke B;. Torza xopabl AB; u EF OKpy»KHO-
CTHU S, epeceKarTca B TOUKe M, IoaTOMy

AM -MB; =EM-MF = CM -MD.

3Hauut, Touku A, B, C u D sexkaT Ha OfHOU
OKPY’KHOCTH, a TaK Kak 4epe3 Touyku A, C
1 D IpoxXoAUT eUHCTBEHHAA OKPY>KHOCTD S,
TO TOYKa B; JIeXKUT Ha OKpYyXHOCTHU S;. Ta-
KUM 00pa3oM, Touka B sBJsieTcs obIell TOYKOW OKpyKHOCTEN S; U S,
OTJIMYHOU OT TOYKU A. 3HAYUT, TOUKA B, coBIazaeT ¢ Toukou B. CrenoBa-
TEJIBHO, XOpZa AB IpoXoAuT 4yepes TOUKy IiepecedeHus xopZ CD u EF.

AHaJIOTUYHO AJ14 c/iydasd KoTJa MepeceKarTces MPOoJoIKeHNA OTPE3KOB
AB, CD u EF.

19. CpedHue NpONOPUUOHANbLHbIE 8 NPSAMOY20AbHOM MPey2oNbHUKE.
BbicoTa MPsSIMOYTOJIBHOTO TPEYTOIbHUKA, TPOBEAEHHAS U3 BEPIIMHBI TIPsI-
MOTO yIJIa, ECTh CPeJHEE MPOIOPIUOHANBHOE (CpeIHEE TEOMETPUIECKOE)
MIPOEKINI KAaTeTOB Ha TUIOTEHY3Y, a K&/l KaTET €CTb CPeAHEE MPO-
MOPIMOHATbHOE TUIIOTEHY3bI U CBOE MPOEKIMY Ha THIIOTEHY3Y.

P

20. a) Cnedcmaue u3 meopemol kocuHycog. CyMMa KBaZIpaToB aroHa-
Jlell mapasiiesiorpaMMa paBHa CyMMe KBa/[paTOB BCEX €r'0 CTOPOH.

6) Popmyna 0ns medudaHvl mpeyeonvbHuka. Eciu m.— MeauaHa Tpe-
YTOTBHUKA, NPOBEAEHHAA K CTOPOHE C, TO M, = %w/2a2+2b2 R vi (<
a u b — ocTasbHBIE CTOPOHBI TPEYTONbHUKA.
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B c /Jlokazamenscmso. a) Ilycts AC u BD — aua-
roHanu mnapasnnenorpamMmma ABCD. Tlo Teopeme
KOCUHYCOB U3 TpeyroabHUuKkoB ABD n ACD Haxo-

UM, 4YTO
A D
BD? = AB%?+ AD? —2AB- AD cos /BAD,

AC? = AD? +CD?—2AD -CD cos ZADC =
= AD?+ CD? —2AD-CD cos(180° — ZBAD) =
= AD?+ CD?+2AD -CD cos /BAD.

CiiejoBaTebHO,
BD?+AC? = 2-AB%+2-AD?.

6) Cm. [2], c. 16.

21. Popmyabt Ona buccekmpucsl mpeyzoabHukd. Eciv a u b — cTopoHbI
TPEYTOMbHUKA, Y — YTOJ MEXAY HUMHU, | — GUCCEKTpHCA TPEeyroabHUKaA,
MIPOBEAEHHAS U3 BEPIIMHBI TOTO yIvia, a a’ ¥ b’ — OTpe3KH, Ha KOTOphIe
2ab cos %

GucceKTprca JeUT TPEThbIO CTOPOHY TPEYTOMbHUKA, TO: a) [ = —a5b
6) [?=ab—da'b’.
Jlokazamensvcmso. a) CMm. [2], c. 46.

6) Cm. [2], c. 47.

22. opmynst 0ns naowadu mpeyzonsHukad. Ecnu a, b 1 ¢ — CTOPOHBI
TPEYTONBHUKA, A, 3 U Y — MPOTUBOJIEXKAIIIE UM YIUIBL, h,y, hy, ¥ h, — BBICO-
TBI, IPOBEIEHHBIE U3 BEPIIUH 3TUX YIJIOB, P — MOMYIIEPUMETDP TPEYTOJb-
HUKa, R — paZinyc OMMCAHHOU OKPYXHOCTH, T, Iy, I}, ¥ I, — PaINYChl BITU-
CaHHOM ¥ BHEBMUCAHHON OKPY)KHOCTEH, KacaroIInxesi CTOPOH a, b u ¢ co-
OTBETCTBEHHO, a S — IUIOMIA/Ib TPEYTOIbHUKA, TO

1 1 . b
a) S=5ah,; 6) S=gabsiny; B)S= %;
r) S=1/p(p—a)(p—b)(p—c) (hopmyna lepona); a) S = pr;
2sin(fB+7y)°

e)S=(p—a)r,; %) S=2R*sinasinBsiny; 3)S=

hbhc
u) S = Ssina’ K) S = [T 1.

Jlokazamensvcmso. €) Cm. [2], c. 110.
k) Ilo Teopeme cuHycoB a =2Rsina, b=2Rsin . CiezoBarenbHoO,

S = %absiny = %-ZRsina-ZRsin[D’siny = 2R?sinasin B siny.
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h, hy
n) [MockombKy b= prml A
- he  hy hyh
S= Lpesing = 2. M g = Lol
2 2 sina sina 2sina

k) ITo dopmyne TepoHa

B _[ss s s [s s
S= \/p(p—a)(p—b)(p—c) - \/FZE? - \/rrarbrC NGARA

OTciofia HaX0AuM, YTO S = \/TT T}T,.

23. a) Ilnomaab 9eTHIPEXYTOMBHUKA C TIEPIIEHAUKY/ISIPHBIMU IaTrOHA-
JIIMU paBHA TIOJIOBUHE IIPOU3BEEHUS UaroHaen.

6) [Lrouiazpb 1H060TO YETHIPEXYTOMBPHUKA paBHA MTOJIOBUHE MTPOU3BE/IE-
HUA AUaroHajel Ha CUHYC yIyia MeXay HUMU.

Zokazamenvcmago. 6) Yepes KaXKAyIO U3 ABYX IIPOTUBOIIONIOKHBIX BEP-
LUIMH YeThIPEXYTOJbHUKA IPOBEAEM IIpAMEBIe, TapaliejibHble AuaroHamu,
COeIMHSAIOIIEN ZIBe Ipyrye BepuInHbl. To jKe TpojenaeM A IBYX APYTUX
BepwyH. [TosyduM IapasiesiorpamMM, CTOPOHBI KOTOPOr'O paBHBI AUaro-
HaJIAM JIJaHHOT'O YeTBIPEXYTONIbHUKA. YTOJl

MeX/ly COCeJHUMU CTOPOHAMMU IOJy4eH- A
HOT'O IIapasuiesiorpaMma paBeH yIly Mex- v

. o
[y AMaroHa/IAMU JaHHOT'O YeThIPEXYTOJb- ) z

HUKa, a IUIomaZb BABOe Oosblie. Ilo-

CKOJIBKY IUIOIIA/Ib TapalieJiorpaMMa paB-

Ha NMPOM3BEEHUIO IByX COCEJHUX CTOPOH

Ha CHHYC yIJIa MEXAY HUMU, TO TUIOMIAb

JTAHHOTO YeThIPEXYTOMbHUKA PAaBHA II0JIO- 3
BUHE TIPOM3BE/IEHUs €T0 JUaroHalel Ha

CHHYC yIJIa MEXIY HUMHU.

24. a) MeauaHa pa3buBaeT TPEYTOJbHUK Ha /IBa PABHOBETUKUX.
6) Tpu MeAUraHbI pa30UBAIOT TPEYTOIHHUK Ha IIECTh PABHOBETUKHUX.
B) Ecu miomazib TpeyronbHUKaA paBHa S, TO IUIOIIA/b TPEYTONbHUKA,

3
COCTaBJIEHHOI'O U3 €ro Me/iaH, paBHa ZS

r) Eciiu Touka D nexuT Ha ctopoHe BC TpeyronbHuKa ABC wim Ha eé

Saasp _ BD

SAACD B DcC”

) Eciu Touku P u Q nexxat Ha cTopoHax AB u AC wiu Ha UX MPOJOII-
SAAPQ AP AQ

Saasc  AB AC”

IIPpOAO/IXKEHN U, TO

JKEHUAX, TO
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A Zlokazamenscmeo. a) Ilycts AA; — MearaHa
TpeyronbHuka ABC, AH — BbIcoTa. Torza

1 1
SAACAl = ECAl‘AH = iBAl‘AH = SABAA]‘

6) Ilyctb M — TouyKa IepeceyeHUs MeAUaH
AA;, BB, CC; tpeyronbHuka ABC. Torza

1 1 /1 1
SAAlMC = §SAA1AC =3 (ESAABC) = gSAABc-

AHaJIOTUYHO JJI1 OCTAaJbHBIX IIATHA TPEYTOJbHU-
KOB.

B) Ilycte M — TOuka mepecedyeHUs Meau-
aH TpeyrombHuka ABC, A; — cepefuHa CTOpO-
Hbel BC.

OTI0KUM Ha NPOZOLKEHUN MeiuaHbl AA; 3a
A TOUKy A, oTpe3ok A, K, paBHbIil A M. [Tockomb-
Ky BMCK — napannenorpamm, To KC=BM. Ilo-

2
3TOMY CTOPOHBI TpeyrosbHuUKa MCK paBHBI 3
CTOPOH TPEYT'OJIbHUKA, COCTABIEHHOI'O U3 MeN-
aH TpeyronbHuka ABC.

CiejoBaTesIbHO, MCKOMBIN TPEYTOJbHUK II0-

5 A,‘;\ £ nobeH TpeyroabHUKy MCK ¢ koadduimeHTOM
K %, a ero IUIOIaJb paBHA % IUIOIIA/IN TPEYTONb-
A Huka MCK, T. e.
2.2:1s=3s.
r) [Tycte AH — BbIcOTa TpeyronbHuKa ABC.
Torza
5H D > Saacp = 5CD-AH, Saapp = 3BD-AH.
CiiegoBaTebHO,
SaaBp _ %BD'AH _ BD

Saacp %CD-AH ~ CD-

21 TToCKOBbKY IIONIA/Ib TPEYTONbHUKA PaBHA TIOJIOBUHE TPOU3BeJeHUSA
JIByX CTOPOH Ha CHHYC yIJIa MeXAy HUMU, TO

Saasc = 3AB-AC-sin ZBAC = 3 AB-AC-sina,

Saapq = 3 -AP-AQ-sin ZBAC = 2AP-AQ sina,
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P P
a
A A A
A a
B C B C B C

rae a 1ubo paBeH ymty ZBAC, mu6o gononHseT ero g0 180°. Torza

1 .
SAAPQ B EAP~AQ~sma AP &

Saasc  LAB-AC-sina  AB AC’

25. a) CepeMiHBI CTOPOH JIFOOOTO YETBIPEXYTONbHUKA SBJISIOTCS BEP-
IIMHaMU MapajijieJiorpaMMa, IpU4YéM IUIoa b apasulesiorpaMma BABOe
MeHbIIIe TUIOMIAU YeThIPEXYTONbHUKA.

6) CepeAuHBI IBYX TPOTHUBOIIOJIOXKHBIX CTOPOH JIF060TO YeTHIPEXYTONb-
HUKa U CEPEIUHBI €T0 UaroHaell ubo sSBISITCA BEPIIMHAMU Mapasiie-
JIorpaMMa, MO0 JIeKAT Ha OFHOM MPSIMOH.

Jokxazamenvcmeo. a) Ilyctb d; u d, — aua-
TOHAJM IAHHOTO YeTHIPEXYTONbHUKA, Q@ — YTOJ
MeXAy HUMU. YeTHIpEXYTOJIbHUK C BepIIUHA-
MU B CEpeINHAX CTOPOH JAHHOTO — Tapasuiesio-

1 1
rpaMM CO CTOpPOHAMU Edl u §d2 U YTJIOM @ MEK-

oy aumvu (cMm. [2], c. 24). Ero mwromazes paBHa
1 1 . 171 . 1
Edl . §d2 sina = 5 (§d1d2 sma) =5S.

6) Ilycte L u K —cepeaunbl cTopoH AD u BC YeTHIPEXYTONbHU-
ka ABCD, M u N — cepeaunsl ero amaroHased AC u BD u mpu 3TOM
touku L, K, N, M He nexaT Ha ozfHoil mpsamoil. Torna LM — cpenHas
JuHuA TpeyroabHuka CAD, a NK — cpen-

HsIsT JIUHYA TpeyroabHuka CBD. [ToaToMy B K__C

LM = %CD =KN u LM | CD ||KN. 3Hauur,
IIPOTUBOIIONIOXHBIE CTOPOHBI ML u KN
4yeThIpéXyrofibHuKa MLNK paBHbI U Ia- 4

pasnensHbl. Clef0BaTENIbHO, 3TOT YeTHI- 1

.. D
PEXYTONBHUK — I1apajlleJIorpaMM.

26. I,Z[I/IEII‘OHaJII/I 1ileTI)IpéXyI‘OJII:HI/IKEI NEepneHguKY/JIAPHBI TOTAa ¥ TOJIBKO
TOorza, Korga CyMMbl KBaZIpaTOB IIPOTHUBOIIOJIOKHBIX CTOPOH PaBHBI.
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Jokazamenscmeo (471 BBITYKJIOIO 4eTHIpEXyroibHUKA). Heobxodu-
Mmocmb. ITycts suaronanu AC u BD 4eTbipéxyronbHuka ABCD neprieHan-
Ky/sApHBL. Ecnu P — KX TouKa nepeceyeHus, To 1o TeopeMe Ilndaropa

AB? — AP? = BC?—-CP?, wm AB?-BC? = AP?—-CP2.
AHaJIOTUYHO AOKa>XeM, 49TO
AD? —CD? = AP? —CP2.
CiegoBaTebHO,
AB? —BC? = AD?>-CD?, wm AB?+CD? = BC?+AD?.

Jocmamourocme. ITycTh B 4eTBIPEXYTOJIb-

5 Huke ABCD H3BeCTHO, 9TO
L AB?+CD? = BC? + AD?,
a guaroHanmu AC u BD nepecekaroTcsa B TOY-
A " L ke P. O6Go3HAYMM
D PA=a, PB=b, PC=c,
PD =d, /APB=a.
Torma
AB?> =a®+b%*—2abcosa, CD?=c?>+d*>—2cdcosa,
BC? = b? +¢? —2bccos(180° — ) = b?+ %+ 2bccos a,
AD? = @®> +d? —2ad cos(180° — a) = a®> +d? +2ad cos a,

a TaK Kak 110 yciaoBuio AB? +CD?=BC? + AD?, To

a?+b*+c*+d*>—2abcosa—2cd cosa =

b%+c?+a*+d?+ 2bccosa+2ad cosa,
a?+b*+c?+d?>—2(ab+cd)cosa = b?>+c?+a®+d?>+2(bc+ad) cosa,
(ab+cd+bc+ad)cosa =0,

npu4ém ab + cd + bc+ ad #0. CrnemoBaTenbHo, cosa=0 u AC L BD.

27. Eciu guaroHanu AC u BD yeTsipéxyronbHruka ABCD, BIMCaHHOT'O
B OKPY>KHOCTb pazuyca R ¢ ueHTpom O, nepecekaroTca B TOuke P u mep-
NIEHAUKYJIAPHEL, TO:

a) paccrossure OoT Touyku O J0 CTOPOHBI AB BZIBOE€ MEHBINE CTOPO-
HbI CD;

6) meguana PM TpeyronbHUKa APD TeprieHAUKYyAsApHa cTopoHe BC;

B) AB%2+ CD? + AD? 4+ BC?=8R?, PA? + PB? + PC? + PD?> =4R?;
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r) wiomaab yeTbpéxyroibHuka ABCD paBHa %(AB -CD + BC - AD),
MIPUYEM 1S JTF0O0TO APYTOro YeThIpEXyrombHUKa ABCD C TeMH Ke CTO-
pOHaMU IUIOIIA/h MEHbIIIE, YeM %(AB -CD+BC-AD).

Joxazamenvcmao. a) IlpoBeaém amametp DD,. Toraa ZDBD; = 90°,
moaToMy BD; || AC, 3Hauut, CD; = AB. TlepleHAUKY/IAP, OMyIEHHBIN U3
ueHtpa O Ha xopzay CD;, IpOXOAUT 4epes
cepeauHy M sTo xopzbl, nosaToMmy OM —
cpeiHAA JIMHUA TpeyroabHuka DD, C,

1
OM = §CD. [TockonbKy paBHBIE XOPABI
paBHOyZialleHbl OT LIeHTpa OKPYXHOCTH,
TO PacCTOSIHUE OT IIeHTPa OKPYXKHOCTH [0

XOpZABL AB TakXe paBHO %CD.

6) IIyctb K —TOuKa mepecedyeHust
mpsamMoii PM c¢ orpeskom BC. O6o3nauum
ZMPD =/KPB=a.

MezayaHa NOPAMOYTOIBHOTO TPEyrosb-
HUKa, IPOBeJEHHAA U3 BEPILINHBI IIPAMOT0
yIJIa, paBHa IIOJIOBUHE TMIIOTEHY3bI, II03TO-
My TpeyrolbHUK PMD paBHOOEApEHHBIMH,
3HauuT, ZADB=aq.

Briucanuele yrisl ACB u ADB onu-
paroTca Ha OA4HYy U Ty XKe Ayry, I03TO-
My ZPCB = /ZACB = /ZADB = a. U3 nps-
MOYT'OJIBHOTO TpeyronbHrka BCP Haxonum,
uyro /CBP =90° — /PCB =90° — a. Ciezo-
BaTeJBHO,

ZBKP =180°—a—(90°—a) = 90°,
T.e. MK 1 BC, 4to u TpeboBasoch JoKa-
3aTh.

B) [IpoBezném auamerp DD,;. Ilockoneky BD L BD; u BD L AC, To
BD, || AC, moatomy CD; = AB. VI3 IpsMOyTOJbHOTO TpeyroibHuka DCD;
HaxOAUM, 4TO

CD} +CD? = DD} = 4R>.
[TosTomy
AB?+CD? = 4R?.
AnanornyHo BC? 4+ AD? =4R?. CezioBaTe/bHO,
AB? 4+ BC?+CD? + AD? = 4R?> + 4R? = 8R?,
PA%2 4+ PB? 4+ PC? 4 PD? = (PA% + PB?) + (PC?+ PD?) = AB?> + DC? = 4R?.
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r) Ilycte ABCD — IpOU3BOJIBHBIN YeTHIPEX-
VTONIBHUK cO cTopoHamu AB =a, BC =b, CD =,
4 \ r AD=d. Paccmorpum 4eTbipéxyronbHuk AB,CD, rae
TOYKa B; CMMMeTpHYHa BepllMHe B OTHOCUTEIBHO
CepeMHHOr0 IepIeHAWKy/IApa kK auaroHanmun AC.
Torza

D

Sasco = Sas,cp = 3CBy -CDsin ZB,CD + 2B, A- ADsin /B, AD <

ac+bd

1 1
< 5CB,-CD+ 5B, A-AD = %5

PaBeHcTBO fjlocTuraercs, eciau £B;CD = /B AD =90°, T. e. 4eTBIPEXYTOJb-
HUK AB;CD BnucaHHBIN, IPUYEM ero ZiBa MPOTHUBOIOIOXKHBIX YIJIa paBHBI
o 90°.

[Tockonbky auaroHanb AC BuZHA U3 TO4YeK B u By 1104 OLZHUM YIJIOM,
YeTBIPEXYTOMbHUK ABCD BIHCaH B Ty JKe OKPY>KHOCTb, a Tak Kak AC || BB;
u B, D — guamertp, To yron mexay AC u BD paseH yriy B;BD, T.e. 90°.

O6parHo, mycTb 4eThIpéXyrombHUK ABCD co cTopoHamu AB = a,
BC=b, CD =c, AD =d BnucaH B OKPY)XHOCTb U ero aguaroHaiau AC u BD
nepneHAUKyApHEL [IpoBeaém guametp DD, . Toraa

AD, =BC=b, CD,=AB=a, 4/DAD,=/DCD; =90°

ac+bd
5

1 1
Sapcp = Sap,cp = Sapap, +Sapcp, = 5AD-AD; +5CD-CD; =

28. /IBe OKPY)KHOCTH KacaloTcsl BHYTPEHHUM 06pa3oM B Touke M. Eciu
AB —xopzia 6oblleil OKPY)KHOCTH, Kacarolascs MeHbIIeH OKPYKHOCTH
B Touke T, To MT — 6uccekTpuca yria AMB.
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Zokazamenvcmeo. Eciu xopaa AB mapajuienbHa o6Ieli KacaTeabHON
OKPY>KHOCTeM, TPOXOAAIINX Yepe3 TOUKy M, To yTBepK/JeHe OYeBUIHO.

[Tyctsb yu AB miepecekaeT OOIIy0 KacaTeabHYIO B Touke C (B JIEXUT
Mexay A u C). O603HaUNM

/CMT =¢, /CMB=a, /AMT =y.

Torga CM = CT Kax OTpe3KHu KacaTeJbHBIX, IIPOBEJEHHBIX K OKPY>KHOCTHU
M3 OJHOM TOYKHU, 3HAUUT, TpeyroabHUK MCT paBHOGeApeHHBIH. 13 Teope-
MBI 00 yIJIe MKy KacaTeJIbHOU U XOPAOH CJIeLYeT, 9TO

/ZMAT = ZCMB = a.

[ToaTomy
ZCTM = ZCMT = ¢, LMTB=oa+y=y¢

(BHemHUI yron TpeyronbHuka AMT). CiefoBaTenbHO,
ZTMB=¢p—a=y,
T.e. MT — 6uccekTpuca yriaa AMB.

29. Eciy BIiicaHHaA OKPY»KHOCTB KacaeTcs CTOpoH AB n AC Tpeyrosib-
Huka ABC B Toukax M u N, a P — Touka nepecedenus npsamoii MN c 6uc-
cekTpucou yrma B, To ZBPC =90°.

Hoxazamenscmeo. IlycTb O —IleHTp BIMCAHHOM OKPY)KXHOCTH; aQ,
B, y — yIyBl TpeyrosibHUKa IIpyU BeplinHax A, B, C cooTBeTcTBeHHO. Torza
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B TpeyroibHuke MPB U3BeCTHO, YTO

ABM=§,AQMP=1%%1MMN=9W+%

[TosTomy
—1a0°_ B o, @\ _gpe_B_a_vx
LMPB—18O—2—(90+2)—90—2—2_2,

CnezpoBatesnbHO, oTpe3oK ON BuzeH u3 Toyek P u C 1oJ OZHUM U TeM
’)Ke ymioM. 3Hauut, Touku O, N, P u C jexxaT Ha OJHON OKPYXHOCTH,
aTak kak ON L AC, To OC — guameTp 31O OKpykHOCTHU. CeloBaTeIbHO,
/BPC=/0PC=90°.

30. OxpyncHocms Anononus. l'eomeTpruyeckoe MeCTO TOYEK, paccTo-
STHUST OT KQXKJ0U U3 KOTOPHIX 10 IBYX JIAHHBIX TOUYEK OTHOCATCS KaK m:n
(m#n), eCcTb OKPY>KHOCTb.

ZJlokaszamenscmeo. BBeZiéM cucTeMy KOOpAWHAT Ha IUIOCKOCTH TaK, YTO-
661 TOuKU A U B umenu koopauHathl (—a;0) u (a; 0) COOTBETCTBEHHO.

Eciu Touka P uMeeT KoopAuHATH (X; Y), TO
AP? _ (x+a)’+y?  m?
BP?2  (x—a)*+y? n?’
TTociieziHee ypaBHEHKE TIPUBOJUTCA K BULY

2
a(m?+n?) 9 2mn )2
(x—i— n?-—m? ) ty :(nz—mz) ’

a(m?+n?
OTO ypaBHEHHe OKPYXHOCTH C IIEHTPOM | ————;0 | u paauycom
2mn me—n
Im?—n?|"
YA P
A(-a, 0) o B(a.0) X

31. Teopema ITmonemesi. CymMMa TPOU3BEAEHUN MPOTHUBOIIOIOKHBIX
CTOPOH BIIMCAHHOI'O YETBIPEXYTOJIbPHUKA PaBHA NPOU3BEAEHUIO €ro Jua-
roHaJewn.

Jlokazamenscmeo. Ilyctb ABCD — 4eTHIPEXYTONBHUK, BIIMCAHHBIN
B OKpPYXHOCTb. OTIOXUM OT Jyda BA B NONyIUIOCKOCTH, cozep:alieit
TOYKy A, sya BP Tak, uro ZABP = ZCBD (P —Ha AC).
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TpeyronbHuku ABP 1 DBC mog00HHI TI0 IBYM yIyiaM. [ToaToMy

AB BD
E = C_D = AB-CD = AP-BD.
[Tockonbky

/ABD = /ABP + /PBD = ZCBD + ZPBD = /PBC, /BDA = /BCP,
TpeyronbHuku PBC u ABD Takke MOZ06HEI IO ZIByM yriaM. [10aToMy

BC _ BD
PC = AD = BC-AD = PC-BD.

CJ10XMB MMOWIEHHO 3THU PaBE€HCTBA, IIOJIYy9UM, UTO

AB-CD+BC-AD = AP-BD+BD-PC =BD-(AP+PC) =BD-AC.

32. Teopema Menenasa. [lan TpeyronbHuk ABC. HekoTopas npamasd Ie-
pecekaet ctoponsl AB, BC n AC (wim ux mpofoybkeHus) B Toukax Cq, A;
u B; cooTBeTcTBeHHO. Torza

BA, CB, AC,
ACBACE

Joxaszamenvcmaeo. PaccmoTpuM ciryyaii, korza Touku C; 1 A, Jexar Ha
cropoHax AB u BC, a Touka B; — Ha npozo/bKeHUM CTOPOHBI AC 3a TOUKY
C. Ina ocTanbHBIX CIy4aeB 0Ka3aTeIbCTBO aHAJOTUYHO.

[TpoBezéM NPOU3BOIBHYIO HMPAMYIO [, epecekaroyo npsamyo A;C,
B Touke L. Uepes Touku A, B u C mpoBeAéM IpAMEble, TapajliebHble MpH-
Mot A;C;. Ilycte A,, By, C; — TOYKHU TlepecedyeHns ITUX IPSIMBIX C Tps-
Mmotii . Torga o TeopeMe 0 NMPONOPLUOHATBHBIX OTPe3Kax

BA, B,L  CB AL
A,C _ IC,> B,A LA, CB LB,

GL  AC, AL
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CiiegoBaTebHO,
BA, CB, AC,

B,L C,L A,L
A.C B,A CB — IC, A, 1B, — ©-

33. Teopema Yeswt. Ilycth TOukM A;, B; u C; IIpuHaZiexaT CTOPOHaAM
(nu ux NpoAoKeHUAM) cooTBeTcTBeHHO BC, AC u AB TpeyroibHUKa
ABC. Tlpameie AA,, BB;, CC, nepecekatoTcs B OZHOU TOUKe WJIU I1apa-
JIeJIbHBI TOT/Z]a U TOJMIBKO TOrZa, Koraa

AB, CA, BC,

B.C AB Ca !

Zlokazamenscmeo. PaccMOTpyUM cirydaid, Korza Touku A;, By u C; Je-
’KaT Ha CTOPOHAX TPEYTONbHUKA, & He Ha UX IPOJO/bKeHUAX. [IycTh oTpes-
ku AA,, BB u CC; niepecekaroTcs B Touke M. [IpoBeséM yepes BeplIHy B
NIpAMYIO, TapajulesbHy0 AC, U NPOAOILKUM oTpesku AA; u CC; fo mepe-
CedeHMs ¢ 3TOM IIpAMOM B Toukax K 1 N COOTBETCTBEHHO.

AC- —L AC %
N A B Al K

3 momobus TpeyronbHUKOB BA;K u CA; A ciezyeT, 4To

—ac. BA
BK = AC 2.
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AHaJIOTUYHO
Torma
CiegoBaTebHO,
AB;
B,C
[TosTomy

O6paTHO: MyCTh

BC,
BN = AC- CA"

AB; BM _ CB

BK ~ MB ~ BN®
BA;

_ BK _ amc _ BA GiA

T BN~ B4~ A C BGC S
CA

AB, CA, BC, _ .

B,.C AB CA

AB, CA, BC, _ .

B,.C AB CA

[Tpeanonoxum, 4TO IpsMast, IPOXOAAIlasa yepe3 BeplUInHy B U TOUKy Iie-
pecedyeHus oTpeskoB AA; u CCq, nepecekaeT ctopoHy AC B Touke P. Torza

110 IOKa3aHHOMY

a TaK KakK I10 YCJIOBUIO

TIosy4aeM

AP _ BA, AC,

PC ~ A,C C,B’

B,C ~ AC CB’
AP _ AB;
PC ~ B,C’

CrnepoBarenbHO, TOYKU P 1 By coBnazaror.

Jlnst mo60To APYTOro PacloNoKeHus ToueK A, B; 1 C; Ha mpsambix BC,
AC u AB COOTBETCTBEHHO J0Ka3aTeIbCTBO aHAJIOTUYHO.
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